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Preface

The Fourth International Workshop on Meshfree Methods for Partial Dif-
ferential Equations was held from September 17 to September 20, 2007 in
Bonn, Germany. One of the major goals of this workshop series is to bring
together European, American and Asian researchers working in this exciting
field of interdisciplinary research on a regular basis. To this end Ivo Babuska,
Ted Belytschko, Michael Griebel, Antonio Huerta, Wing Kam Liu, and Harry
Yserentant invited scientist from twelve countries to Bonn to strengthen the
mathematical understanding and analysis of meshfree discretizations but also
to promote the exchange of ideas on their implementation and application.

The workshop was again hosted by the Institut fiir Numerische Simula-
tion at the Rheinische Friedrich-Wilhelms-Universitit Bonn with the financial
support of the Sonderforschungsbereich 611 Singular Phenomena and Scaling
in Mathematical Models.

This volume of LNCSE now comprises selected contributions of attendees
of the workshop. Their content ranges from applied mathematics to physics
and engineering. This is also an indication that meshfree methods for the
numerical solution of partial differential equations are becoming more and
more mainstream in many areas of applications due to their flexiblity and
wide applicability.

Bonn, Michael Griebel
May, 2008 Marc Alexander Schweitzer
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Circumventing Curse of Dimensionality in the
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Summary. The fine description of the mechanics and structure of materials at
nanometric scale introduces some specific challenges related to the impressive num-
ber of degrees of freedom required due to the highly dimensional spaces in which
those models are defined. This is the case of quantum mechanics models, in which
the wavefunction is defined in a space of dimension 3 x N, being N, the number of
particles involved, that leads to the terrific curse of dimensionality. Despite the fact
that spectacular progresses have been accomplished in the context of computational
mechanics in the last decade, the treatment of those models, as we describe in the
present work, needs further developments.

Key words: Quantum Mechanics, Curse of dimensionality, Schrédinger equa-
tion, Separated representations

1 Introduction

The brut force approach cannot be envisaged for solving highly dimensional
models. Some recent approaches allowed computing models defined in moder-
ate multidimensional spaces, as was the case of the sparse grid techniques [4].
However, when the space dimension increases significantly, its treatment be-
comes delicate. Some specialists as the Nobel Prize R.G. Laughlin, affirmed
that no computer existing, or that will ever exist, can break the barriers found
in quantum mechanics because it is a catastrophe of dimension [9].
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We can understand the catastrophe of dimension by assuming a model
defined in a hyper-cube in a space of dimension D, 2 =] — L, L[P. Now, if
we define a grid to discretize the model, as it is usually performed in the
vast majority of numerical methods (finite differences, finite elements, finite
volumes, spectral methods etc.), consisting of N nodes on each direction, the
total number of nodes will be NP. If we assume that for example N ~ 10
(an extremely coarse description) and D ~ 80 (much lower than the usual
dimensions required in quantum or statistical mechanics), the number of nodes
involved in the discrete model reaches the astronomical value of 1080 that
represents the presumed number of elementary particles in the universe!l. We
shall come back to the analysis of these systems later.

Thus, progresses on this field need further developments on the physi-
cal modelling as well as the introduction of new ideas and methods in the
context of computational physics. In this work we present a recent solution
procedure based on the use of a finite sums decomposition, that leads to a
separated representation of the involved unknown fields. This solution strat-
egy was successfully applied in [1] [2] for solving different highly dimensional
models (involving hundreds of dimensions) encountered in the kinetic theory
modelling of complex fluids. In this paper we analyze the suitability of its
extension for treating some simple quantum systems. We will prove that the
main difficulty related to the solution of the Schrodinger equation for fermions
is more in the antisymmetry constraint that the Pauli’s principle implies, than
in its highly dimensional character.

1.1 Quantum systems

The quantum state of a given electronic distribution could be determined by
solving the Schrodinger equation. This equation has been for longtime consid-
ered as one of the finest descriptions of the world. However, before focusing
on the challenges of its numerical solution, we would like to recall that this
equation is not relativistic and then it fails when it is applied to describe
heavy atoms. Moreover the Pauli’s principle constraint was introduced in the
Schrodinger formalism in an “ad hoc” way, being the reason of the main nu-
merical difficulties. In our opinion, the best description lies in the solution of
the relativistic Dirac’s equation (in which the Pauli’s principle is implicitly
taken into account) within the framework of the quantum field theory. How-
ever, the number of works addressing the solution of that equation is nowadays
quite reduced.

Some simplificative hypotheses are usually introduced, as for example the
Born-Oppenheimer that states that the nuclei can be in first approximation
assumed as classical point-like particles, that the state of electrons only de-
pends on the nuclei positions and that the electronic ground state corresponds
to the one that minimizes the electronic energy for a nuclear configuration.
This equation defines a multidimentionnal problem whose dimension increases
linearly with the number of the electrons in the system.
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Thus, the knowledge of a quantum system reduces to the determination
of the wavefunction ¥ (x1, X2, - ,xn,t; X1, -+, X ) (that establishes that
the electronic wavefunction depends parametrically on the nuclei positions)
whose evolution is governed by the Schrodinger equation:

e=N—-1 e'=N e=Nn=M

hagffizv2w+ Z D> Vet Y D> Vet (L)

= e'=e+1 e=1 n=1

where N is the number of electrons and M the number of nuclei, the last ones
assumed located and fixed at positions X;. Each electron is defined in the
whole physical space x; € R3, i = y/—1, h represents the Planck’s constant
divided by 27 and m, is the electron mass.

The differential operator V2 is defined in the conformation space of each
particle, i.e.: V2 = 32/3:5 —1—32/33/@ 32/82 The Coulomb’s potentials ac-
counting for the electron-electron and electron-nuclei interactions writes:

Vo = 8L (1.2)
l[xe — xe ||
dnqe
Ven - - 1.3
e — X (13)

where the electron charge is represented by ¢. and the nuclei charge by ¢, =
|ge| X Z (Z being the atomic number).

The time independent Schrédinger equation (from which one could deter-
mine the ground state, perform quantum static computations or accomplishing
separated representations of the time-dependent solution) writes:

e=N—-1 ¢'=N e=Nn=M
Zv2w+ S0 Vel ) D Vel = BV (14)
e=1 e'=e+1 e=1 n=1

where the ground state corresponds to the eigenfunction ¥, associated with
the most negative eigenvalue Fj.

Several techniques have been proposed for solving this equation. Some of
them lie in the direct solution of the (time-independent or time-dependent)
Schrodinger equation. Due to the curse of dimensionality its solution is only
possible for very reduced populations of electrons.

Other solution strategy is based on the Hartree-Fock (HF) approach and
its derived approaches (post-Hartree-Fock methods). The main assumption of
this approach lies in the approximation of the joint electronic wavefunction
(related to the N electrons) as a product of N 3D-functions (the molecular or-
bitals) verifying the antisymmetry restriction derived from the Pauli’s princi-
ple. Thus, the original HF approach consists of writing the joint wavefunction
from a single Slater’s determinant. The Schodinger equation allows comput-
ing the N molecular orbitals after solving the resulting strongly non-linear
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problem. This technique has been extensively used in quantum chemistry to
analyze the structure and behavior of molecules involving a moderate number
of electrons. Of course, the HF assumption represents sometimes a too crude
approximation which invalidate the derived results.

To circumvent this crude approximation different multi-determinant ap-
proaches have been proposed. Interested readers can refer the excellent
overview of Cances et al. [5] as well as the different chapters of the handbook
on computational chemistry [8]. The simplest possibility consists in writing
the solution as a linear combination of some Slater determinants built by
combining n molecular orbitals, with n > N. These molecular orbitals are as-
sumed known (e.g. the orbitals related to the hydrogen atom) and the weights
are searched to minimize the electronic energy. When the molecular orbitals
are built from the Hartree-Fock solution (by employing the ground state and
some excited eigenfunctions) the technique is known as Configuration Inter-
action method (CI). A more sophisticated technique consists in writing this
many-determinants approximation of the solution by using a number of molec-
ular orbitals n (with n > N) assumed unknown. Thus, the minimization of
the electronic energy leads to compute simultaneously the molecular orbitals
as well as the associated coefficients of this many-determinants expansion.
Obviously, each one of these unknown molecular orbitals are expressed in
an appropriate functional basis (e.g. gaussian functions, ...). This strategy is
known as Multi-Configuration Self-Consistent Field (MCSCF).

All the just mentioned strategies (and others like the coupled cluster or
the Moller-Plesset perturbation methods) belong to the family of the wave-
function based methods. In any case all these methods can be only used to
solve quantum systems composed of a moderate number of electrons. As we
confirm later the main difficulty is not in the dimensionality of the space, but
in the use of the Slater determinants (needed to take into account the Pauli’s
principle) whose complexity scales on the factorial of the number of electrons,
i.e. in N

The second family of approximation methods, widely used in quantum
systems composed of hundreds, thousands and even millions of electrons,
are based on the density functional theory (DFT). These models, more than
looking for the expression of the wavefunction (with the associated multi-
dimensional issue) look for the electronic distribution p(x) itself. The main
difficulties of this approach are related to the expressions of both the kinetic
energy of electrons and the inter-electronic repulsion energy. The second term
is usually modelled from the electrostatic self-interaction energy of a charge
distribution p(x). On the other hand the kinetic energy term is also evalu-
ated in an approximate manner (from the electronic distribution itself in the
Thomas-Fermi and related orbital-free DFT models or from a system of NV
non-interacting electrons ~Kohn-Sham models—). Obviously, due to the just
referred approximations introduced in the kinetic and inter-electronic interac-
tion energies, a correction term is needed, the so-called exchange-correlation-
residual-kinetic energy. However, no exact expression of this correction term
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exists and then different approximate expressions have been proposed and
used. Thus, the validity and accuracy of the computed results will depend on
the accuracy of the the exchange-correlation term that must be fitted for each
system.

The models related to the Thomas-Fermi, less accurate in the practice
because the too phenomenological expression of the kinetic energy coming
from the reference system of an uniform non-interacting electron gas, allows
to consider large multi-electronic systems. In a recent work, Gavini et al. [7]
performed multi-million atom simulations by employing the Thomas-Fermi-
Weizsacker family of orbital-free kinetic energy functionals. On the other hand,
the Kohn-Sham based models are a priori more accurate, but they need the
computation of the N eigenfunctions related to the N lowest eigenvalues of
a non-physical atom composed of N non-interacting electrons. In [6] this last
approach was considered, and enhanced numerical strategies based on the
partition of unity paradigm were introduced.

Transient solutions are very common in the context of quantum gas dy-
namics (physics of plasma) but are more infrequent in material science when
the structure and properties of molecules or crystals are concerned. For
this reason, in what follows, we are focusing on the solution of the time-
independent Schrodinger equation which leads to the solution of the associ-
ated multidimensional eigenproblem, whose eigenfunction related to the most
negative eigenvalue constitutes the ground state of the system.

Quantum chemistry calculations performed in the Born-Oppenheimer set-
ting consist either (i) in solving the geometry optimization problem, that
is, to compute the equilibrium molecular configuration (nuclei distribution)
that minimizes the energy of the system, finding the most stable molecular
configuration that determines numerous properties like for instance infrared
spectrum or elastic constants; or (ii) in performing an “ab initio” molecular
dynamics simulation, that is, to simulate the time evolution of the molecu-
lar structure according to the Newton law of classical mechanics. Molecular
dynamics simulations allow to compute various transport properties (thermal
conductivity, viscosity, ...) as well as some others non-equilibrium properties.

1.2 From “ab initio” to molecular dynamics

Depending on the choice of the method, on the accuracy required, and on
the computer facility available, the ab initio methods allow today for the sim-
ulations of systems up to ten, one hundred or some million atoms. In time
dependent simulations, they are only convenient for small-time simulations,
say not more than a picosecond. However, some times larger systems are con-
cerned, and for this purpose one must focus on faster approaches, obviously
less accurate. Two possibilities exist: the semi-empirical and the empirical ap-
proaches. The semi-empirical approaches speed up the ab initio methods by
profiting of the information coming from experiments or previous simulations.
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Empirical methods go on by considering explicitly only the nuclei, by intro-
ducing “empirical” potentials leading to the forces acting on the nuclei. Thus,
in the stationary setting only the stable configuration is searched, and for this
a geometrical optimization (to computed the nuclei equilibrium distribution)
is addressed leading to the so-called molecular mechanics. The transient set-
ting results in the classical molecular dynamics but now the computation is
speed up of many orders of magnitude with respect to the molecular dynamics
where the potentials are computed at the ab initio level.

Thus, if we assume a population of M nuclei (of mass m,) and a two-
body potential (many-body potentials are also available), now the Newton’s
law writes for a generic nuclei n:

> OFp, Vnell--- M| (1.5)

k=1,k#n

where F]' denotes the force acting on nucleus n originated by the presence of
nucleus k. Obviously these forces can be computed from the gradient of the
assumed inter-particles potentials.

2 Solving the time independent Schrodinger equation

2.1 Dimensionless form

The dimensionless form of the Schrodinger equation is performed considering

C e 3
the characteristic time —Z
qIm

. The nuclei

e q m
charge ¢, becomes dimensionless by using the electron charge ¢.. Thus, for the

nuclei, the dimensionless charge results Z = ¢,,/|q.|. For a system consisting of
N electrons and M nuclei, the eigenproblem associated with the dimensionless
time-independent Schrodinger equation writes:

(H—E)¥ =0 (2.6)

or

2
(V(x1,%2,- -, X E)W — Z S V2 v (2.7)

where the Hamiltonian writes

e=N VQLP e=Nn=M e=N—-1 e'=N
H(W) =— Z T + Voo W + VoW (2.8)
e=1 e=1 n=1 e=1 e'=e+l1
14
where .
Vee/ (29)
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and
Z

Ven = T ~
[[xe — X

(2.10)

2.2 Electronic density and Pauli’s exclusion principle

As soon as the ground state wavefunction is known the electron density asso-
ciated to the ground state can be computed by applying:

Pe(x) = / |d70|2dx1o~dxe_1dxe+1 coedx (2.11)
R3X(N—1)

that allows computing the electronic density at each point of the space ac-
cording to:

e=N
px) =3 pe(x) (2.12)

Probably, the most important difficulty in solving the time-independent
Schrédinger equation lies in the fact that the electrons are indistinguishable,
that is, they are not labelled. Thus, the many-electrons wavefunction must re-
flect this fact. If we use x; and x5 to describe the coordinates of two different
electrons, then:

‘!p(X17x27X3"" 7XN)‘2 = |W (X27X13X37"' aXN)|2 (213)

Thus, if IT is any of the N! permutations of the N electronic coordinates,
then:

IT|W (x4, X2, X3, -, xN)|° = ¥ (x1,%2, X3, ,xn)|° (2.14)
that implies just two possibilities:
11y (Xl,x27x3a e 7XN) = LD(XlﬂXQ,XL’n o ’XN) (215)
or
nv (X1»X27X37 T vXN) = -V (X1,X27X3, T 7XN) (216)

The most general statement of the Pauli’s exclusion principle for elec-
trons (fermions in the most general case) establishes that an acceptable many-
electrons wavefunction must be antisymmetric with respect to the exchange
of the coordinates of any two electrons.

This antisymmetry condition is usually expressed from the Slater’s deter-
minant containing all the possible permutations. Thus, if one consider that
Fi(x1), Fa(x2), ..., Fx(xn) are a set of N functions, each one defined in the
space of the associated electron, then an antisymmetric form in the R3*N
space is obtained by permuting these functions according to:

Fi(x1) Fi(x2) -+ Fi(xn)
Fy(x1) Fa(xz) --- Fa(xy)

N
A(HFi(xi)>=]\1” : Lo (2.17)

Fn(x1) Fy(x2) -+ Fn(xn)
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In practice, this antisymmetry also affects the spin. For this reason we
define the generalized electronic coordinates that involve the physical and the
spin coordinates according to:

(x:)" = (4,91, 2, 84) (2.18)

where s; represents the spin of electron 7 with two possible values: s; = +s.

2.3 Numerical issues related to the treatment of the Coulomb
potential

In order to circumvent the difficulty related to the integration of the inverse of
the distance function that appears in the Coulomb inter-electronic potential
term in the variational formulation of the Schrédinger equation, two simple
alternatives exist: (i) the first one consists in performing an integration of
this function in the 6D space in which the integral is defined; and (ii) the
second alternative lies in performing a smoothing of the inverse of the distance
function using a smoothing parameter

LI ! (2.19)
lIxe — xer ||, £+ ||xe — Xe/H2

We verify numerically that for ¢ < 0.01 the computed solution of the
dimensionless Schrodinger equation (that involves a unit characteristic length)
were quite similar (with differences lower than one percent). The advantage of
this second alternative is that, as described later, that smoothed function can
be approximated by a finite sums decomposition (separated representation).

3 Solution of the multidimensionnal ground state
problem

Firstly, we are describing the numerical procedure without addressing the
antisymmetry constraint, even if the spin is explicitly considered. Thus, {2 =
R3 x {—s,s}, the whole multidimensional domain being represented by 2V
(_QN = (R? x {fs,s})N)

We introduce the following notation: N is the number of electrons; M is
the number of nuclei; ) is the number of finite sums present in the decompo-
sition of the inverse of the distance function; n is the number of finite sums
approximating the wavefunction and m the number of terms representing the
different Coulomb potentials m = N x (N —1) x @+ M x N.

Now, the problem to be solved writes:

2
LoV (3.20)

VX1, Xy) - E)W — = —— =
(V1) = B = 5oy
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with

/ P2 (x)d2N =1 (3.21)
QN

where V' is the inter-electronic and electron-nucleus potential. These potentials
contain two contributions:

N

o xl. lels ZBl x;)) Bi(x;) ][] | 41(xk) (3.22)
k=1, k#i,j
and N
—Zj —Zj

= 1(xx) (3.23)

=Xl -l L
where the nuclei positions X; (j =1,---, M), are assumed fixed and known,

and 1(x) is the unit function. Thus, the potential can be written in the general
form:

m N
Vixy,oxn) = Y [] Ak(xx) (3.24)

h=1k=1

The variational formulation of the problem writes:

100 ov
/ T (V(x1,.0,Xy) — E)U + = ————d02" =0 (3.25)
ON 2 Ox Ox
that can be rewritten in the compact form:
/ Tt (H— E)Yw dN =0 (3.26)
QN

where we assumed that on the boundary of 2V the wavefunction normal
derivative vanishes.

For solving this problem we firstly apply a fixed point strategy, assuming
E known. The solution after n iterations is assumed in the form:

n N
V(x1, X, ++, XN) = Zaj H Fej(xk) (3.27)
k=1

Jj=1

Now, we proceed in two steps: a projection and an enrichment stages, both
performed in the finite elements framework.

1. Projection stage:
Assuming known the functions Fy;(xx) Vj = 1,..,n,Vk = 1,..,N, we
look for the best coefficients «; of the approximation ¥(xi,---,Xn) =

2?21 aj Hivzl Fyj(x1) by enforcing the variational formulation.
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2. Enrichment stage:
Now, with the just computed coefficients we look for a new term of the
finite sums decomposition, chvzl Ry (x), of the wavefunction ¥ (xy,- -,
) N N
xn), e W(xi, - xn) = 20 o [Ty Fiy(xx) + [T—; Rr(xx), by en-
forcing again the variational formulation.

To approximate each one of the functions defined in the domain (2 in
which each electron is defined, we introduce the vector N containing the finite
element shape functions defined in §2. The shape functions derivatives are
grouped in dN. The vectors containing the nodal values of functions F' and
R will be noted by F and R respectively.

Before to detail both algorithm steps, we are introducing the matrix form
of the integrals involved in the variational formulation:

N= / NN%dQ, D= / dNdNTdR, Al = / Al (x)NNTa0
2 2 2
(3.28)

3.1 Projection stage

At this step, the unknowns are the approximation basis function coefficients.
The unknown field (the wavefunction) at the present iteration is approximated
as:

aq

N N
W(Xh e 7XN) = H NTFkla R} H NTF]CTL (329)
k=1 k=1 an
and the associated test field as:
N
[ FiuN
U (X1, ,xXn) = [af, -, ] (3.30)
H]k‘VZI anN
Thus, the variational formulation of the eigenproblem writes:
T (Kyg — EKp)a=0 (3.31)
where
m N 1 N
(Kr)i; = > [ FLAMFy + 3 > |FLDFy [[ FiINF, | (3.32)
h=1k=1 k=1 I1=1, I#k

N
(Kp);; = | [ FLNFy; (3.33)
k=1
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whose solution must be searched under the normality constraint:
T _
a'Kra=1 (3.34)

that is enforced within an iteration fixed point strategy. Then, a correction of
the eigenvalue is performed according to:

o VHEAQYN  oTKpa

E— -
Jon WEAN oTKro

=o' Kya (3.35)

3.2 Basis enrichment stage

Now, a new optimal product Hivzl Ry (x},) of functions is searched by enforcing
the variational formulation:

n N N
LD(Xl, cee ,XN) = Zaj H ij(Xk) + H Rk(Xk) (336)
=1 k=1 k=1

The fixed point strategy is used again for computing each function Ry(x4)
involved in the product, by assuming known the remaining N — 1 functions.
Thus, the test functions are expressed as:

N
!p*(Xl, s 7XN) = R;(Xd) H Rk(Xk) (337)
k=1, k#d

that introduced in the vartiational formulation leads to the linear system:

R; V(Ry,--- ,Ry) + R KRy, -- ,Ry)Rs =0 (3.38)
where
1 N m N
K = (EN+ 21@) I[I RINR.+> AL J] RIAIR, +
k=1, k#d h=1 k=1, k#d
1 N N
+3 > N@®R/DR,) [] RINR; (3.39)
=1, I#d k=1, k#d,l
and

n N
1
V=>q ((ENFdj + QDFdj) Il RiNFEy +

j=1 k=1, k#d

m N
+ Z AlF g H R}AFy; +
h=1 k=1, k#d
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N N
1
+= Y. NF4 (R/DF;) ][] R{NFk]) (3.40)
1=1,1%d k=1, k#d,l

solved again under the non-linear normality constraint:
RINR,; =1 (3.41)

that is enforced within an iteration fixed point scheme that update at each
iteration the eigenvalue.

3.3 Solution algorithm

The solution algorithm can be summarized as follows:

o Let E = Ej be the first trial eigenvalue.
e Compute until convergence the following steps:
1. Proceed with the enrichment step to compute Ry, Vk. Note that at the
first iteration V = 0.
2. Update the approximation basis with the just computed functions.
Proceed with the projection step.
4. Updated the eigenvalue E.

e

3.4 Computing the electronic density

For each electron k we can compute its spatial distribution from:

n

n N
pr(x) =D Y i Fri(x)Fii(x) [ FLNFy (3.42)

i=1 j=1 1=1, I#k

The total electronic density is then obtained by adding the spatial distribution
related to each electron.

3.5 Taking into account the antisymmetry

In order to compute an antisymmetric solution we could apply the just pro-
posed algorithm applying an antisymmmetrizer after each enrichment step.
This results equivalent to enrich with the N! functions derived from the prod-
uct of functions just computed in the enrichment step, via the Slater’s deter-
minant. This strategy converges slowly and requires the storage of numerous
functions.

An alternative procedure proposed by Beylkin and Mohlenkamp [3] allows
alleviating the storage cost. Since the operator (H — FE) is purely symmetric
it could commute with the antisymmetrizer A. Thus, we can defer the appli-
cation of the antisymmetrizer and the operator. The idea is to incorporate the
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antisymmetrizer in the algorithm by evaluating its effect. Of coarse the pseu-
dowave functions obtained are not the solution of the schrodinger equation
and need to be antisymmetrized to obtain the exact solution.

In this work the antisymmetrizer operator will apply on the test functions.
Thus, the variational formulation writes:

/ (AV*) (H — E)W d2N =0 (3.43)
QN

that requires the modification of the test function approximation at the pro-
jection step:

N
Alli FN

AT* (%1, ,xn) = [af, -+ ,a)] : (3.44)
A=, FELN
as well as at the enrichment step:
N
AV (x1, -+ xn) = A |Ri(za) ] Belxs) (3.45)
k=1,k#d

Thus, the algorithm remains basically unchanged, but an additional condi-
tion at the enrichment step must be introduced. In fact, if the N functions Fjy;
(j = 1,..,n) are linearly dependent, then the determinant operator vanishes.
Thus, an orthogonalization is performed at each enrichment step according
to:

< Ry(x4), Re(xx) >= RE(x4) NRy(xx) =0 (3.46)

vd=1,---,N; Vk=1,--- ,d—1,d+1,---,N

4 Some preliminary numerical results

To illustrate the solution procedure we start solving systems composed of
a single nucleus (Z = 3) and different number of electrons (from 1 to 5).
Figure 4.1 depicts, assuming a one-dimensional physical space, the electronic
distributions as well as the differences between each couple of consecutive
electronic distributions. This simulation was carried out by assuming a large
enough one-dimensional domain such that both the electronic distribution and
its derivative vanish on its boundary. Obviously, the numerical model could
be improved by using larger domains and non-uniform one-dimensional nodal
distributions, but in this first attempt we considered the simplest strategy.
The length of the computational domain was set to 10 dimensionless units as
depicted in figure 4.1.

We can notice that the first two electrons are occupying a s-type orbital.
When an additional electron is introduced, and due to the Pauli’s exclusion
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Figure 4.1. Evolution of the electronic distribution of a system composed of a single
nucleus (Z = 3) and an increasing number of electrons (one-dimensional physical
space).

principle, the three electrons cannot occupy the same orbital. Thus, a kind
of p-orbital is encountered. This behavior is also noticed when 2D physical
spaces are considered, as figure 4.2 illustrates.

Now, we are considering the hypothetical one-dimensional molecules of
helium (Hez) and of LiH. For this purpose we consider the system composed
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Figure 4.2. Evolution of the electronic distribution of a system composed of a single
nucleus (Z = 3) and an increasing number of electrons (two-dimensional physical
space). (See also Color Plate on page 359)

of 4 electrons and two nuclei. Now, the total energy (which is the sum of
the ground state energy plus the one associated to the inter-nuclei Coulomb’s
potential) is obtained as a function of the distance between both nuclei. The
computational domain consists of 16 dimensionless units (that seems to be
large enough to ensure the nullity of both the electronic distribution and its
derivative on the domain boundary for all the relative positions between the
nuclei later considered).

The computed evolution is depicted in 4.3(a) that explain the higher sta-
bility of the LiH molecule. In the same figure we depict the electronic distri-
bution when the inter-nuclei distance takes the dimensionless values of 0.5,
1, 2, 3 and 4. When the distance increases we can notice that the electronic
distribution for the He; remains symmetric. On the contrary, an asymmetric
charge distribution is noticed in the case of the LiH molecule.

In all the simulations reported in this section we considered the usual 3D
Coulomb potential that was simply and crudely restricted to 1D or 2D, even
if this reduction has not any physical meaning. The smoothing parameter e
in Eq. (2.19) was set to € = 0.01. Different separated representations of the
inverse of the distance function (according to Eq. (3.22)) were performed by
increasing the approximation accuracy. Thus, the number of finite sums used
in the approximation (3.22) ranged in the interval @ € [100, 300]. Finally, in
all the simulations that were performed the accurate representation of wave-
functions needed for the use of around ten finite sums, i.e. in Eq. (3.27) n was
n =~ 10.
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(a) (b)
(c) ()
(e) 0

Figure 4.3. Analysis of the hypothetical one-dimensional LiH and Hez molecules.

5 Conclusions

This paper analyzed the suitability of a finite sums decomposition based on a
separated representation, to address highly dimensional models, as the ones
encountered in quantum mechanics when the solution of the Schrodinger equa-
tion is envisaged.

Based in our former experience on the solution of models defined in highly
dimensional spaces (involving hundreds of dimensions) we have extended the
numerical technique that we proposed in [1] [2] to the direct solution of the
Schrédinger equation.
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The main conclusion of this analysis was that the main difficulty related to
the solution of the Schrodinger equation for fermions is more the antisymme-
try constraint that the Pauli’s principle implies, than its highly dimensional
character. The curse of dimensionality can be circumvented efficiently using
finite sums decompositions based on separated representations as we proved
in [1] [2]. However an efficient treatment of the antisymmetry constraint needs
for further developments, if one want to address the direct solution of the
Schrédinger equation. One possibility is to focus on the improvement of ap-
proximated approaches (the ones derived from the DFT or the Hartree-Fock
approaches). Others alternatives need further developments.
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Summary. We present a pressure-velocity correction approach for the solution of
the Navier-Stokes equations. The Meshless Local Petrov Galerkin (MLPG) method
is used to solve the two dimensional, incompressible and steady state viscous fluid
flow equations. The weak form of these equations, which are formulated in the Carte-
sian coordinate system, are integrated in a local standard domain by the Gauss-
Lobatto-Legendre quadrature rule. The Moving Least Square (MLS) scheme is used
to generate the interpolation shape functions. The pressure-velocity correction ap-
proach (segregated solution procedure) follows an iterative process, in which the
momentum equations are solved sequentially to obtain the velocities v]* and v5*
from initial guessed values for the velocity (vi and v3) and pressure (p*) fields.
Using the corrected velocities v; = v* + v, and pressure p = p* + p’ in the weak
form of the continuity and momentum equations, we generate a system of three
equations with three unknown variables (a fully implicit method): the velocity cor-
rections (v] and vy) and the pressure correction (p’). Using the correction values
the pressure is updated and the velocities are corrected to satisfy the continuity
equation. The updated values are taken as the new guessed values, and the iterative
process continues until convergence. We apply the method for the solution of four
(low Rayleigh number and low Reynolds number) fluid flow problems. We conclude
that the MLPG method coupled with an implicit procedure to calculate the cor-
rections of pressure and velocities can be used as a reliable methodology for the
solution of the Navier-Stokes equations.

Key words: Meshfree, incompressible flow, MLPG, Navier-Stokes

1 Introduction

The solution of fluid flow problems in science and engineering has been tradi-
tionally based on the use of numerical schemes that solve the fluid equations
in an Eulerian frame of reference. The widely used mesh based methods such
as the finite difference, finite element, finite volume, spectral element, etc.,
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have provided satisfactory results, which have been useful for engineering
design purposes as well as for basic fluid dynamics research. However, due
to the mesh constraints and the required computer time to generate three-
dimensional meshes, the optimal use of the mesh based methods for the so-
lution of problems involving moving boundaries (phase change, free-surface
fluid-flexible structure interaction, etc.) and fluid flow in three-dimensional
systems with complex geometries, is still under investigation. A family of
methods known as meshless (particle or nodes) methods has been developed
since the last two decades to overcome those difficulties inherent in the mesh
based methods such as: (1) connectivity between the cells, (2) aspect ratio
of the cells, (3) interpolation functions generated upon the mesh, (4) very
fine mesh in problems with high gradients, (5) adaptive re-meshing and (6)
mapping of the dependent variables from the old mesh to the new mesh [10].
The mathematical basis and the general characteristics and advantages of the
up to now developed meshfree methods may be consulted in the open litera-
ture [10], [5], [2], [11]. Among the main advantages of the meshless methods
we can mention the following: (1) there are no mesh constraints, (2) they allow
an accurate representation of complex geometry domains, (3) the connectivity
between the particles is generated as part of the computational process and
(4) the local domains surrounding each particle can intersect each other and
overlap. Even though the meshfree methods have been applied successfully in
fields such as solid mechanics and fluid dynamics, most of them are still under
development.

In this paper we use the Meshless Local Petrov Galerkin (MLPG) method
coupled with a fully implicit pressure-velocity correction approach to solve
the Navier-Stokes (N-S) equations formulated in terms of primitive variables
(velocity and pressure). Using the MLPG method the integration of the weak
form of the fluid equations is carried out in a local domain, which is defined
by the set of particles surrounding each particle located in the computational
domain. We have formulated the weak form of the governing equations in a
Cartesian coordinate system. The shape functions needed to approximate the
flow variables (velocities, pressure and temperature) in a local domain have
been generated by using the Moving Least Square (MLS) scheme. To integrate
the fluid equations and to differentiate the dependent variables in systems with
complex geometry, we introduce a one-to-one iso-parametric mapping between
the physical and computational domains. The integration of the equations in
the local computational domain is performed by using the Gauss-Lobatto-
Legendre quadrature rule. The weight function used in the MLS scheme and
in the weak formulation of the equations, is a compact support fourth order
spline.

To the knowledge of the authors with the exception of the paper by Lin and
Atluri [3] no additional work has been carried out to solve the N-S equations
(formulated in terms of primitive variables) through the use of the MLPG
method. Most of the research has been focused to solve either potential flow
problems, the convection-diffusion equation or the two dimensional stream
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function-vorticity formulation of the N-S equations. Lin and Atluri [4] solved
the convection-diffusion equation and introduced the upwind schemes (by
modifying the shape and location of the weight function used in the MLS and
weighted residuals method) to stabilize the numerical approximation for high
Peclet number flow conditions. Lin and Atluri [3] solved the two-dimensional
steady state incompressible fluid flow equations formulated in terms of prim-
itive variables. To incorporate the incompressibility constraint they used a
standard mixed formulation, and in an attempt to circumvent the governing
stability conditions, and to avoid the presence of spurious pressure values, they
modified the mixed formulation by adding perturbation terms to the local in-
tegral form of the continuity equation (previously weighted by a test function).
Arefmanesh et al. [7] modified the MLPG method and developed the Meshless
Control Volume method (selecting a weight function equal to unity in the weak
formulation) to solve the transient heat conduction problem, the potential flow
problem and the advection-diffusion equation. Wu et al. [6] used the MLPG
method to solve the steady state, two dimensional, incompressible fluid flow
equations formulated in derived variables (vorticity-stream function). Ma [§]
also used the MLPG method to solve a two-dimensional, non-steady, non-
viscous, nonlinear water wave problem, however the transient solution only
involves the integration of a Poisson equation for the pressure at each time
step. In this investigation we have introduced the incompressibility constraint
by using a segregated solution procedure and not by the use of a mixed formu-
lation [3]. In the segregated procedure, the discretized momentum equations
are solved sequentially to obtain the velocities u}* (for the two-dimensional
case ¢ = 1,2) with a guessed pressure field p*, and guessed velocity values
uf [9]. The initial guessed pressure field does not guarantee that the obtained
velocities u;* satisfy the incompressibility constraint. Consequently the ve-
locities must be improved u; = u}* + u} and the pressure field must also be
corrected p = p* + p’. However a governing equation for the pressure field can
not be generated. In order to overcome this difficulty an iterative pressure-
correction approach has been introduced. Using the iterative process the im-
proved velocities (calculated by a corrected pressure field) gradually must
satisfy the set of the fluid equations (mass conservation and momentum). In
the literature it is possible to find algorithms to improve the velocities and
pressures, most of them are based on the SIMPLE method (Semi-Implicit
Method for Pressure-Linked Equations) [9]. The major approximation made
in the SIMPLE-like algorithms is that in the discretized equations for the ve-
locity corrections u, the effects of the velocity corrections of the neighboring
cells are neglected (semi-implicit approach), leading to a discretized equation
for the pressure corrections p’ which is a function of the residual of mass and
the pressure corrections of the neighboring cells. In this investigation, we pro-
pose to use a fully implicit pressure correction approach. In this methodology
the velocity and pressure corrections of the particles surrounding each particle
are taken into account. The correction fields are obtained by simultaneously
solving the weak form of the equations for the corrections of the velocity (u})
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and pressure (p’). After the calculation of the corrections, the velocities and
pressure are updated (u} = u; and p* = p) and the iterative process continues
until convergence. We have to mention that our results have been obtained
for low Rayleigh number and low Reynolds number flow conditions. Hence no
criteria has been made to increase the stability of the flow in convective dom-
inated flow conditions. Additional effort should be made to introduce in the
MLPG method the upwind schemes originally proposed by Lin and Atluri [4].

In the second section of this paper we present the weak formulation of the
fluid equations. In the third section we describe the segregated solution strat-
egy based on the pressure-velocity correction method. In the fourth section we
describe the MLPG method and the MLS methodology. In the fifth section we
present numerical results for low Reynolds number and low Rayleigh number
flow conditions. Finally we present our conclusions.

2 Weak formulation of the fluid equations

The weak form of the steady state, two dimensional, incompressible fluid flow
equations is written as [3]

Continuity Equation

ow ow
—/ (’Ul + Vo—— ) ds? +/ (1}1771W + UQT]QW) dS =0 (2.1)
0 axl ox

r1-Momentum Equation

6 81}1
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Energy Equation
oT oT oT ow  oT oW
— — | df2 —_— d§? —
/QW<U18.’Bl +U26x2> +/Qa(8$1 8.%‘1 +8$2 8372)

oT oT
/FOA/V<8 1T}1+8 Uz)ds

where p is the density, v; and v are the fluid velocities along the x; and x»
directions respectively, p is the pressure, g; and go are the components of the
gravity vector along the z; and x5 directions respectively, v is the kinematic
viscosity, T is the temperature, « is the thermal diffusivity, 17; and 7y are the
cosine directors of the outward normal unit vector on the surface I" and W is
a weight function.

(2.4)

3 A fully implicit pressure-correction method for the
solution of the N-S equations

A segregated solution methodology has been used to solve (2.1)-(2.3) in a se-
quential process. To obtain a converged solution where the velocities vy and
vg satisfy the incompressibility constraint and the momentum equations, we
follow an iterative implicit pressure-correction approach. The steps of the it-
erative process are the following:

1).-Propose initial guessed values for the velocities (v; and v3) and the pres-
sure p*. Solve the x;-momentum equation (see (2.2)).

2).-Now we have an updated field for the v; velocity, i.e. v7*. Using this up-
dated velocity we solve the zo-momentum equation (see (2.3)).

3).-Now we have an updated field for the vy velocity, i.e. v3*. Substituting
the updated velocity values v;* and v3* into the continuity equation (2.1) we
generate an equation (EQMassl) with a mass residual Arn.

4).-The values for the correction of velocities (v} and v}) and pressure p’ are
introduced as

v=o" v, we=v+v, and p=p"+p  (35)

We assume that the fields given by (3.5), satisfy the continuity equation.
Hence by substituting (3.5) into the continuity equation (2.1) we generate
an equation (EQMass2) with residual equal to zero. Subtracting (EQMass2)
from (EQMassl) we have

/ 8Wd(2+/ 2ngQ /vldeS /vanWdS Am o (3.6)
2

v
Y oxq T

5).-Substituting the previously calculated velocity vi* into the ;-momentum
equation, we generate an equation (EQl) whose residual equals zero. Sub-
stituting the corrected values v1 = v{* + v} and p = p* + p’ again into the
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z1-momentum equation we generate a second equation (EQ2) whose residual
is also zero. Subtracting (EQ2) from (EQ1) we obtain an equation for the
correction of velocity v and for the correction of pressure p’, which is written
as;

L Ol L O] ovy 8W
—/ pWo 19, dQ—/ vaQa—dQ—i— dQ / 89:1 89:1
81}1 ow 81}1 81}1 / o}
2 —
W ows O oy 8901 / [VmdS [ gy, WidsE

/ U1 Wi dS — / PWmdS =0
o, r
(3.7)

6).-Substituting the previously calculated velocity v3* into the zo-momentum
equation, we generate an equation (EQ3) whose residual equals zero. Sub-
stituting the corrected values vy = v3* + v and p = p* + p’ again into the
Zo-momentum equation we generate a second equation (EQ4) whose residual
is also zero. Subtracting (EQ4) from (EQ3) we obtain an equation for the
correction of the velocity v} and for the correction of pressure p’, which is
written as;

- . o) (%2 oW
/QpW ¥ va28 2d(2+/ —d() Homs Dy

vl OW 81}2 BW vl v
oy s oy Oy / g,V mdsS+ / o, VSt

/u 2W772dS—/p’Wn2dS=0
r 81‘2 r

(3.8)
7).-Solve the system of three equations (3.6), (3.7) and (3.8) with three un-
known variables v}, v} and p’.
8).- Update the velocities vy, v and pressure p as

vp=vi+ar (V7" +op) il ve=vitag (w3t +0g) —v3],  p=pTta

where a1 = ap = 0.5 and oy, = 0.1 are under-relaxation factors.

9).-The updated values are defined as the new guessed values for the next
iteration: vi = v, v3 = vo and p* = p.

10).-Go to the first step until convergence.

4 The MLPG method and the MLS technique

The MLPG method is based on a local weak formulation of the fluid equations.
To discretize the governing equations a set of particles (nodes) is placed in the
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Figure 3.1. Deformed physical domain mapped to a local standard computationl
domain. The MLS shape functions are digitally generated within the local domain
(r,s) by using 9 neighbours located in the near vicinity of each particle. (See also
Color Plate on page 360)

physical domain. The integration of the equations is performed in a local sub-
domain surrounding each particle. We have solved fluid flow problems with
complex geometry, hence the local sub-domain can be a four sides deformed
region defined by nine particles (see Figure 3). Each of the deformed regions
is mapped to a standard computational region (—1 < r < 1 and —1 < s <1)
defined in a local coordinate system (7, s). The integration of the fluid equa-
tions (2.2)-(2.4) is carried out by a Gauss-Lobatto-Legendre quadrature rule,
whereas the system of equations for the correction of velocities and pressure
(3.6), (3.7) and (3.8) has been integrated by using a Gauss-Legendre quadra-
ture rule. We have approximated the flow field variables by a polynomial
expansion of the form

N=9
u® (21, m2) = Z ®i(r, s)ui(z1, w2)

i=1
where x; and o are the global Cartesian coordinates and r and s are the
local coordinates defined in the standard region. The summation is carried
out over the local region defined by the number of neighbours (N = 9) sur-
rounding each particle. The shape functions ¢;(r, s) defined in the standard
region are digitally generated by using the MLS numerical technique. The
MLS approximation u°(x) of the function u(x) is written as

w’(z1,29) = P (r,s) - a (4.9)
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where
PT(r,s)=[1r5]

is a monomial basis of order three and

is a vector of unknown coefficients. In the MLS method the coefficients a; are
determined by minimizing a weighted discrete Lo-norm

2
Il

9

J(r,s) = Wi(r, s) [PT(r,s)-a— ui]z (4.10)

i=1

where VAVi(r, s) is the weight function associated with the ith particle in the
local standard domain. By minimizing (4.10) we obtain the expression for the
coefficients a;;

a=M 'Bu (4.11)

Using equation (4.11) in equation (4.9), we find the expression for the MLS
shape functions
¢T(r,s) =PT(r,s)-M™'B (4.12)

the matrices M~! and B are also defined in the standard domain (r,s).
We have used a fourth order weight function of compact support, defined
as

R 1 —6¢% +8¢> —3¢* for qzi'f‘fi'gl
Wi(r,s) = <%
0 for q:'T‘>1

m

where p,, is a length scale directly related with the size of the local sub-
—  —

domain [2], and | £ — & ;| is the distance between the ith neighbour (defined
—

by its position vector £ ;) and the point of estimate defined by its position

vector & . The derivative of the MLS shape functions with respect to the local
coordinates r and s is written as (see (4.12)):

0T (r,s) 0 ,Sps 1oy (OPT ,OM™! 7~ 10B
and

00T (r,s) 0 Srae—1ioy  [(OPT 7 OM™! 7 10B
5 _%(PM B) = asM B+P - B+P'M 5

where the derivative of the matrix M~! can be obtained as
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Figure 4.2. Natural convection in a square cavity (Ra = 1520). Velocity field. The
two vertical walls have a Dirichlet boundary condition. The two horizontal walls

have a Neumann boundary condition (adiabatic walls). Left: MLPG solution. Right:
SEM results.
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Figure 4.3. Natural convection in a square cavity (Ra = 1520). Temperature field.
Comparison between the MLPG solution with 15 x 15 particles (left) and the SEM
results with 10 x 10 macro elements and a polynomial expansion p = 9 (right).
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The expression for the derivatives of the weight function Wi(r,s) with
respect to the local variables (7, s) has been obtained by previously defining the
two-dimensional weight function as the tensor product of the weight functions
defined along each direction of the local coordinate system. To perform the
numerical quadrature and to differentiate a function over the deformed local
physical domain which is a function of (x1,x2), we have transformed this region
into the standard region defined in terms of (r,s) [1]. To impose the boundary
conditions required to solve the fluid equations, it is well known that the MLS
interpolation functions do not satisfy the Kronecker delta function criterion.
Hence in order to enforce the Dirichlet boundary conditions we have used an
interpolation technique [2].

5 Results

In this section we present the numerical simulation of four two-dimensional,
steady state, incompressible fluid flow problems. The numerical results ob-
tained by the MLPG method for the cases 1-3, have been compared with
the numerical solution provided by a standard h-p Spectral Element Method
(SEM) [1]. The MLPG results for the third case have also been compared with
an analytical solution.

5.1 Natural convection in a cavity

In this section we present the numerical simulation of the natural convection
of a fluid confined in a square cavity using the MLPG technique and the SEM.
The results have been obtained for low Rayleigh number Ra = gBATL3/(va)
flow conditions. Figure 4.2 shows the physical problem and the velocity field
for Ra = 1520 (AT = 155 K). In the cavity all the boundaries have a non-slip
dynamic boundary condition. Regarding the thermal conditions, the vertical
walls have a Dirichlet boundary condition, where the left wall is the cold
boundary and the right wall is the hot boundary. The two horizontal walls have
a Neumann boundary condition (adiabatic walls). The gravity force is acting
along the y direction (negative sense). The MLPG solution was obtained by
using a uniform distribution of particles (15 x 15 particles). The SEM solution
was obtained by using 10 x 10 macro elements and a polynomial expansion
p = 9. A comparison of the temperature field (isothermal lines) calculated
by the MLPG method and the SEM is shown in figure 4.3. Notice that the
imposed natural boundary condition (adiabatic condition) at the horizontal
surfaces is satisfied by the MLPG method. The temperature profile along the
y line located at x = 0.5 m and the temperature profile along the z line
located at y = 0.5 m are shown in figure 5.4. We can observe that the MLPG
solution is in agreement with the SEM calculation.
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Figure 5.4. Natural convection in a square cavity (Ra = 1520). Temperature pro-
file along the y line located at x = 0.5 m (left). Temperature profile along the x
line located at y = 0.5 m (right). Continuous line: SEM solution. Symbols: MLPG
solution.
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Figure 5.5. Natural convection in concentric cylinders (Ra = 942). Velocity field.
The temperature of the internal cylinder is higher than the temperature of the
external cylinder. Left: MLPG solution. Right: SEM results.

5.2 Natural convection in concentric cylinders

We present the numerical simulation of the natural convection of a fluid con-
fined between two concentric infinite cylinders. The results have been ob-
tained for a low Rayleigh number (Ra = gBATd?/(va) = 942, where d is
the size of the gap between the cylinders) flow condition. Figure 5.5 shows
the physical problem and the velocity field obtained by the MLPG method
and by the SEM. The origin of the Cartesian coordinate system (x,x2) or
(z,y) is located at the center of the concentric cylinders. The aspect ratio is
r = Rint/Rest = 0.35. The gravity acceleration is acting along the zo- (or y)
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Figure 5.6. Natural convection in concentric cylinders (Ra = 942). Isothermal
lines. Left: MLPG solution. Right: SEM results.

axis (with negative sense). In the MLPG simulation we used 60 particles along
the angular direction and 20 particles along the radial direction (1200 par-
ticles). The particles have been uniformly distributed. The SEM simulation
was carried out by using 150 macro elements and a polynomial expansion p =
9. The temperature of the internal cylinder is higher than the temperature of
the external cylinder. Figure 5.6 shows the isothermal lines obtained by the
two numerical methods. It can be observed that due to the buoyancy force,
the isothermal lines are not concentric. The isothermal curves obtained by
the SEM have more eccentricity, particularly those whose value is close to the
internal temperature. The average Nusselt number at the internal and at the
external cylinders was also computed. By the use of the MLPG method we
obtain N, = 1.75 and Nueg: = 0.65. Using the SEM we have Nuj,; = 1.9
and Nuegye = 0.65.

5.3 Couette flow in concentric cylinders

The shear flow of a fluid confined between two concentric cylinders is pre-
sented in this section. The shear flow is induced by the rotation of the internal
cylinder or by the rotation of the external cylinder. We carried out numerical
calculations for both cases: (i) rotation of the internal cylinder (fixed external
cylinder) with Reynolds number Re = pf2;,t Rint(Rext — Rint) /10 = 23 and (ii)
rotation of the external cylinder (fixed internal cylinder) with Reynolds num-
ber Re = p§2eyt Rext(Rext — Rint) /1t = 6.8. The geometrical characteristics of
the concentric cylinders for this case are the same as for the previous case
(see section 5.2). For the internal cylinder rotation case the angular velocity
is £2ip; = —1072 rad/s. For the external cylinder rotation case the angular
velocity is 2.+ = —1073 rad/s. The analytical solution for the circumferen-
tial component of the velocity ¢(r) as a function of the radial direction r in a
steady state, two-dimensional Taylor-Couette flow is
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Figure 5.7. Couette flow in concentric cylinders. v velocity profile along the z-axis
at y = 0 (along the radius). Left: Internal cylinder rotation (Re = 23.8). Right:
External cylinder rotation (Re = 6.8). Circles: SEM solution. Asterisks: MLPG
solution. Continuous line: analytical solution (5.13).
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(5.13)
For the MLPG simulation we used 60 particles along the angular direction
and 20 particles along the radial direction (1200 particles), again the particles
have been uniformly distributed. The SEM simulation was carried out by using
150 macro elements and a polynomial expansion p = 9. Figure 5.7 shows the
v velocity profiles along the z-axis at y = 0 (hence along the radius) for
both cases. The curve on the left shows the results for the internal cylinder
rotation case. The curve on the right shows the results for the external cylinder
rotation case. It can be observed in figure 5.7 that the results provided by the
MLPG method are in agreement with the results obtained by the SEM and
the circumferential component of the velocity o(r) given by the analytical
solution (5.13).

+ Re:ct Qemt

’lA}(’I") - Rint Qint

5.4 Flow around an infinite circular cylinder

The fluid flow around an infinite cylinder for low Reynolds number conditions
is presented in this section. The Reynolds number is defined as a function of
the diameter of the cylinder Rep = pDU/p. Figure 5.8 shows the physical
domain and the distribution of the MLPG particles. We have used a non-
uniform distribution of particles (567 particles). Figure 5.8 also shows the
stream lines for Rep = 40. Its possible to observe the recirculation region (see
the two symmetric recirculation zones formed downstream of the cylinder) and
the point of separation, this last takes place around # = 110° from the leading
point which is in agreement with theoretical and experimental results [12].
We have calculated the skin friction drag coefficient C'ps due to viscous shear
forces produced at the cylinder surface. It has been reported in the literature
that the expression to calculate the friction drag coefficient for low Reynolds
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Figure 5.8. Flow around an infinite cylinder. Domain definition and particle distri-
bution. Free stream U velocity from left to right. Top, bottom and left boundaries:
Dirichlet boundary condition. Right boundary: Neumann boundary condition (out-
let).

numbers is Cpy = 5.786/v/Rep [12]. Using the MLPG method for Rep = 20
we obtain Cpy = 1.54 and for Rep = 40 we have Cpy = 0.89. Using the Khan
et al. [12] expression for low Reynolds number flow we have: for Rep = 20,
Cpy = 1.29, and for Rep = 40, Cpy = 0.91 these values are in agreement
with the MLPG results.

6 Conclusions

The MLPG method coupled with a fully implicit velocity-pressure correc-
tion algorithm has been proposed to solve the two-dimensional, steady state
incompressible fluid flow equations. One of the advantages of the proposed
methodology is that the pressure and the velocity corrections of the parti-
cles located in the neighborhood of each node (particle) are fully taken into
account, leading to an increase of the rate of convergence of the iterative
procedure. The main disadvantage of the proposed methodology is that the
algebraic system of equations which is generated to calculate the corrections
of velocity (v} and v4) and pressure (p’), requires a great amount of memory.
The numerical results obtained by the MLPG method are in agreement with
the results provided by a mesh based method: the Spectral Element Method.
In order to overcome the governing stability conditions and to increase the
capabilities of our code to compute high Reynolds number and high Rayleigh
number fluid flow problems, we have to include additional modelling such as:
(1) staggered particles (used in Finite Volume methods), (2) different num-
ber of neighbours for the solution of each equation (mixed order interpolation
used in Finite Element methods) and (3) the upwind algorithms [4].
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Summary. Particle methods are a robust and versatile computational tool for the
simulation of continuous and discrete physical systems ranging from Fluid Mechan-
ics to Biology and Social Sciences. In advection dominated problems particle meth-
ods can be considered as the method of choice due to their inherent robustness,
stability and Lagrangian adaptivity. At the same time however, smooth particle
methods encounter major difficulties in simulating the equations they set out to dis-
cretize when their computational elements fail to overlap, a condition necessary for
their convergence [2]. A number of ad-hoc parameters and artificial dissipation tech-
niques are often introduced in techniques such as Smoothed Particle Hydrodynamics
(SPH) [15,19] in order to remedy these difficulties.

In the present paper we demonstrate that the convergence of smooth particle
methods can be ensured by a periodic remeshing of the particles using high-order
interpolation kernels. This procedure retains the Lagrangian character and stability
of particle methods and enables the control of their accuracy [5,9, 16,17] while
introducing numerical dissipation at levels well below those introduced by temporal
discretizations.

In addition, remeshing enables two major improvements over grid-free particle
methods : First by exploiting the regularity of the remeshed particles, it reduces by
at least an order of magnitude their computational cost [6,10] and facilitates their
massively parallel implementation. Second, remeshing enables the development of
consistent multiresolution techniques such as wavelet-particle methods [4]. This ap-
proach has been implemented efficiently in massively parallel computer architectures
allowing for unprecedented vortex dynamics simulations using billions of particles.

Key words: particle methods, vortex methods, smoothed particle hydrody-
namics, wavelets, multiresolution
1 Introduction

Particle methods are distinguished by their robustness and adaptivity in sim-
ulations of convection dominated flows. The Lagrangian formulation allows
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for automatic adaptivity and permits significantly larger time steps than the
ones imposed by stability requirements by the the corresponding Eulerian
discretizations. At the same time smooth particle methods become inaccu-
rate, computationally inefficient and fail to provide consistent and convergent
simulations of flows that lead to particle distortion.

In the recent years remeshed particle techniques (see [16,17,24] and ref-
erences therein) have been proposed where a mesh is used along with the
particles in order to develop efficient and accurate computations of vortical
flows. The mesh is used in order to reinitialize the distorted particle loca-
tions [5,9,13,16,24] thus ensuring the convergence of the method. In addition
the mesh enables the efficient computation of differential operators, and the
use of fast elliptic solvers for the computation of the field equations. The parti-
cles and the mesh exchange field quantities and particle strengths via moment
conserving interpolations.

Vortex methods exemplify the computational advantages and challenges of
particle methods in simulations of incompressible vortical flows. These simula-
tions are based on the discretization of the vorticity-velocity formulation of the
Navier-Stokes equations in a Lagrangian form. The methodological advances
outlined above introduce a number of challenges for the massively parallel
implementation of vortex methods that have hindered in the past large scale
Direct Numerical Simulations. In Section 3.1 we report on efficient domain de-
compositions and optimized data mappings that rely on the Message Passing
Interface (MPI). The algorithm is implemented for the distributed-memory
architecture of the IBM BlueGene/L using up to 16K CPUs and involving up
to six billion particles; it enables unprecedented resolutions for the DNS of
long wavelength instabilities.

The reinitialization of particle locations detracts from automatic adaptiv-
ity though. In a Particle-Mesh method adaptivity needs to be reintroduced
and controlled. Because of the role of the mesh in the present hybrid approach,
several multi-resolution tools can be adopted [3]. We present in Section 2.2
such a tool: the Particle-Wavelet Method, and assess its capabilities on inter-
face growth problems.

2 Particle-Mesh Methods

Particle methods are well-suited for the solution of conservation laws in R¢
with advection terms

9q
where u is the velocity field and the operator £ collects the non-advective
terms, e.g. diffusive fluxes, sinks and sources. The transported quantity ¢ is
discretized on particle locations and is approximated as
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t)~ Y Qu(t)S" (x = x,(1)) , (2.2)

where h denotes the mesh spacing and @, = v,q(x,) are the particle strengths,
and v, the particle volumes. The accuracy of Eq. 2.2 depends on the smooth-
ness and moment-conservation properties of the kernel ¢("(x) = h=%((x/h),
see [9] for a detailed analysis.

The discretization of the Lagrangian form in Eq. 2.1 using the particle
approximation of Eq. 2.2, yields a set of Ordinary Differential Equations
(ODEs) [17] for the particle strengths, positions, and volumes which have
to be integrated numerically

o oy (£70) (1)

dx,

7: B u(;cpﬂf)’ (23)
dv

Loy (9 ) a0,

for particles p=1,..., N.

In the present approach, we use a mesh conjointly with the particles [3,
7,17]. We evaluate the function ¢ on regular grid locations, compute the dif-
ferential operators on the grid, and then interpolate back onto the particle
locations. In terms of operations, one Euler step for the system of Eq. 2.3 is
completed by

e (P — M) Interpolate particle quantities on a lattice by evaluating Eq. 2.2
on grid locations

q(xj... Z Qp (Xij... — Xp) (2.4)

where x;; . is a grid node and 4j ... are node indices

e (M — M) Perform operations on the grid, e.g. evaluate right-hand sides
of the system of Eq. 2.3

e (M — P) Interpolate quantities, right-hand sides, respectively back onto
the particles,

= Zzzh_dﬁ(xzj...)ch (xp — X5...) (2.5)

and advance the quantities and locations.

Like any particle method, this hybrid approach remains linearly stable for
advection. Non-linear stability, however, requires that particle trajectories do
not cross. This Lagrangian CFL constraint reads

LCFL = 6t ||Vul|o < C'. (2.6)
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The automatic adaptivity of particle methods, synonymous with uncon-
trolled Lagrangian distortion, comes at the expense of their convergence and
accuracy [1,2]. An irregular distribution of particles leads to a loss of con-
vergence, as the function approximation (Eq. 2.2) ceases to be well sampled.
It is therefore necessary to periodically regularize the particle locations by
“remeshing” them onto regular positions [16]. This redistribution is readily
carried out through a P — M interpolation of the particle weights and gener-
ating a new set of particles with positions at the grid locations.

2.1 Efficient implementation and massively parallel simulations

The Particle Mesh methodology described above not only ensures the accuracy
of the simulations but also allows the use of fast and scalable techniques for the
computation of differential operators, e.g. finite differences, and the handling
of elliptic problems with multigrid or Fourier solvers.

In contrast, in the Smoothed Particle Hydrodynamics (SPH) method [15,
19] or the Particle Strength Exchange (PSE) scheme [11], one computes the
differential operators on the right-hand sides of Eq. 2.3 directly at the par-
ticle locations. This requires the summation of contributions from particles
within the kernel cut-off and thus finding these neighboring particles. This
process involves additional data structures, accessing non-contiguous data,
more memory cache misses, and in the end, efficiency degradation.

The scalability of this Particle-Mesh approach has allowed large scale sim-
ulations on massively parallel architectures [7]. The parallel implementation of
this hybrid methodology is provided by the open source Parallel Particle Mesh
(pPM) library [21]. PPM provides a general-purpose framework that can han-
dle the simulation of particle-only, mesh-only or particle-mesh systems. The
library can define topologies, i.e. space decompositions and the assignment
of sub-domains to processors, which achieve particle- and mesh-based load
balancing. The data communication is organized in mappings which can be
applied to either mesh points or particles. As an example, a local neighbor-to-
neighbor mapping re-assigns particles which are advected from a sub-domain
into a neighboring one. PPMis written in Fortran 90 on top of the Message
Passing Interface (MPI)!. In Section 3.1, we report on the performance of this
framework on the massively parallel architecture of IBM BlueGene/L and its
application to aircraft wakes.

2.2 Multiresolution Particle-Mesh methods with Wavelet-based
adaptation

The “remeshing” procedure introduced by the Particle Mesh technique en-
sures particle overlap and preserves the accuracy of the method [17]. As a

L ppM is available at www.cse-lab.ethz.ch
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consequence, it distances itself from classical particle methods with an auto-
matic adaptivity that is synonym of degraded accuracy. Adaptation can be
reintroduced in Particle-Mesh techniques though, in a more controlled fash-
ion, through adaptive mesh refinement techniques [3] or the Wavelet-based [4]
approach presented here.

Wavelet-based adaptation of remeshed particle quantities

In the present framework we implement tensor-product wavelets 1"* and
scaling functions ¢! on a sequence of L + 1 dyadically refined grids with mesh
spacings {h}F, = {ho27 '}~ and grid points k € {K'}-,. The scaling
functions and wavelets are related as:

i=> Hikew ' ZG“‘ b 2.7)
k

where i = 1,...,2¢ — 1 for d-dimensional wavelets. The discrete filters H} .

and G J’“ depend on the specific choice of wavelets employed. Using these
bases the function ¢(x) is expressed as

241
T AR@ Y Y Y ) 2:8)
ke =0 ket p=1

The scaling coefficients cﬁc and detail coefficients dk” can be efficiently com-
puted using a Fast Wavelet Transform. In areas where the function ¢(z) is
smooth the detail coefficients of fine levels [ will tend to be small, and a com-
pressed representation of ¢(x) is obtained by discarding detail coefficients for
which |d§c’“ < e. The error introduced by this compression is bounded by

lg(®) = g> (@) [lo < Cre < Co NP7, (2.9)

where ¢> is the compressed ¢, P is the order of the wavelets and N is the
number of active coefficients.

It is important to note that each detail coefficient is associated with a grid
point on the next finer grid, as illustrated in Fig. 2.1. Hence, the compressed
representation ¢~ is inherently linked with a adapted grid, composed only of
the grid points whose detail coefficients are significant, i.e. |d§c’” | > e.

Particle-Mesh interpolation and Wavelet MRA

The wavelet-based MRA of the remeshed particle properties enables an en-
hanced multiresolution particle function representation. In order to allow for
the emergence of small scales between two remeshing steps we follow the
conservative approach of Liandrat and Tchamitchian [18] and additionally
activate all children of the active grid points.
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Figure 2.1. Each detail coefficient di’”, with g = 1,...,2%9 — 1 corresponds to a
specific grid point on the next finer level.

) MRA M—M MRA
grid
I 4

create remesh

particles P—-M M — P particles
particles @— advect —@ @— advect —@

———————— time = = = = = = = =

Figure 2.2. Particles are created on the adapted grid K~ (¢) and advected. In the
context of a two-step ODE integration scheme, the particle function representation
is evaluated (P — M) on an intermediate grid /Cs (¢t + £6t) and the right-hand sides
that are evaluated on this grid (M — M) are interpolated back onto the particles
(M — P). At the end of the time step the particles are remeshed onto a mesh
K~ (t + 0t) on which the next MRA is performed.

The computational steps (P — M, M — M, M — P) are outlined in
Fig. 2.2 for the case of a two-step ODE integration scheme), and are based on
level-wise operations. For a detailed description of multiresolution P — M and
M — P interpolations we refer to [4].

3 Results

3.1 Massively parallel simulation of aircraft wakes
Vortex Particle Mesh Method

We apply the Particle-Mesh methodology to the Navier-Stokes equations in
their velocity(u)-vorticity(w = V x u) form

%—‘:+V-(uw)=(w~V)u+VV2w (3.10)
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V-u=0 (3.11)

where v is the kinematic viscosity. In this case, particles carry circulations
Q, = fvp wdx. The computation of the right-hand sides of the particle ODEs
involves derivatives of the vorticity and velocity fields. We note that velocity
is the solution of the Poisson problem

Viu=-Vxw. (3.12)

The domain is a periodic box in R3, we compute derivatives on the mesh with
fourth order accurate finite differences and solve Eq. 3.12 in Fourier space.

Scalability

The parallel efficiency was assessed on a test problem taken from [25] for

512 < Nepy < 16384 of IBM BlueGene/L (BG/L). We measure the strong
efficiency as .

Nstrong = NEpus T(NEpus)

Nepus T(Ncpus)

where T is the average computation time of one time step. In order to test
the code up to the large sizes allowed by BG/L, we used NéeFf,US = 2048 and
a problem size of 768 x 1024 x 2048 or 1.6 billion particles. This brings the
per-processor problem size from 786432 down to 98304 when we run on the
maximum number of processors. The curve (Fig. 3(b)) displays a plateau up
to Nepyus = 4096, with the per-processor problem size becoming progressively
smaller and communication overhead overwhelming the computing cycles.

From this result, we base our weak scalability study on a constant per-
processor number of particles of Mper cpu =~ 410°. We used the following
measure

(3.13)

T(N&fus, M™)

> .
T(Ncpus, yers Mref)
CPUS

Tlweak = (3.14)

where we took NZii ¢ = 512. The code displays (Fig. 3(a)) excellent scalability
up to Nepus = 4096 . Eq. 3.14 assumes linear complexity for the problem at
hand. There is however an O(N log N') component to the overall complexity of
the present problem as we are solving the Poisson equation for the convection
velocity. The two curves (with and without the cost for the solution of the
Poisson equation) are shown in (Fig. 3(a)). We note that using 16K processors
enables unprecedented simulations using O(10'°) vortex particles.

Aircraft trailing vortices

The evolution and eventual destruction of aircraft trailing vortices is affected
by several types of instabilities, usually classified according to their wave-
length. A rapidly growing, medium-wavelength instability has been the focus
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Figure 3.3. Medium-wavelength instability of counter-rotating vortices: parallel
efficiencies on IBM BlueGene/L. (See also Color Plate on page 360)

of recent experimental [12,20,22] and numerical studies [8,23,25]. This insta-
bility occurs in the presence of a secondary vortex pair that is counter-rotating
relative to the main pair. These secondary vortices are generated by a suffi-
cient negative load on the horizontal tail or the inboard edge of outboard flaps.
Being weaker, they eventually wrap around the primary ones in so-called (2-
loops, leading to the reconnection of vortices of unequal circulations. This in
turn triggers an accelerated vortex destruction.

We carry out the Direct Numerical Simulation of the onset of this insta-
bility at Re = I'1 /v = 6000 where I is the circulation of the main vortex
pair. We use a long domain and a noisy initial condition to allow the growth
of several modes. The present simulation is afforded thanks to a mesh reso-
lution of 2048 x 1024 x 768 and 1.6 billion particles. It is run on 4096 CPUs;
the wall-clock computation time was 39s on average per time step. Figure 3.4
shows the evolution of this system and how it picks up the medium wave-
length mode. We refer the reader to [7] for additional numerical details and
discussion of this simulation.

3.2 PMW simulation of interface evolution

We apply the Particle-Mesh Wavelet method to the dynamics of interfaces
driven by complex physics. We consider the growth of dendrites in a super-
cooled liquid according to the sharp-interface model. The governing equations
are given by
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(a) t/to = 0.21 (b) t/to = 0.25

(¢) t/to = 0.27 (d) t/to = 0.34

Figure 3.4. Trailing vortices, instability initiation by ambient noise: visualization of
the vorticity structures by volume rendering. High vorticity norm regions correspond
to red and opaque; low vorticity ones are blue and transparent. (See also Color Plate
on page 361)

or
— =V (kVT
v,
Tloe = Toa,
Ty =Ty,
Ir =Tr (3.15)
ulp=-n[kVT -n]r,
dp
E‘FU'VQD—O,

I'={z|¢)=0},
where T is the temperature, ¢ the level set function, (2 is the computational
domain, I" = 9f2, is the phase boundary, n is the outward normal on I, k
is the thermal conductivity. The temperature at the interface is given by the
Gibbs-Thomson relation

Tr = —€.k — €y Up , (3.16)

where k denotes the curvature on the interface, €. is the surface tension co-
efficient and ¢, the molecular kinetic coefficient. We focus on a mathemat-
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ically unstable example from [14] that gives rise to small-scale features and
demonstrates the regularizing properties of the particle level set formulation:
2 =1[-15,15]?, k = 1.0, ¢, = €, = 0, and the initial conditions for 7" and
the interface are given by

I'=1[-0.1,0.1] x [-0.1,0.1]

—0. 2\02, 3.17
T(xz,t =0) = 05, =€\ (3:17)
0.0, else.
For this simulation hg = 3/32 and Ny, = 5. We compare two cases: in one

case ¢ = 107% and in the other ¢ = 10~ 7. Fig. 3.5 depicts the propagation
of the phase boundary for the two cases. It is evident that with bigger ¢
the 45°- symmetry, respectively the anisotropy, is more pronounced. This
expected symmetry break is caused by the MRA and other grid effects. Fig. 3.6
illustrates the enhanced resolution at the phase boundary at the beginning of
the simulation and once the dendritic fingering has evolved.

Figure 3.5. Dendritic growth in a pure melt. Left: ¢ = 1077; right: ¢ = 10~
Contours represent the temporal evolution of the phase boundary.

Figure 3.6. Active grid points/particles at two different times of the simulation of
dendritic growth.
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4 Conclusions

This paper outlines advances in remeshed particle methods. The proposed
Particle-Mesh coupling ensures computational efficiency and preserves the ac-
curacy of particle methods when their locations are distorted. In addition to
ensuring convergence, and maintaining the large time steps afforded by the
Lagrangian convection of particles, the present use of a mesh enables fast
calculations of differential operators and the introduction of a novel wavelet-
based, multiresolution particle method. The method is implemented efficiently
in massivley parallel computer architectures and its capabilities are demon-
strated in simulations of aircraft wakes.
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On the Stabilization of Stress-Point Integration
in the Element Free Galerkin Method
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Summary. Stabilized stress-point integration schemes based on Least-Squares Sta-
bilization (LSS), Taylor series Expansion Based Stabilization (TEBS) and Finite In-
crement Gradient (FIG) are compared for linear elastostaticity problems and some
relations between them are described. Particular emphasis is placed on stress-point
integration procedures with stabilization. The convergence and stability properties
of stabilized methods in the framework of the element free Galerkin (EFG) method
with stress-point integration are studied by numerical examples. It is shown that
stabilized stress-point integration consumes much less computational time than full
integration and exhibits higher accuracy and much better convergence and stability
than unstabilized stress-point integration and stabilized nodal integration.

Key words: Stress-point integration; Nodal integration; EFG; meshfree; sta-
bilization

1 Introduction

In recent years, many efforts have been devoted to improving the speed and
efficiency of meshfree methods. Development of simple and efficient domain
integration methods for Galerkin based meshfree methods, such as the EFG
method [1] or the RKPM method [2], is still an open topic.

In the context of meshfree Galerkin methods, background Gauss integra-
tion is commonly used in the integration of the Galerkin weak form. However,
due to the non-polynomial character of the moving least-squares (MLS) ap-
proximants employed for most meshfree methods, higher-order Gauss quadra-
ture is required than in the finite element method, which impairs the com-
putational efficiency of meshfree Galerkin methods. These methods have
been studied and improved by Dolbow and Belytschko [3] and Griebel and
Schweitzer [4]. However, additional gains are needed to match the efficiency
of FEM.
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Nodal integration schemes, i.e. evaluating the integrals of the weak form
only at the nodes, are very attractive due to their high computational effi-
ciency and their absence of the background cell structure or background mesh
employed for Gauss quadrature. However, they tend to suffer from spurious
singular modes due to the underintegration of the weak form. Beissel and
Belytschko [5] first addressed this problem and proposed a stabilized nodal
integration procedure by adding a residual of the equilibrium equation to the
potential energy functional in the EFG framework. Based on a strain smooth-
ing procedure, Chen et al. developed a stabilized conforming nodal integration
(SCNI) method [6,7] for Galerkin meshless methods and also extended it to the
natural-element method [8]. Other improvements for nodal integration have
also been reported by Bonet et al. in his CSPH method, see [9] for details.

Domain integration of the weak form can also be performed by an interme-
diate scheme often called stress-point integration. In this scheme, additional
slave particles called stress points are added between the original particles
and serve as additional quadrature points. This method was first proposed
by Dyka et al. [10,11] for tensile instabilities in SPH and was later extended
to higher dimensions by Randles and Libersky [12]. In their implementations,
only the stress points are used for quadrature. Belytschko et al. [13] pointed
out that stress points do not circumvent the tensile instabilities, but instead,
in many cases they restore the positive definiteness of the linear equations, i.e.
they correct rank deficiency. In [14], Rabczuk and Belytschko et al. developed
an alternative form of stress-point integration for multi-dimensions that em-
ploys both the particles and stress points as quadrature points and it shows
better stability properties than nodal integration. Fries and Belytschko [15]
have studied the influence of stress-point integration on the convergence and
stability properties in the Laplace and Poisson equations. They concluded that
for regular nodal arrangements, good rates of convergence can be achieved,
however, for non-uniform nodal arrangements, stress-point integration is as-
sociated with a mild instability which can result in poor convergence. Thus,
stabilization is needed in these cases to improve the convergence of stress-point
integration.

The purpose of this paper is to examine several stabilized stress-point inte-
gration schemes for elastostatic problems and to examine their relationships.
The stabilization schemes studied are least-square stabilization (LSS) [5,15],
Taylor series expansion based stabilization (TEBS) [16-18] and the finite in-
crement gradient (FIG) stabilization [19]. The relationships between these
stabilization techniques are clearly brought out by our formulations. Numeri-
cal results show that LSS and TEBS successfully improve the convergence and
stability properties of stress-point integration while the FIG fails. Moreover,
the superiority of stabilized stress-point integrations over the stabilized nodal
integrations is also clearly demonstrated by our numerical examples.

The outline of this paper is as follows. The MLS approximation with the
computation of its second order derivatives is first reviewed in section 2. The
equations and the corresponding Galerkin weak form of elastostatic problems
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are briefly described in section 3. Stress-point integration scheme with the
placement of stress points and the determination of the integration weights
are discussed in section 4. Several stabilization strategies including LSS, TEBS
and FIG are described and their relations are discovered in section 5. Section 6
demonstrates the effectiveness of the stabilizations for stress-point integration
and its superiority over stabilized nodal integrations by numerical examples.
Conclusions are discussed in section 7.

2 Moving Least Squares (MLS) approximation

Given a set of particles x; in the domain 2 C R™(n is the dimension number of
the space), meshfree approximation for a scalar function u(x) can be written
in a form similar to those used in FEM

uh(x) =Y Nr(x)urs (2.1)
I

where u/(x) is the approximation of u(x), u; the nodal parameters, in most
cases, u; # u"(x). Nj(x) is the meshfree shape function and usually con-
structed by the moving least squares (MLS) or equivalently by the reproducing
kernel approximation procedures, in which N;(x) can be written as

Ni(x) = p" (xp)w; (x)a(x) (2.2)

where wy(x) = w(x — x7) is a weight function (positive, symmetric and with
a compact support). In this paper, we consider the following weight as

_ 1.0 — 155% +245° — 105% for s < 1
wr(x) = wi(3) = {O for s >1 (2:3)

where 5 = s/r, r is the radius of the domain of influence measuring the size
of the support, s = |x — x| the distance from a sampling point x to the node
x7. Note that weight function given in Eq.(2.3) is C? with respect to x or y
which is required in the following stabilization procedures. The quartic spline
weight function [20], which is widely used in meshfree method, is not smooth
enough for this purpose, because its second derivative with respect to = or
y is singular at the node itself, i.e. at § = 0. p(x) in Eq.(2.2) is the vector
of interpolation base functions which is usually constructed to constitute a
complete basis of the subspace of polynomials.

The unknown vector a(x) is determined by the so-called reproducibility or
consistency approximation which implies that meshfree approximation defined
in Eq.(2.1) can reproduce exactly the polynomials basis vector p(x), i.e.

p(x) = > p(x1)Ni(x) (2.4)
I
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Substitution of Eq.(2.2) into the above equation gives
A(x)a(x) = p(x) (2.5)

where

A(x) = px)p" (xr)wr(x) (2.6)

I

is equivalent to the Gram matrix A in the standard MLS procedure [1]. The
process to construct the MLS shape functions can be summarized as below

1. Construct matrix A by Eq.(2.6);
2. Solve Eq.(2.5) to determine a(x);
3. Substitute a(x) in Eq.(2.2) to obtain the MLS shape functions Ny (x).

Derivatives of the shape function Ny ;(x) may be calculated by applying
the chain rule to Eq.(2.2)

Nri=p’ (wr,a+wra;) (2.7)
where a; can be obtained by taking the derivative of Eq.(2.5)
Aa;=p;—A«a (2.8)
with

A= ZP(XI)pT(XI)wI,i (2.9)
T

Similarly, by differentiating Eq.(2.7), the second derivative may be calculated
as
NI,ij = pT(wI’ija +wr o +wr g0+ wja’ij) (210)

where a ;; may be determined by differentiating Eq.(2.8)
Aa’ij =P,ij — Ayija - A_,iayj - ijayi (211)
with
A=Y pE)P" (x)wr; (2.12)
I

Note that Eq.(2.8) and Eq.(2.11) have the same matrix A. If A is LU decom-
posed with the decomposition stored, then, solving Eq.(2.8) and Eq.(2.11) are
just back substitutions, see [21,22] for details.

3 Governing equations and spatial discretization

Consider a elastostatic boundary value problem on a two-dimensional domain
{2 bounded by I'. The equation of equilibrium is

V-o(u)+b=0 (3.13)
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where o(u) is the stress tensor which corresponds to the displacement field
u, and b is a body force vector. The boundary conditions are

oc-n=tonl} (3.14)

u=1aon I, (3.15)

where the superposed bar denotes prescribed boundary values, and n is the
unit normal to the boundary.

The variational (or weak) form of the equilibrium equation can be written
as

/ selod — | sulbd2 — | sultdl + / sul(u—w)dl' =0 (3.16)
2 2 Iy

I
where
u = {u; uy }T Su= {duy du, }T (3.17)
Se = {0eps Seyy 2064y }T 00 = {604z 00y, 504y }T (3.18)

Note that the last term of the left side of Eq.(3.16) is a penalty term to enforce
the essential boundary condition Eq.(3.15) and § is the penalty parameter.
For linear elasticity, the stress-strain law can be written as

o =De (3.19)
with

€ = { €z €yy 264y I (3.20)

B 1v 0

E 11 o0

D= 21
1—0? (1-7) (3:21)
00

2

where E = E, v = v for plane stress and E = #, v = % for plane

strain with E and v are Young’s modulus and Poisson’s ratio respectively.
The strain-displacement relation can be written as

€ = { €xs €4y 264} =Lu (3.22)
where L is the strain operator matrix

9/0x 0
L= 0 9/dy (3.23)
0/0y 0/0x
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To spatially discretize above equation, the trial and test function in
Eq.(3.17) are approximated using MLS shape functions as

uh 5Uh
ot — { i} — N(x)d = N;d; u — {5 ﬁ} — N(x)0d = N;6d;  (3.24)
Uy Uy

The matrix of shape funcition is
N(x) =[Ny Ny --- N, | (3.25)

where N; = NI, n is the total number of particles. Substitutiing Eqs.(3.17-
3.25) into Eq.(3.16), the following equation results

(K + pKP)d = f + pf? (3.26)
where
K= [ BTDBdR (3.27)
2
f= / N”bd2 + [ N'tdr (3.28)
0 I
K? = / NTNdr (3.29)
Iy
P = / NTadr (3.30)
FU
where B = LNN.

4 Stress-point integration scheme

Stress-point integration, introduced in [10-12] and [13-15], introduces addi-
tional integration points between the nodes. In this paper, the stress points
are added as shown in Fig. 4.1a, i.e. the original nodes are connected to con-
struct a triangle mesh, then the stress points are placed in the centers of the
elements. There are different methods to determine the integration weights for
all integration points (i.e. original nodes and stress points), such as using a
Voronoi diagram [14,15]. In this paper, we compute the integration weights in
the following way which is similar to that described in [7,18] for nodal integra-
tion. First, a Delaunay triangulation is constructed based on all integration
points; then, by joining the centroids of the triangles and the mid-edge points
as shown in Fig. 4.1b, a polygon (2; surrounding the integration point J can
be created and the integration weight V; is set to the area of this polygon.

Using the stress-point integration scheme, the domain integration of
Eq.(3.27) can be written as
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(a) (b)

Figure 4.1. Stress-point integration: (a) Placement of stress-points (b) Determina-
tion of integration weights

n+m
K=Y V;B(x;)"DB(x,) (4.31)
J=1

where n and m are the numbers of original particles and stress points respec-
tively. Note that the method described above can also be applied to nodal
integration, in which the Delaunay triangulation is constructed only based on
the original nodes. For the boundary integrals in Eqs.(3.28-3.30), one dimen-
sional Gaussian integration is used in this paper.

5 Stabilizations for stress-point integration

5.1 Least-Squares Stabilization (LSS)

In least-squares stabilization [5,15], the weak form of the governing equation
(3.13) can be written as

/5u-(V~a—|—b)dQ—/ +(V-50)(V - o +b)d2 = 0 (5.32)
2 (9]

In the above equation, the first term on the left side is the usual Galerkin part,
and the second part is the stabilization term which is a weighted residual of
the governing equation and ~ is the stabilization parameter. Follow the same
derivation from Eq.(3.16) to Eq.(3.26), the following equation results

(K + K + BKP)d = f + £ + BfP (5.33)

where
K = / y(L'DLN)"(L"DLN)dn (5.34)
2
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7 =— / y(L"DLN)"bds? (5.35)
2

Other matrix and vector are the same as Eqgs.(3.27-3.30). In [5], the stabiliza-
tion parameter « is determined by

202

= (5.36)

’Y =
where «a, is the dimensionless stabilization parameter; [., a characteristic
length scale of the discretization (or nodal arrangement); and E, the Young’s
modulus. In this way, v is a constant in the whole computational domain and
it can move out of the integration operator in Egs.(5.34-5.35). In section 5.3,
we will give another formulation to determine + in which v can vary in the
computational domain.

5.2 Taylor series Expansion Based Stabilization (TEBS)

Several stabilization methods are based on Taylor series expansions [16-18].
The integrand in Eq.(3.27) can be approximated in the vicinity of a integration
point x; by a Taylor series as follows

B(x)"DB(x) = B(x,)"DB(x,) + (x — x;) - V [B(x)" DB(x)]

X=X

+%(x —xy) - V? [B(x)"DB(x)] - (x — x4(5.37)

X=X

Substitution of above equation into Eq.(3.27), and after using the chain rule
of differentiation and neglecting the terms containing the third order of shape
functions, Eq.(3.27) can be written as

K= / B"DBdN = Z / B'DBd? =) [B'DB]_ V,
2

+Z [DB +B'D-—
+ Z [8TDB + BTDaB}

dy

J=1

X

oBT _ 0B

i Z [ oy oy Iy |«

oy
I,
" roBT _9B 0BT __ OB
+3 [0+ &gDax]xJ /Q )2 (539

(x —ay)dR2
(y —ys)ds2

J=1
XJ /QJ
/Q]

+ Z |:6BTD6B

2
5 L3 /QJ(:E x7)°dQ

(y - yJ)QdQ
2y

J=1
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where V) is the area of the polygon (2; associated to integration point x;,
and

M3 = [ (x—2;)dQ Mj = [, (y—ys)d2 (5.39)

M5® = [ (x— x7)2ds2 M7 = [, (y— y7)2ds2

M7 = [ (@ —x5)(y —ys)dR (5.40)

are respectively the first-order and the second-order area moments of (2;.
These moments are required for implementing this stabilization method which
can be evaluated in a theoretic way or a numerical way such as Gaussian
quadrature.

5.3 Approximated TEBS and determination of stabilization
parameter of LSS

To eliminate the burden of the evaluation of the area moments, it is assumed
that 2 is a square (or a circle) with the same area V; and the integration
point x; is located in the center of the square (or the circle). In this way, we
have

M%=0 MYy=0 M3=0 (5.41)
V2 v V7
M}:x — Mf;y — éfor square M}m = Mf;y = ﬁfor circle (542)

Then the evaluation of stiffness matrix, i.e. Eq.(5.38), can be simplified as
(assume {2 is a square)

ni

K=) [B'DB]_V,+> K°(x,)V, (5.43)
J=1 J=1

where ni is the total number of integration points, and

vi

/i OB(xz)" pIB) | B(xy)" pB(xa)

s _
K7(xs) = or Or Ay dy

(5.44)

is the stabilization matrix introduced by Taylor series expansion. This method
can be called approximated TEBS (ATEBS).

In the least squares stabilization method described above, the stabilization
matrix can be evaluated at integration point x; according to Eq.(5.34) as

K" = / Y(L"DLN)"(L"DLN)d2 = Y K (x,)V; (5.45)
2 J=1
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where

K7 (x,) =7, [L"DB(x,)]" [L"DB(x,)] (5.46)

Note that K”(x) is similar to K®(x;) in the sense that both of them only
contain the second order derivatives of the shape functions. Also note that
K7(x7) contains two D matrices, while K(x;) only has one. With this in
mind, it is not difficult to obtain

1Vy 1 h?
—p_——t —p_J 5.47
WENE T = E T (5.47)
where 7 is a dimensionless stabilization parameter and o, = g5; hy is the
length of the side of the square §2;, i.e. V; = h?%. Note that Eq.(5.47) is just
Eq.(5.36) with l. = hy, i.e. using the characteristic length scale of the local
discretization (near integration point x;) h; instead of the global one. Now,

it is clear that why the stabilization parameter +y is chosen as Eq.(5.36) in [5].

5.4 Finite increment gradient stabilization

The following is our interpretation of the method given in [19]. By using a
Taylor series expansion, the displacement u"(x+h) can be expressed in terms
of uM(x) as

u"(x +h) = u"(x) + h- Vu(x) (5.48)

or with one order higher as
1 -
u"(x+h) = uh(x)+h~Vuh(x)+§h~V(Vuh(x))~h = u"(x)+h-Vu"(x) (5.49)

where h

Vul(x) = Vul(x) + V(Vu"(x)) - 5 (5.50)
is called the finite increment gradient [19] of u"(x) which contains the second
order derivatives of u”(x). Applying the spatial approximation Eq.(3.24) to

Eq.(5.50), the following modified derivatives of shape functions are obtained

ON; _ ON; e ONp by 0PNy
or Oz 2 Qa2 2 0xdy

(5.51)

ON; _ ON; | hy °Ny _ h, 0°N;
oy Oy 2 0xdy 2 Oy?

In the vicinity of integration point x;, we choose

(5.52)

he =hy, = hy (5.53)
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and hy = /V; as defined in section 5.3. Then the matrix B(x ;) can be
constructed using these modified derivatives instead of the original ones as

B(XJ) - Bl(XJ) B2(XJ) e Bn(XJ) (554)

with ~
ONi(x)
i e
B;(x;) = 0 %ﬁ;‘” (5.55)
(r)j\v/'[(x‘]) (‘)N](X])
oy ox

Finally the stiffness matrix can be evaluated as

n+m
K=Y V;B(x,)"DB(x,) (5.56)
J=1

In fact, finite increment gradient stabilization is closely related to the
TEBS given above, which can be clearly discovered if we let

Mj = Mj =V, (5.57)

h2
M3* = MY = My = LV, (5.58)

Substitution of Eqs.(5.57-5.58) into Eq.(5.38) yields

+
Z ]§ XJ XJ)VJ (559)
where

hy 0B(x;)  hj 0B(x)

B(xs) = B(x;) + 5 9y 5 oy

(5.60)

By substitution of Egs.(5.51-5.52) and Eq.(5.55) into Eq.(5.54), we can easily
get R ~
B(x,) = B(x,) (5.61)

In this sense, finite increment gradient stabilization can also be classified as
an approximated TEBS with the assumption of Eqgs.(5.57-5.58).
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6 Numerical examples

Two numerical examples are studied in this section. Plane stress conditions
were assumed for the two-dimensional calculations. The material parameters
used in the following examples are E = 107 Pa and v = 0.3. The Ly norms of
the displacement and energy errors are defined as follows:

Nl

e __ h TD e __ _h dn
15— L (Jale =€) DI — ) (6.63)
A f(z e DecdS?

where the superscript e and h denote analytic and numerical solutions re-
spectively and n is the total number of the particles and A the area of
problem domain. To construct the MLS approximation, the quadratic ba-
sis [1 z y 2% 2y y?] is used and the radius of influence domain for node I is
defined as

r; = chp*® (6.64)
where

B = - 6.65
1 = max[lx; — x| (6.65)

where Sy is the set of neighbouring points of x; which construct a polygon
surrounding point x; and ¢ = 2.5 for quadratic basis. To enforce essential
boundary conditions, we choose the penalty method with a penalty parameter
B =10°FE.

6.1 Pressure-loaded half plane

As the first example, a pressure-loaded half plane problem is examined. The
exact solution, expressed in terms of the configuration of Fig. 6.2a, is given
by

P % {2(6; — 65) — sin 260, + sin 26, }

Oy = % {2(01 — 05) + 5in 20, — sin 26, }

2£ {cos 26, — cos20,} (6.66)
7T

Ozy

and

te =g {m ~ Dz — )tz — (@ +a)0] - (x - 1>yln(w)}

T1

T2

W, = {(f«u— Dy(62 = 61) + (x4 Ve () — aln(52) — aln(3} )]}

1 a %
(6.67)



Stabilization of Stress-Point Integration 59

(a) (b)

Figure 6.2. Problem of pressure-loaded half plane: (a) Schematic diagram (b) Re-
gion of numerical solution

where

E 3 — i
p=—— _ g=2"F (6.68)
2(1+ p) 1+p

and 2a is the width of the pressure load p.

Due to symmetry, the numerical model for this problem is a 3a by 3a
region with a = 1, as shown in Fig. 6.2b. The displacement along the line
of symmetry, x = 0, is fixed in the x-direction and free in y-direction. Along
y = 3a the displacements are prescribed, and along = = 3a the tractions are
prescribed, in accordance with the exact solutions given above.

The four uniform grids shown in Fig. 6.3 are employed for convergence
study and the results are plotted in Fig. 6.4. For such uniform grids, stress-
point integration displays excellent convergence in both displacement and en-
ergy which are almost comparable to those of full integration. This conforms
with the conclusions of the convergence properties of stress-point integration
in uniform grid given in [15]. Note that even the nodal integration in such cases
also display less consistent convergence albeit less than those of stress-point
integration. This was also observed in [5].

However, this conclusion does not hold for non-uniform grids. To show
this, we make the node distribution of these four grids irregular as shown in
Fig. 6.5 and the convergence properties of different methods are plotted in
Fig. 6.6. Nodal integration does not display convergence for such irregular
node distributions. In contrast, stress-point integration still shows reasonable
convergence when the grids are coarse. However, the curve tails up and the
convergence is lost when the grids become dense. On the contrary, three sta-
bilized stress-point integrations, i.e. SI-L.SS, SI-TEBS and SI-ATEBS, display
convergence for the whole range that we tested. Moreover, their convergence
rates are higher and their errors are lower than those of stress-point integra-
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(c) (d)

Figure 6.3. Regular nodal arrangements for the pressure-loaded half plane problem:
(a) 49-node grid; (b) 169-node grid; (c) 256-node grid; (d) 961-node grid

(a) (b)

Figure 6.4. Convergence properties of different integration methods for the
pressure-loaded half plane problem using uniform grids: (a) displacement; (b) energy
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(c) (d)

Figure 6.5. Irregular nodal arrangements for the pressure-loaded half plane prob-
lem: (a) 49-node grid; (b) 169-node grid; (c) 256-node grid; (d) 961-node grid.

tion. The improved convergence and the increased accuracy of these three sta-
bilized solutions over the unstabilized solution are evidence of the effectiveness
of their stabilizations. However, the accuracy of stabilized stress-point inte-
gration is lower than that of full integration. This is the price of the increased
speed, which is clearly demonstrated by the comparison of CPU times as
shown in Fig. 6.7. Obviously, full integration consumed the most CPU time
and its computational efficiency is not acceptable, especially in the case of
dense grids. However, the increased CPU time of stabilized stress-point inte-
gration over nodal integration is acceptable. Note that, for this example, the
stabilization based on modifying derivative of shape functions, i.e. the SI-FIG,
shows high solution errors, albeit it displays some convergence.

The improved performance of SI-LSS, SI-TEBS and SI-ATEBS over the
direct stress-point integration can be further demonstrated by the comparison
of the profiles of oy, along the line y = 1, as shown in Fig. 6.8. Stress-point
integration shows some small oscillations which are removed or at least are
alleviated by the three stabilized methods.
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(a) (b)

Figure 6.6. Convergence properties of different integration methods for the
pressure-loaded half plane problem using non-uniform grids: (a) displacement; (b)
energy.

Figure 6.7. Comparison of CPU time consumed by different integration methods
for the pressure-loaded half plane problem using four different grids.

Figure 6.8. Profile of oy, along y = 1 for the pressure-loaded half plane problem.
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6.2 Plate with a hole

The problem of a plate with a hole shown in Fig. 6.9a is next examined. The
exact solution of this problem is

2 3 3 4
Ope = T [1 — i—z (2 Cos29+cos49) + 53—4 00549}

2 1 3 4
oyy = —1; [a (2 cos 20 — cos 49) + 5?—4 cos 49}
4

2
a? (1 3a
Opy = =Ty Lﬂz (2 sin 20 + sin 49) —3a sin 49} (6.69)
and
1+ 1 2 a? 1a’ 1a*
Uy = EVTI<1+V7“COSQ+1+VC;COSQ"‘ZC;COS?)G_QZJ:;COSS@)

1 7 .y 1—7 2 1 2 1 4
Uy = —EVTI<1+VVrsin9—1+ZiSin9+2isin30—2fﬁsm30>

(6.70)

where a is the radius of the hole and T, is the traction in the x direction
loaded at infinity as indicated by Fig. 6.9a.

Due to two-fold symmetry, only the first quadrant is modeled as shown in
Fig. 6.9b. Along the line x = 5 and y = 5, natural boundary conditions are ap-
plied in accordance with the exact solutions Eq.(6.69). The essential boundary
conditions u, = 0 is applied along the line z = 0 and u, = 0 is applied along
the line y = 0. Six grids as shown in Fig. 6.10 are employed for convergence
study and the results are plot in Fig. 6.11. Again, full integration is clearly
more accurate and displays a higher rate of convergence than other methods.

(a) (b)

Figure 6.9. Problem of infinite plate with a hole loaded at infinity by oz, = Ty:
(a) Schematic diagram (b) Region of numerical solution.
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(d) (e) (f)

Figure 6.10. Nodal arrangements for the plate with a hole: (a) 50-node grid; (b)
168-node grid; (c) 238-node grid; (d) 630-node grid; (e) 960-node grid; (f) 2403-node
grid.

However, its computational time increase rapidly as the number of nodes in-
creases, which is indicated by Fig. 6.12. This drawback limits its application to
large scale industrial analysis. Stress-point integration for this problem shows
a low rate convergence in displacement and its convergence in energy is lost
when the grid becomes very dense as indicated by Fig. 6.11. In contrast, the
three stabilized stress-point integration methods, i.e. SI-LSS, SI-TEBS and
SI-ATEBS, show better convergence rate both in displacement and in energy
over those of the unstabilized one and at the same time they consume much
less computational time than that of full integration as shown in Fig. 6.12.
This demonstrates the superiority of stabilized stress-point integrations over
full integration and unstabilized SI. Note that, in both examples given above,
SI-TEBS gives more accurate results and better convergence rates than those
of SI-LLSS and SI-ATEBS, the latter two methods give almost identical per-
formance. However, it consumes more CPU time than SI-LSS and SI-ATEBS,
and it also needs to compute the area moments defined in Eq.(5.39-5.40)
which are completely avoided by the other two methods.

We also applied these stabilization strategies to nodal integration, thus set
up the methods NI-LSS, NI-TEBS, NI-ATEBS and NI-FIG. Their convergence
properties are also examined by this example and the results are plot in Fig.
6.13. Clearly, NI-FIG is not convergent. The other three methods show some
convergence when the grids are coarse, however, their convergence rates almost
vanish when the grids become very dense. In contrast, SI-TEBS method show
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(a) (b)

Figure 6.11. Convergence properties of different integration methods for the plate
with a hole problem: (a) displacement; (b) energy.

Figure 6.12. Comparison of CPU time consumed by different integration methods
for the plate with a hole problem using six different grids.

Figure 6.13. Comparison of convergence in displacement obtained by different
stabilized nodal integration methods and the stress-point integration with TEBS.
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(d) () (f)
Figure 6.14. oy, Contours for the plate with a hole problem obtained by different

integration methods: (a) NI-LSS; (b) NI-TEBS; (c) NI-ATEBS; (d) SI-LSS; (e) SI-
TEBS; (f) SI-ATEBS.

more accurate results and better convergence rate than these stabilized nodal
integration methods as indicated in Fig. 6.13.

The superiority of stabilized stress-point integrations over stabilized nodal
integrations can be further demonstrated by the comparison of the o, con-
tours obtained by these two kinds of methods as shown in Fig. 6.14. Stabilized
nodal integrations still exhibit severe oscillations, while stabilized stress-point
integrations remove most of such oscillations and the results become very
smooth.

7 Conclusions

In this work, stabilized stress-point integrations based respectively on LSS,
TEBS and FIG were studied for linear elastostatic problems and their relations
are investigated. Numerical results show that LSS and TEBS greatly improve
the accuracy and convergence properties of standard stress-point integration
while FIG performs poorly. In comparison with full integration, SI-LSS, SI-
TEBS and SI-ATEBS require much less CPU times. On the other hand, in
comparison with nodal integration or standard stress-point integration, they
exhibit higher accuracy and better convergence rates and at the same time
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e increase of CPU time is still acceptable. Another observation made in
is study that is worth noting is that the stabilized stress-point integrations

show much better performance in accuracy, convergence and stability than the
stabilized nodal integration, which further demonstrates that the insertion of
stress points is preferable.
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Summary. There is a wide range of highly significant scientific problems which
on appropriate physical scales can be formulated as partial differential equations
defined on so-called complex domains. Such complex domains often occur when
material is transported through an environment of high geometrical complexity, for
example porous media, domains with many obstacles, or membrane systems that
are folded in a topologically complex configuration. The latter often occurs in cell
biology, where the biological membranes inside the cell are strikingly topologically
complex. In addition the medium in which, for example, proteins diffuse in the cell
nucleus, is a complex porous media type of environment as many macro-molecules
and protein-DNA complexes like the chromatin form a highly irregular structure
in which many bio-molecular interactions occur. The distribution of biomolecules
inside cells and tissues, their over-abundance or absence in metabolism, signalling
etc., is the cause of many human diseases, therefore numerical simulations will be
essential for future diagnostic abilities. Under appropriate assumptions the resulting
molecular transport can be formulated as a PDE (Partial Differential Equation).
The first challenge for any numerical discretisation is the generation of a cover
for the underlying computational domain. Here, the meshfree Partition of Unity
Method (PUM) offers a number of new degrees of freedom, as patches can be shifted,
their size increased or diminished, with no need to create a non-overlapping cover
at all times as is characteristic for traditional Finite Element and Finite Volume
discretisations. Further advances in cover creation algorithms as discussed in this
paper will allow the routine simulation of problems on domains with more complex
geometries than have been treatable before.

Key words: Complex Domains, PUM, Meshfree Discretisation, Cover Con-
struction, Cell Biology
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1 Introduction

Many and perhaps the most important problems in Cell Biology can be mathe-
matically formulated as transport processes, and most of them must be defined
on complex domains. The complexity of the domain is due to the immense
richness of cellular sub-structures, like membranes folding in a particular way,
or macro-molecular assemblies like the cytoskeleton or the chromatin chang-
ing constantly their shapes. Traditionally the focus in Cell Biology has been
on other scales, for example looking at the molecular design (Structural Bi-
ology, for a current review see [14]) of proteins, protein complexes or other
macro-molecules. One of the most important general new research questions
in Cell Biology is posed on a more macroscopic scale, but takes these mi-
croscopic molecular properties into account: How abundant and with what
kind of distributions are certain types of bio-molecules present in the cell? On
what spatial and temporal scales do molecule distributions change in the cell?
If these questions could be answered in more detail the most urgent prob-
lems in Cell Biology could be understood and solved. Most questions on a
systems level about the function and variability of regulatory and metabolic
networks could be answered as they ultimately depend on the interaction of
bio-molecules, which itself is dependent on the spatial and temporal variation
of different molecular species. Even the memory of the system, for example
encoded in the DNA, is depending on such molecular interaction.

The experimental basis allowing to pose questions on cellular molecular
distributions is relatively new and rapidly evolving. This has been triggered
by new microscopy techniques covering a wide range of spatial scales, the
development of photon emitting molecular markers allowing life cell imaging
of dynamical processes (such as the most common GFP, Green Fluorescent
Protein), and techniques to manipulate photon emission or link the emission
to molecular transport or interaction events. Here we mention as examples
FRET (Fluorescence Resonance Energy Transfer), FLIP (Fluorescence Loss
In Photobleaching) or FRAP (Fluorescence Recovery After Photobleaching).
Some references where such techniques are explained and used successfully
are for example [10], [11] and [6]. It is tempting to make such microscopy
techniques more quantitative. For a recent research paper in this direction
see [13]. Using such methods the complexity of the macro-molecular cellular
structure can sometimes be shown to exhibit anomalous diffusion, see [19].
In combination with cloning, antibody production and modern techniques of
image analysis to post-process the captured images there is a chance to un-
derstand how cellular (and tissue) geometry in combination with molecular
properties influence changes in molecular distribution and composition.

As cellular form and function has/is such a highly complex organisa-
tion/process there is a need to develop new numerical techniques that are able
to simulate spatial-temporal processes on domains which can be retrieved by
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image analysis tools from microscopy images. This is in no way a simple task.
Many even sophisticated grid generating algorithms working in two spatial di-
mensions (on which we restrict ourselves in this paper) have severe problems
to generate automatically meshes delivering the necessary computational grid
used by general purpose Finite Element (FEM) or Finite Volume Methods
(FVM). Here the recent exploration of a discretisation based on a Partition of
Unity Method (PUM) using overlapping patches to create a cover has proven
to be a very promising alternative ([1,3,4,12,25,27]). In this paper we will
discuss the basic ideas of the method, introduce new cover generation algo-
rithms, and demonstrate the feasibility of the whole discretisation with the
help of different complex test domains. We also show that we can introduce
successfully cover adaptivity for PUM when considering temporal processes,
i.e. solving parabolic problems.

Similar complex domain problems are of interest in other areas of appli-
cations. We would like to mention engineering, where certain fine structures
have to be resolved explicitly, for example in designing optimal catalysators.
On an appropriate scale also porous media, for example relevant in geology
and hydrology should be mentioned. This holds primarily in cases where the
homogenised equation is not used for all the medium and some geometrical
structures in the soil are resolved explicitly. All these and areas with similar
problems will benefit from the increased flexibility PUM has to offer, espe-
cially in the area of cover creation.

This paper will mainly focus on the two-dimensional geometrical aspects of
transport-reaction equations modelling typical problems in Cell Biology, with
emphasis on simple transport behaviour, i.e. diffusion processes. We will not
go into detail with discussing the reaction part of this class of equations. The
reaction part essentially is determined from the structure of the metabolic and
regulatory networks present in the cell. In most cases such reaction networks
incorporating a large number of interacting molecular species are considered
without any reference to the geometrical properties of cells. In other words
such complex network models covering biochemical interactions rely on the
basic hyptheses that the cell is a homogeneously mixed reactor, perhaps with
some structure when simple cellular compartments are included. As there are
typically many reactions even under such simplifying homogeneity assump-
tion the analysis of such reaction networks (for example their qualitative be-
haviour) is not simple. Recent advances can be found in [7], a recent review
in [8]. It will be an additional future challenge to consider the high-dimensional
transport-reaction equations that simulate problems modelling spatially ex-
plicit reaction networks. The second challenge is surely the consideration of
three-dimensional physical space in combination with this problem class.

Finally some comments on multi-scale analysis of cellular processes. The
equations used to model transport equations are of continuum type, formu-
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lated as Partial Differential Equations (PDE). This can be justified mathemat-
ically when considering the typical resolution of a confocal microscope and the
abundance of molecules in typical experiments based on fluorescence markers.
Nevertheless all PDE in this context must be interpreted as limit equations of
underlying stochastic processes describing the movement of particles, or/and
derived by averaging over geometrical fine structures (finer here should mean
finer relative to the scale chosen, i.e. the resolution of the microscope). The
latter is usually called a homogenisation process inside the mathematical liter-
ature (see for example [22]). Nevertheless much insight will be gained by deriv-
ing such limit equations from microscopic rules, both about relevant properties
of macro-molecules (such as enzymes) and about statistics of the cellular me-
dia in which these macro-molecules are moving. For recent advances on one
part of the problem, a multi-scale analysis of macro-molecules (with the help
of describing microscopic properties by Markov chains), see [15], [16] and [17].
As a next step such methods need to be given a spatial extension. Such a
procedure should deliver meaningful refined models of transport-reaction pro-
cesses with high explanatory value that can eventually be solved with a PUM
as described in this paper.

2 The Partition of Unity Method and its Implementation

2.1 Overview

In the following we develop the version of the PUM that has been taken as
the basis of our PDE discretisation. Let H be an appropriate Hilbert space
(H = H" for 2nd order problems). We can obtain the variational form of the
PDE using a continuous bilinear form a : H x H — R and a linear form
I € H' along with appropriate boundary conditions. The final problem we
seek to solve may be summarised as

Find we H st. a(u,v)=1(v) Vv e H. (2.1)

The basic method of discretisation in the PUM framework is then given by
the following steps:

e Given a domain {2 on which a linear scalar PDE is defined, open sets
called patches are used to form a cover of the domain. (2y = {w;} ¥,
with 2 C J; w;).

e A partition of unity {¢;}¥ ; subordinate to the cover is constructed.

The local function space on patch w;, 1 < i < N, is given by V; :=
span{¥ b, with {yk i | being a set of base functions defining the ap-
proximation space for each patch. The global approximation space, also
called the trial or the PUM space, is defined by Vpy := span{@;9F}; 1.
Replacing H by the finite dimensional subspace? Vpy, a global approxi-

4 note that Vpy is conforming for the Neumann problems we are concerned with
in this article
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mation uy, to the unknown solution u of the PDE is defined as a (weighted)
sum of local approximation functions on the patches:

un(x) =Y i) (Z gfwf(a») :
i=1 k

e The unknown coefficients £¥ are determined by substituting the above
approximation into the PDE and using the method of weighted residuals
to derive an algebraic system of equations

A€ = 0. (2.2)

More detail on the PUM, including a description of its approximation
properties and how to construct the PUM space, may be found in, for example,
[3,9,23]. We have implemented the PUM in a C++ code called the Generic
Discretisation Framework (GDF'), and in this paper we focus on the aspects
of our implementation of the method which are unique.

An arbitrary cover of patches can lead to a set of local basis functions
whose union is not linearly independent on some patches. While this might
not be a major problem as long as only a few function spaces exhibit linear
dependence, the solution process may become more difficult. A recent inves-
tigation of this topic can be found in [18].

By the cover construction algorithm described in Sect. 2.2 we completely
abolish this difficulty by ensuring linear independent function spaces. In [26]
Schweitzer defined the so called flat top property which is a sufficient (but not
necessary) condition for this. In a partition of unity exhibiting this property
all patches w; have a subset w; larger than a null-set in the Lebesgue sense
with no other patches overlapping. See [26] for a more formal definition.

2.2 Cover Construction
Introduction

A key first step in the discretisation of a set of partial differential equations
in the mesh-free partition of unity framework, is the formation of a finite
open cover 2y = {w;}Y, of the domain of interest, 2 C |J,w;. Here N
represents the number of patches in the cover, and we typically associate one
point or node in a patch with that patch leading to N nodes. Recall from
Sec. 2 that a global approximation space Vpy is created by blending together
local approximation spaces V with i = 1,..., N. The support of each V; is the
closure of a unique cover patch, w;. The cover greatly influences the efficiency
of the mesh-free method, with, for example, the neighbouring relationships
N; ={w; € 2y | wiNwj # 0} determining the sparseness of the linear system
resulting from the discretisation and determining the speed with which the
approximate solution can be evaluated at a given point x. That is why we
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focus on this aspect of the discretisation, making the method very versatile
when dealing with complex domains.

Core Cover Construction Algorithm

Cover construction in GDF is based on the algorithm described in [12], how-
ever our focus on subdomains and extremely complicated domains has lead
to several unique extensions to that existing algorithm. These extensions are
primarily encapsulated later in this section as well as in steps 6, 7, and 8 of
our core cover construction algorithm summarised below in Algorithm 1. The
following notation is used throughout this section:

e (2: the domain of interest (with {2 being its closure).

Ny : the initial number of points to be inserted in 2 to help form the
cover. These points can be either regularly or irregularly distributed.

N : the final number of patches in the cover.

w; (i = 1...N) : the i*" cover patch (with @; being its closure). These
patches are chosen to be simple d—dimensional boxes (d = 1,2, 3) in prac-
tical computations.

2 : a cover of 2 consisting of N patches (2y = {w;}¥ ).

x; : the point (or node) associated with patch w;. Typically, this point is
in the centre of the patch.

e «; : the cover factor of the i*" patch = the number by which the length
(and width and breadth) of patch 4 is multiplied in order to extend it so
that patches overlap and form a proper cover of the domain (as opposed
to simply partitioning the domain). Often, a; = «; V 4, j € {1,...,N}
and we refer to the cover factor simply as a.

Algorithm 1

1. Form a (minimum) bounding box B D f2.
2. Insert the first point z; into the domain and let w; = B initially.

3. For each new z;, j =2,..., Ny,
e insert z; into {2.
o if x; ¢ w; for i =1,...,j — 1, name the patch into which z; was

inserted w;.

o elseif z; € w; for some i € {1,...,5 — 1} subdivide w; into 2 (1d) or
4 (2d) or 8 (3d) equally sized patches. Rename w; as the new smaller
patch containing x;.

e repeat the preceding two sub-steps until x; and x; are in different
patches.

Note that if the spatial dimension is greater than 1, many empty patches

may be created by the preceding steps. For example, subdividing a 2d box

only once to isolate two points into separate sub-patches creates two empty
patches. Furthermore, non-empty patches obtained from these first three

steps will likely not cover the entire domain (see Fig. 2.1 (a) and (b)).
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Figure 2.1. Key stages of cover construction. (a) Three points distributed randomly
in a complex domain and the initial cover. (Steps 1-3 of Algorithm 1). (b) An
increase in the number of patches so that the whole domain is covered. Patches have
also been extended by a = 1.2. (Steps 4 and 5). (¢) Optional refinements of the
cover. For clarity, the points are omitted and only the associated patch pictured.
Seven patches whose intersection with the domain are subsets of another patch are
labelled "X’ and will be removed in the final stage of basic cover construction. (Step
7). (d) The final cover of 159 patches with the seven patches from frame (c) removed.
(Step 8).
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4. For each empty patch created in step 3,

e insert a point xi, k= Ng+1,..., N, into {2 and name that patch wy.

This gives a set of patches {w;}~, whose intersection with the domain

partition the interior of the domain. To get an overlapping cover:

5. For each w;, i =1,..., N
e extend w; by a multiplicative cover factor «; typically chosen to be

1 <a; <2.

6. If the domain contains one or more subdomains, check if any subdomain
is a proper subset of a patch. If so, refine that patch until it intersects the
boundary of the subdomain. Patches created during this refinement which
are not disjoint from the domain are added to the cover while patches
which are disjoint from the domain are removed, and the value of N is
adjusted accordingly. This step guarantees that subdomain boundaries are
always properly resolved by the cover.

7. The preceding steps give an overlapping cover of the domain as required by
the PUM. One may optionally perform further refinements of this cover.
There are two refinements which we perform to aid our computations:

e To facilitate integration of the region(s) interior to the domain on a
patch which is intersected by the boundary, we refine boundary patches
if necessary until no boundary patch is intersected by the boundary
more than twice.

e To permit more efficient computation, we refine patches so that no
two adjacent patches differ by more that k (for some integer k > 0)
refinement levels. In practise, k& = 1 is chosen. This ensures that on
a simple d—dimensional rectangular domain and for any cover factor,
1 < a < 2, no patch will contain another patch as a proper subset.

8. Finally,

Fori=1,....N

o if (w;NN)C (wjNA) for some j=1,...,N, j# i, then
- Oy — Oy \wj
- N—N-1

The data structures used for the subdivision process in the algorithm are
binary trees in 1d, quadtrees in 2d, and octrees in 3d. By restricting the
difference in size of adjacent patches to no more than one level of refinement
and restricting the cover factor a to 1 < o < 2, we guarantee that the non-
null intersection of a patch occurs only with immediately adjacent patches.
A further restriction on « to 1 < a < 1.5 on rectangular domains guarantees
that each patch contains a centrally-located subset on which all partition of
unity functions are zero except the one associated with that patch. This is
the flat top property outlined in Sec. 2, and it is a sufficient condition for
the union of all local basis functions to be linearly independent. In the next
subsection, we outline extensions to the above algorithm which guarantee the
flat top property on arbitrary domains. Note however that step 8 of Algorithm
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1 greatly reduces the likelihood of linear dependence in the union of basis
functions and is all we typically need for practical computations.

Fig. 2.1 exhibits key stages in the construction of a 2d cover of a complex
domain. Of particular interest to us are domains containing many holes, a
typical situation encountered in cell biology. For such complex domains we
again form covers as described above, treating the interior boundaries just
like the exterior boundary of the domain. Fig. 2.2 illustrates one such case
for a domain containing 8 holes and 208 points. If it is necessary to solve
equations on a subdomain, a separate cover is created for that subdomain as
described in Algorithm 1.

Optional Extensions to the Core Cover Construction Algorithm

Many extensions to Algorithm 1 are possible, forming an important area of
research similar to mesh generation theory for mesh-based methods. We will
introduce three such extensions in the following, with the first two geared
towards ensuring that the resulting cover has the flat top property. The third
extension discussed makes the flat top property likely but does not guarantee
it, but it does have the advantage of reducing the overall number of patches
used and also shows the flexibility of our method since in involves the use of
patches of varying cover factors.

Firstly, a simple adjustment to Algorithm 1 guarantees that the cover has
the flat top property. In step 7 of the algorithm, continue subdividing until
the centre point of each patch which intersects the domain is in the domain
(discarding patches which are disjoint from the domain). Since this extension
can lead to a vast increase in the number of patches over which to integrate
and since we find that our partition of unity method works well without it,
we do not use this extension in practical computations.

Secondly, we can again guarantee the flat top property by modifying step 8
of Algorithm one as follows: eliminate each boundary patch whose intersection
with the domain is fully contained within the union of neighbouring patches.

A third extension involves eliminating boundary patches whose intersec-
tion with the domain is small (relative to their sizes) and expanding adjacent
patches appropriately to ensure that the domain remains covered. This also
exhibits the flexibility of our approach since we use cover factors of varying
sizes within the same cover. Importantly, this also leads to a reduction in
the total number of cover patches and hence improves the efficiency of the
method. This extension to Algorithm 1 is outlined in Algorithm 2. Fig. 2.3
illustrates the effects of the extended algorithm with a domain having a com-
plex shape. A cover created by Algorithm 1 is modified to remove six patches
and thirteen neighbouring patches are extended to ensure that the domain
remains covered. In Fig. 2.3, the value of TOL from step 2 of Algorithm 2 is
0.25.
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Algorithm 2

of a domain containing 208 points and eight holes of varying
with cover, with a cover factor of 1.2. (See also Color Plate

1. Perform Algorithm 1.
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Figure 2.3. (a) A cover created by Algorithm 1, with patches to be removed labelled
'R’ and patches which will be extended to maintain a complete cover labelled "E’.
(b) The cover generated at the end of Algorithm 2, with six patches from the original
cover removed and thirteen patches (labelled 'E’) extended. (See also Color Plate

on page 363)

2. For each boundary patch, check what proportion of its size (area in 2d)
lies within the domain. If this proportion is < TOL, tag the patch for

potential removal.

3. For each patch tagged for potential removal, do the following:
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e Determine which of its neighbours could be expanded to take its place
(notably, such a patch cannot be also tagged for removal), and de-
termine the maximum amount by which these neighbours could be
expanded without crossing the centre point of an adjacent patch.

e Gradually increase the size (i.e. cover factor) of all patches to be ex-
panded until the union of these expanded patches covers the domain
region of the patch to be removed (success) or until the cover factor
of an expanded patch is within some preset tolerance of the maximum
allowed cover factor (failure).

e If the preceding step ends successfully and the expanded patches do
not intersect the boundary of the domain more than twice, remove the
patch tagged for removal and expand the neighbouring patches by the
cover factors determined in the preceding step. Otherwise, do nothing
to the patch tagged for removal and its neighbours.

Outlook

Cover construction is one of the most crucial parts of the PUM in GDF since
it greatly impacts efficiency and even accuracy of the entire method. It is
therefore under constant review for possible improvements. The key goal is
to cover the domain with as few patches as possible while resolving all of the
important features of the geometry. We are constantly exploring new ways of
doing this, with features such parametric maps being considered as a potential
tool to reduce the need for some refinement steps at boundary patches (see
Sec. 2.3). This ongoing work will be discussed further as the development and
applications of GDF progress.

2.3 Discretisation and Quadrature

In order to build the algebraic equation system (2.2) for the partition of unity
method, the finite analogue of problem (2.1) has to be evaluated with respect
to all patches w; and all basis functions {¢;¥ bt | defined on the respective
patch. This is the most time consuming part of the method due to the (poten-
tially) arbitrary distribution of nodes. It is necessary to find for each patch all
of its neighbours in order to determine the integration areas. Fortunately, this
costly procedure can be alleviated by reusing information about overlapping
patches, as long as nodes are static. The numerical integration of boundary
patches is another demanding task, depending on the shape of the domain. A
simple approach would be to stick with regular integration cells (e.g. squares
in 2d) and successively refine integration areas along boundaries to asymptoti-
cally approximate the real integration area. Another method using curvilinear
patches with higher accuracy and fewer integration areas is mentioned next.
For more details on the discretisation, see [9] or [23].

While most integration areas are simple in the sense that an affine map
can be applied for transforming the reference cell [—1,1]¢ (where d = the
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Figure 2.4. (a) A domain with a linear approximation to its boundary. The region
enclosed in the small box is shown magnified in the remaining frames. (b) Close-up
of a quadratic approximation to the boundary. (c¢) Close-up of a cubic approximation
to the boundary. (d) Close-up of a quartic approximation to the boundary. In the
last three frames, we also plot the control points [24] used to create the parametric
maps. (See also Color Plate on page 364)

spatial dimension) onto the physical patch, at boundaries this approach can
lead to large errors and degrade accuracy. One approach is to use higher
order polynomial approximations for integration areas of boundary patches.
Parametric transformations (of the same order as the approximation spaces,
i.e. isoparametric) are common in finite element codes. In our simulations, we
support arbitrary order maps in patches intersecting any interface. In Fig. 2.4,
the effect of these parametric maps in approximating the real boundary of a
domain is demonstrated. The fourth order parametric map almost perfectly
recreates the original domain boundary, as demonstrated by the magnified
view of one of the curved sections of that boundary. As further evidence of
the merits of parametric maps, the following table demonstrate a decrease in
the L? error with increasing parametric map order when solving
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—Au+tu =f in {2, (2.3)
0
WL =9 on 0f2. (2.4)

on the domain of Fig. 2.4 using GDF. The f and g are chosen to give a solution
of u(x,y) = 2%y and all normal derivatives are computed on the real domain
boundary.

Parametric Map Order L? Error

1 (Linear) 0.0515333
2 (Quadratic) 0.0473768
3 (Cubic) 0.0453204
4 (Quartic) 0.0436432

Figure 2.5. GDF flow chart
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2.4 The Generic Discretisation Framework, GDF

The PUM is implemented by the authors in a C++ code called the Generic
Discretisation Framework (GDF'). Modern paradigms for software design such
as reusability by object orientation and generic programming through tem-
plates are incorporated into the design of GDF. Fig. 2.5 shows the steps re-
quired for setting up a problem and solving it in the framework. In the left
column the events the user manages are detailed while the right column shows
the objects being created during that process.

3 Numerical Examples

Standard h and p convergence tests have been carried out on both simple and
complex (h—refinement only) domains using GDF. The results indicate that
even on complicated domains such as those containing many holes, optimal
convergence rates are obtained [9].

Here we demonstrate the flexibility of GDF in handling computations on
complex domains. We perform adaptive parabolic computations and then we
simulate several biologically relevant scenarios.

3.1 Adaptive refinement

Two of the main advantages a cover has when compared to a mesh is the
flexibility to resolve geometrical features (demonstrated in the next section)
and to easily adapt to local approximation requirements. In this section, we use
a simple explicit error indicator in order to steer a time-dependent adaptive
refinement of our cover.

As usual (see e.g. [2,20]), we define boundary and interior residuals subject
to an approximate solution u;, € Vpy

=+ Aup — uy, in 2 (3.5)
0
R:=g— 2 Un on 0f2. (3.6)

From the bilinear form a(:,-) of the weak problem and the Galerkin orthogo-
nality a(e,v) = 0 Vv € Vpy for the error e = u — uy, we get

ale,v) =1(v) — a(up,v) = [ fo+ Oy upv +/ (Aup, — u)v
Q EYe) Q

:/QTU—F/QQR’U:Xi:/g@ir(v_Uh)+zi:/an§0iR(v_vh)'

In this integration by parts argument we exploited the regularity of the PUM
shape functions. In our simulations, we employ a PU of degree 2 (i.e. ¢; €

(3.7)
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Initial u(z,y,t = 0.01) u(z,y,t = 0.08)

Figure 3.6. Successive refinement and coarsening of the cover in an adaptive
parabolic problem at selected timesteps (TS). The initial and final (see TS = 19)
cover consists of 16 equally-sized patches. The solution u(zx,y,t) after an initial time
step and at time step 8 of the simulation are shown in the last two frames. (See also
Color Plate on page 365)
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C?(w;)) based on cubic splines. Hence, there are no additional boundary terms
on the interior patch edges or within the patches that need to be taken into
account. After a series of Cauchy-Schwarz estimates and with the standard
approximation assumptions, one obtains, with unknown C' > 0, the local
explicit error indicator

i = C(bl7]| L2wne) + 2R 2 (o(wine))- (3.8)

In the energy norm induced by the bilinear form there then holds the estimate

1/2
e 9)

Of course, the explicit error estimator used here exhibits the usual short-
comings of this approach. Mainly, the constants of the estimate are difficult
to determine with reasonable accuracy. However, in this article, we like to put
the emphasis on the adaptive cover rather than the actual error assessment.
For this specific purpose, (3.8) can be used as an (heuristic) indicator with
low computational overhead and satisfactory results.

In order to dynamically adjust the cover, a simple refinement process for
evolutionary equations is defined. Here we denote by {2, the cover at the end
of timestep k.

Algorithm 3

1. At time step k: if K = 0 or cover (2, # (2_1, transfer previous solution
ui_l to uﬁ on current cover by an L? projection.

2. refinement loop: do while number of maximal refinements per time step is
not reached and while previous refinement iteration has actually changed
cover (2,

e solve current time step

e evaluate patch error indicators 7;

e mark those patches for refinement whose indicator is larger than an
upper tolerance 7

e mark those patches for unrefinement whose indicator is smaller than
a lower tolerance 7

e refine marked patches and unrefine those patches which (a) have not
been refined previously in this time step and (b) whose immediate
neighbours, sharing the same parent patch, are also marked

e ensure validity of cover and perform additional refinements if necessary

3. GOTO 1. to iterate time steps

The initial value of each time step has to be projected from the previous
function space to the space of the refined cover. Similarly to the level trans-
fer operators described in [23], there are several ways to accomplish this. On
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the one hand, one can employ a global approach which constructs L? projec-
tions of the global system. On the other hand, local projections exploiting the
knowledge about which patches were refined or coarsened from the cover of
the previous time step can be much more efficient.

We solve the heat equation for 19 timesteps on 2 = [—1, 1] with an initial
condition of u(z,y,t = 0) = 6_20(’“'_1)2(3/_1)2, a function with height concen-
trated around the upper right hand corner of the domain. The initial cover
consists of 4 x 4 equally sized patches. An initially large error is indicated
in the corner of the domain where the initial function exhibits large values.
In the multi-step refinement procedure described above, patches in the upper
right corner are thus successively refined. As the problem we are solving does
not include additional sources in the domain, the solution quickly becomes
smooth and the refinement algorithm identifies regions whose average error
is sufficiently small to unrefine sets of patches again. By the time the simula-
tion has ended, the refinements and coarsening of the patches as the solution
u(z,y,t) smoothens, have lead back to the original coarse cover (see Fig. 3.6).

3.2 Complex domain

We solve Equations (2.3) and (2.4) using quadratic local approximation spaces
on a complicated domain, (2. The right-hand-side functions f and g are cho-
sen to give a solution of u(z,y) = sin(27w(x + y) — cos(2my) + e~ 10" +v"),
The domain with its cover is exhibited in frame (a) of Fig. 3.7 while the cor-
responding L? errors, ||e||zz, are plotted in frame (b). The L? and H'! errors
are summarised in the following table. In the table, in addition to the notation
already explained, the following notation is used:

e p = the degree of the (polynomial) local approximation spaces.

05+

Figure 3.7. (a) The domain of Example 3.2 with a cover of 642 patches with cover
factor 1.2. (b) The point-wise L? error. (See also Color Plate on page 366)
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o dof = the degrees of freedom = ), dim(V;).
e |le|]|gr= The H! norm of the error.

N p dof llellzz lle]l &2
642 2 3852 0.0315751  0.467831

3.3 Signal transport from the cell membrane into the nucleus - an
example with nested subdomains

We now illustrate a typical biological process, cellular signalling, that poses
new and challenging problems to numerical mathematics. First the compart-
mentalisation of the cell requires that the computational domain can be split
into nested sub-domains. Each of these sub-domains will have its own cover
where the different cover constructions discussed earlier will be applied in-
dependently. GDF (see section 2.4) has been constructed to allow theoret-
ically for an arbitrary hierarchy of such nested sub-domains. Between the
sub-domains interface conditions have to be specified. Such interface condi-
tons model for example the rate of protein translocation, or the rate with
which molecules pass the nuclear pore complexes (NPC). Again the biological
background induces a complex mixture of boundary and interface conditions
acting between the nested sub-domains. The overall problem setting with re-
spect to sub-domain strucure which we will discuss in the following can be seen
in Figure 3.8. It is related to typical processes which need to be understood
for cell signalling. The figure shows a typical mammalian fibroblast, a very flat
cell type justifying the two-dimensional approach. One important experiment
discussed in [6] is ERK1/2 shuttling between the cell nucleus and cytoplasm.
The extracellular signal-regulated protein kinase ERK1/2 is a crucial effector
linking extracellular stimuli to cellular responses: upon phosphorylation ERK
[also known as mitogen-activated protein kinase P42/P44 (MAPK)] concen-
trates in the nucleus where it activates specific programmes of gene expression.
Little is known about the time course and regulation of ERK exchange be-
tween nucleus and cytoplasm in living cells, and here simulations can add
immensely to our understanding. In [6] the speed of ERK2 shuttling between
nucleus and cytoplasm was measured quantitatively and it was determined
that shuttling accelerated after ERK activation. Finally it was demonstrated
that ERK2 did not diffuse freely in the nucleus and that diffusion was further
impeded after phosphorylation, suggesting the formation of complexes of low
mobility, or the binding to nuclear sub-structures. To understand this and
similar processes better GDF was especially constructed to allow additional
state variables on every boundary and interface, i.e. on lower dimensional
manifolds, for example describing a concentration of bound molecules along
the surface.

We can test, as one possible hypothesis, that the nucleoli create impenetra-
ble obstacles 21 4 which act as binding partners for the diffusing substrate u
describing ERK1/2. Another idea would be that ERK1/2 can bind anywhere
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Figure 3.8. Domain with nested subdomains. Left the original fibroplast microscopy
image inside a modelling programme to retrieve the (sub-)domain shapes, courtesy
of Gimmi Ratto, see also [6]. Right: The main domain represents the cell body, the
main sub-domain represents the nucleus, and the four inner sub-subdomains with
interfaces 9214 (green) represent nucleoli. (See also Color Plate on page 366)

at the chromatin structure. This would create a typical two-phase model which
GDF is also able to handle. But here we first isolate the nucleus, assume a
certain inflow of ERK1/2 from one side of the nuclear envelope, and include
a binding/unbinding-term to the interfaces 92y 4 (the nucleoli) with rates
kr = 1 and kg = 5, i.e. the substrate dissociates with a higher rate. Note that
both diffusion and binding parameters are non-dimensionalised and not yet
adapted to a real experiment. Here we only demonstrate the principles. While
bound to an interface, the substrate u; on the interface I'; € 0f2; is stationary
and does not diffuse any more, as has been suggested in [6]. Then the equa-
tions restricted to the nuclear dynamics (treating the nuclear envelope as a
boundary) become (with {2 only describing the nucleus, not the cytoplasm):

Ou— DAu =0 in 2 x (0,7 (3.10a)
Opu =g on I" x (0,7 (3.10b)

Ot = —(K1u — Kpu,;) onI; x (0,T], i=1...4 (3.10c¢)

Ui = KU — KBU; onI; x (0,T], i=1...4 (3.10d)

and initial conditions

u=0 on 2 x {0} (3.10e)
=0 ondfx{0}, i=1...4. (3.10f)

The time dependent boundary function g is chosen such that the described
influx during the first time steps is obtained. A typical solution of this pro-
cess, where ERK1/2 is only allowed to flow in from one side of the nuclear
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Figure 3.9. Simulation of hindered diffusion process with binding to obstacle in-
terfaces, shown at different time steps (dt = 0.01).

envelope for a short time, can be seen in Figure 3.9. Figure 3.10 shows that
the numerical scheme performs quite well with respect to mass conservation,
where material is exchanged from the surfaces with the interior of the do-
main. Finally Figure 3.11 shows that we can scale up the problem to include
the whole fibroblast as the computational domain. In this case the boundary
condition for the nuclear envelope (described by I' := 9f2 in Eq. 3.10) had
been changed into an interface condition, where molecules can translocate in
and out of the nucleus through the NPC, where the translocation rate any-
where along I' (i.e. the NPCs are assumed to have a ’concentration’ in the
nuclear envelope, they are not modelled as discrete entities) does depend on
the concentration gradient.

3.4 Current Work

Here we give some general comments on our implementation. Our current
work focuses on interface problems in biology, in which processes in a main
domain affect and are affected by processes on an interface adjacent to the
domain. In this work (currently in 2d) the codimension 1 boundaries of subdo-
mains are discretised using finite element methods and diffusion equations are
solved on that interface. Meanwhile, the surrounding main domain is discre-
tised using the partition of unity meshfree method and interchange between
the two domains (interior and meshfree) are handled by flux type interface
conditions, which include the possibility of exploring different binding and
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Figure 3.10. Left: Mass distribution of both the mobile and immobile fraction of
molecules versus time. In this simulation the immobile fraction is modelled to get
bound at the sub-domain boundaries. The total mass of the system is conserved as
molecules cannot cross (artificially) the outer domain boundary representing the nu-
clear envelope. Right: Boundary surface concentrations can be visualised as heights
in the z-direction. At particular time points the surfaces can act as a reservoir re-
leasing particles into the volume (time step = 40, dt = 0.01).

Figure 3.11. Concentration function u(z,y) at selected times for a simulation on
the entire two-dimensional fibroblast shape. In this simplified signalling problem
a molecule is released (activated) uniformly at the outer cell membrane, diffuses
inside the cytoplasm, can enter the nucleus (a sub-domain, i.e. a nested domain of
level 1) following a simple linear relationship based on concentration differences (not
modelling the NPCs in detail), and finally distributes itself inside the nucleus where
it can get bound to the nucleoli modelled as sub-sub-domains (nested domains of
level 2).
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unbinding rates of a species to and from the interface. This work is explored
in a forthcoming manuscript by the authors.

4 Conclusion and Outlook

It was demonstrated that cellular biology and new microscopy techniqes of-
fer many new challenging problems for modelling and numerical analysis. We
showed that the meshfree PUM can be extended to problems with complex
domains. There is a need to investigate and test new cover creation algo-
rithms in order to automise the work flow going from microscopy images to
simulations detecting basic transport modes in cellular signalling or any other
regulatory or metabolic process in the cell. Moreover we showed that the cover
can be adaptively refined and coarsened for time-dependent problems.

Future challenging extensions of the methods presented would be au-
tomatic cover creation algorithms in three dimensions. Similarly adaptive
cover generating algorithms will need to be analysed and tested for higher-
dimensional systems of parabolic equations describing the simultaneous trans-
port and interaction of different molecular species. Finally, as mentioned in
the introduction, there is a need to derive a better understanding of molecu-
lar transport behaviour on the typical scales of the confocal microscope. This
should be based generally on a multi-scale analysis of both the medium in
which the molecules move, as well as on the microscopic properties of the
many molecular machines involved in the process. As an important step a
detailed multi-scale analysis of the nuclear pore complexes (NPCs) would im-
mensely help our understanding of cellular signalling.
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Summary. We present a meshfree numerical solver for scalar conservation laws
in one space dimension. Points representing the solution are moved according to
their characteristic velocities. Particle interaction is resolved by purely local particle
management. Since no global remeshing is required, shocks stay sharp and propagate
at the correct speed, while rarefaction waves are created where appropriate. The
method is TVD, entropy decreasing, exactly conservative, and has no numerical
dissipation. Difficulties involving transonic points do not occur, however inflection
points of the flux function pose a slight challenge, which can be overcome by a
special treatment. Away from shocks the method is second order accurate, while
shocks are resolved with first order accuracy. A postprocessing step can recover the
second order accuracy. The method is compared to CLAWPACK in test cases and
is found to yield an increase in accuracy for comparable resolutions.

Key words: conservation law, meshfree, particle management

1 Introduction

Lagrangian particle methods approximate the solution of flow equations using
a cloud of points which move with the flow. Examples are vortex methods [1],
smoothed particle hydrodynamics (SPH) [5,13], or generalized SPH methods
[3]. The latter are typically based on generalized meshfree finite difference
schemes [11]. An example is the finite pointset method (FPM) [9]. Moving
the computational nodes with the flow velocity v allows the discretization of
the governing equations in their more natural Lagrangian frame of reference.
The material derivative Dgt = % + v -V becomes a simple time derivative.
For a conservation law, the natural velocity is the characteristic velocity. In
a frame of reference which is moving with this velocity, the equation states
that the function value remains constant. Of course, this is only valid where
the solution is smooth. In this case, characteristic particle methods are very
simple solution methods for conservation laws.
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In spite of the obvious advantages of particle methods, almost all numerical
methods for conservation laws operate on a fixed Eulerian grid, even though
significant work has to be invested to solve even a simple advection problem
preserving sharp features and without creating oscillations. Leaving aspects of
implementation complexity aside, two main reasons favor fixed grid methods:
First, a fixed grid allows an easy generalization to higher space dimensions
using dimensional splitting. Second, in particle methods one has to deal with
the interaction of characteristics. While the former point remains admittedly
present, the latter aspect is addressed in this contribution.

Most methods which use the characteristic nature of the conservation law
circumvent the problem of crossing characteristics by remeshing. Before any
particles can interact, the numerical solution is interpolated onto “nicely”
distributed particles, for instance onto an equidistant grid — in which case
the approach is essentially a fixed grid method. The CIR-method [2] is an
example. Such approaches incur multiple drawbacks: First, the shortest in-
teraction time determines the global time step. Second, the error due to the
global interpolation may yield numerical dissipation and dispersion. Finally,
such schemes are not conservative when shocks are present. In practice, finite
volume approaches, such as Godunov methods with appropriate limiters [14],
or ENO [6]/WENO [12] schemes are used to compute weak entropy solutions
that show neither too much oscillations nor too much numerical dissipation.

With moving particles, two fundamental problems arise: On the one hand,
neighboring particles may depart from each other, resulting in poorly resolved
regions. On the other hand, a particle may (if left unchecked) overtake a
neighbor, which results in a “breaking wave” solution. The former problem can
be remedied by inserting particles. The latter has to be resolved by merging
particles. When characteristic particles interact (i.e. one overtakes the other)
one is dealing with a shock, thus particles must be merged.

In this contribution, we present a local and conservative particle manage-
ment (inserting and merging particles) that yields no numerical dissipation
(where solutions are smooth) and correct shock speeds (where they are not).
The particle management is based on exact conservation properties between
neighboring particles, which are derived in Sect. 2. In Sect. 3, we outline our
numerical method. The heart of our method, the particle management, is de-
rived in Sect. 4. There, we also show that the method is TVD. In Sect. 5,
we prove that the numerical solutions satisfy the Kruzkov entropy condition,
thus showing that the solutions we find are entropy solutions for any convex
entropy function. In Sect. 6, we apply the method to examples and compare
it to traditional finite volume methods using CLAWPACK. In Sect. 7 we
present how non-convex flux functions can be treated. Finally, in Sect. 8, we
outline possible extensions and conclusions. These include applications of the
1D solver itself as well as possible extensions beyond the 1D scalar case.
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2 Scalar Conservation Laws

Consider a one-dimensional scalar conservation law

u + (f(w)), =0, u(z,0) = uo(x) (2.1)

with f’ continuous. As long as the solution is smooth, it can be obtained by
the method of characteristics [4]. The function u(z(t),t) is constant along the
characteristic curve

z(t) = xz(0) + f'(u(x(0),0)) ¢ . (2.2)

For nonlinear functions f the characteristic curves can “collide”, resulting in
a shock, whose speed is given by the Rankine-Hugoniot condition [4]. Dis-
continuities are shocks only if the characteristic curves run into them. Other
discontinuities become rarefaction waves, i.e. continuous functions which at-
tain every value between the left and the right states. If the flux function f is
convex or concave between the left and right state of a discontinuity, then the
solution is either a shock or a rarefaction. If f”" switches sign between between
the two states, then a combination of a shock and a rarefaction occur. These
physical solutions are defined by a weak formulation of (2.1) accompanied by
an entropy condition.

2.1 Conservation Properties

Conservations laws conserve the total area under the solution
oo
— u(x,t)de =0. 2.3
= [t (23)

—0o0
The change of area between two moving points by (t) and by(t) is given by

d ba(t) ba(t)
d—/ w(z, t) dae = by (t) u(ba(t),t) — by (t) u(by(t),t) —|—/ u(z,t) dz
t Sy bi(t)

= (05(t) u(b2(t),) = by () u(b1 (t),1)) — (f (u(b2(2),1)) — f(u(br(t), 1)) -

If 21 (t) and z2(t) are characteristic points, that is, points following the charac-
teristics of a smooth solution as in equation (2.2), we have that @/ (t) = f'(u1)
and x4 (t) = f'(uz). Therefore, the change of area between x1 and x4 is

(f (u2)uz = f'(ur)ur) = (f(uz) = f(uwr)) = [f'(Wu— f(W)],; ,  (24)

where [g(x)]z = g(b) — g(a). Equation (2.4) implies that the change of area
between two characteristic points does not depend on the positions of the
points, only on the left state u; and right state us and the flux function. Since



98 Yossi Farjoun and Benjamin Seibold

the two states do not change as the points move, the area between the two
points changes linearly, as does the distance between them:

%(Iz(t) —21(t) = 2h(t) — 1 () = f'(u2) = f'(w) = [f'(w)],; - (25)

If the two points move at different speeds, then there is a time ¢y (which may
be larger or smaller than t) at which they have the same position. Thus at

time t = %y the distance between them, and the area between them equal zero.
From (2.4) and (2.5) we have that

zo(t)
[ e =) 1 @ sl

2a(t) — @1 (t) = (t —to) - [f' (W]} -

In short, the area between two Lagrangian points can be written as

za(t)
/ | = ()~ 1) au,w), (2.6)

where a(uy,us2) is the nonlinear average function

[f (w)u — fu)],? _ f;lz " (w) udu
[f/ ()], L2 fruydu

The integral form shows that a is indeed an average of u, weighted by f”.
This last observation needs one additional assumption: that the points 1 and
r9 remain characteristic point between t and tg. That is, that a shock does
not develop between the two points before ¢y. Our numerical method relies
heavily on the nonlinear average af(-, ).

a(uy,ug) =

(2.7)

Lemma 1. Let f be strictly convex or concave in [ur,uy]|, that is f"” <0 or
f" > 04in (up,uy). Then for all uy,us € [ur,uy], the average (2.7) is. ..

. the same for f and —f. Thus we assume [ >0 WLOG;

. symmetric, a(uy,us) = a(ug,ur). Thus we assume u; < us WLOG;
. an average, i.e. a(u1,us2) € (u1,us), for uy # ug;

. strictly increasing in both ui and us; and

. continuous at uy = ug, with a(uy,uy) = uy.

Grds Lo o~

Proof. We only include here the proof of 4. We show that a(uy,us) is strictly
increasing in the second argument. Let u; < us < ug, u; € [ur,uy]. Then

f;‘f f”(u)udu+f:23 f(u)udu
f;f F"(u) du
- a(ur,uz) 7 f"(w) du+ alur, uz) [, f"(u) du
f:lg " (u) du

Similar arguments show the result for the first argument. O

a(uy,us) =

= a(uy,uz) .
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3 Description of the Particle Method

The first step is to approximate the initial function ug by a finite number of
points x1, ..., %, with function values wuq,...,up. A straightforward strat-
egy is to place x1, ..., T, equidistantly on the interval of interest and assign
u; = up(x;). More efficient adaptive sampling strategies can be used, since
our method does not impose any requirements on the point distribution. For
instance, one can choose ; and u; to minimize the L' error, using the specific
interpolation introduced in Sect. 4. This strategy is the topic of future work.
The points are ordered so that x1 < --+ < x,,. The evolution of the solution
is found by moving each point a; with speed f’(u;). This is possible as long
as there are no “collisions” between points. Two neighboring points x;(¢) and
2i+1(t) collide at time ¢ + At,;, where

Tit1 — Tj
fr(uigr) = f(w;)
A positive At; indicates that the two points will eventually collide. Thus,
t + At is the time of the next particle collision!, where

At; = —

(3.8)

For any time increment At < Aty the points can be moved directly to their
new positions x; + f’(u;)At. Thus, we can step forward an amount Atg, and
move all points accordingly. Then, at least one particle will share its position
with another. To proceed further, we merge each such pair of particles. If the
collision time At; is negative, the points depart from each other. Although
at each of the points the correct function value is preserved, after some time
their distance may be unsatisfyingly large, as the amount of error introduced
during a merge grows with the size of the gaps in the neighboring particles. To
avoid this, we insert new points into large gaps between points before merging
particles. In Sect. 4.1 we derive positions and values of the new particles that
assure that the method is conservative, TVD, and entropy diminishing.

4 Interpolation and Particle Management

The movement of the particles is given by a fundamental property of the
conservation law (2.1): its characteristic equation (2.2). We derive particle
management to satisfy another fundamental property: the conservation of
area (2.3). Using the conservation principles derived in Sect. 2, the function
value of an inserted or merged particle is chosen, such that area is conserved
exactly. A simple condition on the particles guarantees that the entropy does
not increase. In addition, we define an interpolating function between two
neighboring particles, so that the change of area satisfies relation (2.4). Fur-
thermore, this interpolation is an analytical solution to the conservation law.

L If the set {i|At; > 0} is empty, then Aty = co.
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4.1 Conservative Particle Management

Consider four neighboring particles located at 1 < zo < x3 < x4 with associ-
ated function values uq, us, usz, us. Assume that the flux f is strictly convex
or concave on the range of function values [min;(u;), max;(u;)]. If us # ug,
the particles’ velocities must differ f'(ug) # f’(us3), which gives rise to two
possible cases that require particle management:

e Inserting: The two particles deviate, i.e. f'(us) < f'(us). If the distance
r3 — xo is larger than a predefined maximum distance dp,q,., We insert a
new particle (za3, u23) with xo < x5 < x5 and wuss chosen so that the area
between x5 and x3 is preserved by the insertion:

(fEQg — 1'2) a(uz, 7.L23) + (.’ﬁg — fEQg) a(U23,U3) = (1'3 — 1'2) a(UQ,UQ,) . (49)

This condition defines a function, connecting (x9,us) with (z3,us), on
which the new particle has to lie. This function is the interpolation defined
in Sect. 4.2 and illustrated in Fig. 4.2.

e Merging: The two particles collide, i.e. f/(us) > f'(us3). If the distance
x3—x2 is smaller than a preset value dy, (dmin = 0 is possible), we replace
both with a new particle (23, ua3). The position of the new particle o3 is
chosen with xo < x93 < x3 and usg3 is chosen so that the total area between
x1 and x4 is unchanged:

(r23 — x1) a(u1, ua3) + (x4 — T23) a(uss, ua)

= (x2—x1) aluy, us) + (x3—x2) alug, us) + (x4—x3) a(us, uyg) . (4.10)

Any particle (223, u23) with 23 < xe3 < x3 that satisfies (4.10) would be a
valid choice. We choose z53 = %, and then obtain uss such that (4.10)
is satisfied. Figure 4.1 illustrates the merging step.

Observe that inserting and merging are similar in nature. Conditions (4.9)
and (4.10) for ugg are nonlinear (unless f is quadratic, see Remark 1). For
most cases g3 = % is a good initial guess, and the correct value can be
obtained by a few Newton iteration steps. The next few claims attest that we
can find a unique value ua3 that satisfies (4.9) and (4.10).

Lemma 1. The function value usg for the particle at xo3 is unique.

Proof. We show the case for merging. The argument for insertion is similar.
From Lemma 1 we have that both a(u,-) and a(-,u4) are strictly increasing.
Thus, the LHS of (4.10) is strictly increasing, and cannot be the same for
different values of uas. ad

Lemma 2. If x5 = x3 = 223, there exists ugg € [uz, ug)] which satisfies (4.10).

Proof. WLOG we assume that us < ug. First, we define
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A = (x2—z1)a(ur,ug) + (x4 — x2) a(us, ug), and
B(u) = (xo — x1) a(ur,u) + (r4 — 22) a(u, uyg) .
Equation (4.10) is now simply B(us3) = A. The monotonicity of a implies

that
B(uz) < A < Blus) (4.11)

Since a is continuous, so is B, and the existence of usg follows the intermediate
value theorem. a

Corollary 1. If particles are merged only according to Lemma 2, then the to-
tal variation of the solution is either the same as before the merge, or smaller.

Merging points only when xo = x3 can be too restrictive. Fortunately, the
following claim allows for a little more freedom.

Theorem 1. Consider four consecutive particles (z;,u;) Vi =1,...,4. Merg-
ing particles 2 and 3 so that xo3 = %ﬁ yields ugz € [ug, ug) if

. 6 .
z3—xp _ 1 (min|f”| min (x4 — x9, 23 — 1) (4.12)
lug —ug| — 16 \'max|f”|/) |max(us,us) — min(uyg,uy)| '
Here the min and max of f” are taken over the maximum range of u1, ..., u4.

This condition is naturally satisfied if zo = x3.

Proof (outline). The full proof will be given in a future paper. The idea is to
merge in two steps: First, we find a value @ such that setting us = ug = @
(while leaving x2 and 23 unchanged) results in the same area. Then, we merge
the two points to usz. In the first step we bound @ away from us and uz (but
inside [ug,u3]), and in the second step we bound |ugs — @] from above. O

Theorem 2. The particle method can run to arbitrary times.

Proof. Let ug, = min; u;, uy = max; u;, and C' = maxpy,, 4, |f"(u)|-(uy—ur).
For any two particles, one has |f/(u;11) — f/(u;)| < C. Define Azx; = x; 41 —
x;. After each particle management, the next time increment (as defined in
Sect. 3) is at least Aty > % If we do not insert particles, then in each
merge one particle is removed. Hence, a time evolution beyond any given time
is possible, since the increments Aty will increase eventually. When a particle
is inserted (whenever two points are at a distance more than dp,,. ), the created
distances are at least ez preserving a lower bound on the following time

2
increment. 0
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— — — Before )
(x1,u1) After Aty f'(uz) w
!
Aty f'(u) v
(24, u4)
Aty f'(ur) s
s} z(u) 22 Tsh

Figure 4.1. Merging two particles Figure 4.2. Definition of the interpola-
tion

4.2 Conservative Interpolation

The particle management does not require an interpolation between points. As
it stands, it complements the characteristic movement to yield a full particle
method for the conservation law (2.1) that can run for arbitrarily long times.
Yet, for plotting the solution and interpreting approximation properties, it is
desirable to define an interpolation that is compatible with the conservation
principles of the underlying partial differential equation. We define such an
interpolation between each two neighboring points (z1,u1) and (x2,us).

In the case u; = ug, we define the interpolation to be a constant. In the
following, we describe the case u; # us. Assume that f is strictly convex or
concave in [u1,ug]. Therefore f'(uy) # f'(us2). Hence, as derived in Sect. 2.1,
the solution either came from a discontinuity (i.e. it is a rarefaction) or it
will become a shock. The time At; until this discontinuity happens is given
by (3.8). At time ¢t + At; the points have the same position x1 = z9 = x4,
as shown in Fig. 4.2. At this time the interpolation must be a straight line
connecting the two points, representing a discontinuity at zg,. We require
any point of the interpolating function (z,u) to move with its characteristic
velocity f/(u) in the time between ¢ and ¢+ Atq. This defines the interpolation
uniquely as

f(u) — (1)
f'(uz) = f'(u1)
Defining x as a function of « is in fact an advantage, since at a discontinuity
characteristics for all intermediate values u are defined. Thus, rarefaction fans
arise naturally if f'(u1) < f'(u2). Since f” has no inflection points between
up and ug, the inverse function u(x) exists. However, it is only required at
a single point for particle management. For plotting purposes we can always
plot z(u) instead.

x(u) =z —t1 (f'(u) — f(ur)) =21 + (xg —x1) . (4.13)

Lemma 3. The interpolation (4.13) is a solution of the conservation law

(2.1).
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Proof. Using that &;(t) = f/(u;) for i = 1,2 one obtains

o, fw - f)
(Wt =&+ S = Pl

ot
gy 4 ) = F)

Thus every point on the interpolation u(z,t) satisfies the characteristic equa-
tion (2.2). O

Corollary 2 (exact solution property). Consider characteristic particles
with x1(t) < x2(t) < -+ < xn(t) fort € [t1,ta2]. At any time consider the func-
tion defined by the interpolation (4.13). This function is a classical (i.e. con-
tinuous) solution to the conservation law (2.1). In particular, it satisfies the
conservation properties given in Sect. 2.1.

Theorem 3 (TVD). With the assumptions of Theorem 1, the particle method
18 total variation diminishing.

Proof. Due to Corollary 2, the characteristic movement yields an exact solu-
tion, thus the total variation is constant. Particle insertion simply refines the
interpolation, thus preserves the total variation. Due to Theorem 1, merging
of particles yields a new particle with a function value usz between the values
of the removed particles. Thus, the total variation is the same as before the
merge or smaller. O

Remark 1. The method is particularly efficient for quadratic flux functions. In
this case the interpolation (4.13) between two points is a straight line, since
f"is linear. Furthermore, the average (2.7) is the arithmetic mean a(uq,us) =
“1'5"2, since f” is constant. Consequently, the function values for particle
insertion and merging can be computed explicitly.

Remark 2. The method has some similarity to front tracking by Holden
et al. [7], and some fundamental differences. In front tracking, one approx-
imates the flux function by a piecewise linear, and the solution by a piecewise
constant function. Shocks are moved according to the Rankine-Hugoniot con-
dition. In comparison, our method uses the wave solutions. Hence, in front
tracking everything is a shock; in the particle method, everything is a wave.

5 Entropy

We have argued in Sect. 4.2 that due to the constructed interpolation the
particle method naturally distinguishes shocks from rarefaction fans. In this
section, we show that the method in fact satisfies the entropy condition

n(u)e +q(u) <0 (5.14)
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if a technical assumption on the resolution of shocks is satisfied. We consider
the Kruzkov entropy pair ng(u) = |u — k|, qx(u) = sign(u — k)(f(u) — f(k)).
As argued by Holden et al. [8], if (5.14) is satisfied for 7, then it is satisfied
for any convex entropy function. Relation (5.14) implies that the total entropy
J me(u(x)) da does not increase in time for all values of k. Using the interpo-
lation (4.13) we show that the numerical solution obtained by the particle
method satisfies this condition.

Lemma 1 (entropy for merging). Consider four particles located at x1 <
To = w3 < x4, with the middle two to be merged. We consider the case f' > 0,
i.e. ug > u3 WLOG.2 If the resulting value ugs satisfies uy > U3 > ug, then
the Kruzkov entropy does not increase due to the merge.

Proof. We consider the segment [z1,24]. Let u(z) and @(z) denote the inter-
polating function before resp. after the merge. The area under the function
is preserved. We present the proof for k < us3. For k > wuss the proof is sim-
ilar. The interpolating function u is monotone in the value of its endpoints,
thus u(z) < a(zx) for & € [x9,x4]. Since |x| = 2 — 20(—xz), where O(x) is the
Heaviside step function, we can write

/;4|u—k| dz = /Iu(u—k) dz — 2/;4(u—k)(9(k_u) dz

1 1 1

_ /:4(ﬂk) dz — 2/:4(uk)®(k:u) dz

1 2

z/ru(a—k) dx—2/:4(11—k:)@(k—u)dx2/x4|ﬂ—k| dz .

1 2 x1

Thus, the entropy does not increase due to the merge. 0O

The assumption of Lemma 1 implies that shocks must be reasonably well
resolved before the points defining it are merged. It is satisfied if left and
right of a shock points are not too far away. In the method, it can be ensured
by an entropy fix: A merge is rejected a posteriori if the resolution condition
is not satisfied. Then, points are inserted near the shock, and the merge is
re-attempted. It remains to show in future work that with this procedure
Theorem 2 still holds.

Theorem 1. The presented particle method yields entropy solutions.

Proof. During the characteristic movement of the points the entropy is con-
stant, since due to Corollary 2 the interpolation is a classical solution to the
conservation law. Particle insertion does not change the interpolation, thus
it does not change the entropy. Merging does not increase the entropy if the
conditions of Lemma 1 are satisfied. O

2 For the case f” < 0, all following inequality signs must be reversed.
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6 Numerical Results

The particle method is particularly well suited for initial conditions that are
composed of similarity solutions. By construction, the movement of the parti-
cles yields the exact solution as long as the solution is smooth. General initial
conditions can be approximated by the interpolation (4.13). Good strategies of
sampling initial conditions shall be addressed in future work. Figure 6.3 shows
a smooth initial function wug(x) = exp (—952) cos (mx) and its time evolution
under the flux function f(u) = %u‘l. The curved shape of the interpolation
is due to the nonlinearity in f’. At time ¢ = 0.25 the solution (obtained by
CLAWPACK using 80000 points) is still smooth, and thus represented exactly
on the particles. At time ¢ = 8 shocks and rarefactions have occurred and in-
teracted. Although the numerical solution uses only a few points, it represents
the true solution well.

The accuracy of the particle method is measured numerically. We consider
the flux function and initial conditions as used in Fig. 6.3. For a sequence
of resolutions h, the initial data are sampled, and the particle method is
applied (dmar = 1.9h). Figure 6.4 shows the L'-error to the correct solu-
tion (obtained by a computation with much higher resolution, verified with
CLAWPACK). While the solution is smooth (¢ = 0.25), the method is second

1 =8 True
——PM

0.5 0.5

-05 -0.5
-2 0 2 -2 0 2 -2 0 2

Figure 6.3. The particle method for f(u) = %u‘l before and after a shock.

LY error
LY error

10 10° 10 10
resolution h resolution h

Figure 6.4. Error to the correct solution before and after a shock.
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order accurate, as is sampling the initial data. After a shock has occurred
(t = 0.35), the approximate solution (dots) becomes only first order accurate,
since the shock has just been treated by particle management, thus an error of
the order height x width of the shock is made. A postprocessing step (squares)
can recover the second order accuracy: At merged particles, discontinuities
are placed so that the total area is preserved.

7 Non-Convex Flux Functions

So far we have only considered flux functions with no inflection points (i.e. f”
has always the same sign) on the region of interest. In this section, we gen-
eralize to flux functions for which f” has a finite number of zero crossings
u} < --- < uj. Between two such points u € [u],u;, ] the flux function is ei-
ther convex or concave. We impose the following requirement for any set of
particles: Between any two neighboring particles for which f” has opposite
sign, there must be an inflection particle (z,u}). Thus, between two neighbor-
ing particles, f has never an inflection point, and most results from the pre-
vious sections apply. The interpolation between any two particles is uniquely
defined by (4.13). It has infinite slope at the inflection points, but this is
harmless. The characteristic movement of particles is the same as for flux func-
tions without inflection points. The only complication is merging of particles
when an inflection particle is involved: The standard approach, as presented
in Sect. 4.1, removes two colliding points and replaces them with a point of a
different function value. If an inflection particle is involved in a collision, we
must merge points in a different way so that an inflection particle remains.
We present one such special merge for dealing with a single inflection
point (we do not consider here the interaction of two inflection points). Also,
we only consider a collision where the positions are exactly the same. Since the
inflection particle must remain (although its position may change), we consider
five neighboring particles and not four as before. Let (2;,u;),i = 1,...,5 be
these particle so that zo = x3, f”(u3z) = 0, and (WLOG) f" > 0, i.e. the
inflection particle is the slowest. The other cases are simple symmetries of this

— — — Before
After

Figure 7.5. Particle management around an inflection particle (f”(us) = 0).
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situation. We present three successive steps to finding the final configuration
of the particles. Each next step is attempted if the previous one failed.

1. Remove particle 2 and increase z3 to satisfy the area condition. This fails
if 3 needs to be increased beyond x4.

2. Remove particle 2, set x3 = x4 and increase both to satisfy the area con-
dition. This fails if x3, z4 need to be increased beyond xs.

3. Remove particle 4, set x3 = x5 and find us to satisfy the area condition.
This cannot fail if the previous two have failed.

Formally, the resulting configuration could require another, immediate, merge
(since x3 = x4 or x3 = x5). However, we need not merge these points as they
move away from each other. The five point particle management guarantees
that in each merging step one particle is removed, thus Theorem 2 holds.

As numerical evidence of the performance, we apply our method to the
Buckley-Leverett equation (see LeVeque [10]), defined by the flux function
flu) = m It is a simple model for two-phase fluid flow in a porous
medium. We consider piecewise constant initial data with a large downward
jump crossing the inflection point, and a small upward jump. The large jump
develops a shock at the bottom and a rarefaction at the top, the small jump is
a pure rarefaction. Around ¢ = 0.2, the two similarity solutions interact, thus
lowering the separation point between shock and rarefaction. Figure 7.6 shows
the reference solution (solid line, by CLAWPACK using 80000 points). The
solution obtained by our particle method (dots) is compared to a second order
CLAWPACK solution (circles) of about the same resolution. While the finite
volume scheme loses the downward jump very quickly, the particle method
captures the behavior of the solution almost precisely. Only directly near the
shock inaccuracies are visible, which are due to the crude resolution. The
solution away from the shock is nearly unaffected by the error at the shock.
Note that although we impose a special treatment only at the inflection point,
the switching point between shock and rarefaction is identified correctly.

1000 t=0.1 True 1000 t=0.3 True 1|o0©- t=0.8 True
o CP \ o CP o\ o CP
0.8 . PM 0.8 <« PM 0.8 O - PM
O o™
0.6 0.6 o) 0.6 0o’
(e} o o Os
0.4 . 0.4 o 0.4 Cog
§00©6-0-0:00-0:6:00:0 O '3 00" 00-0-0-0-=0-0) . Q.0.000
0.2 60 0.2 y 0.2 -
0 0 0
1 2 3 1 2 3 1 2 3

Figure 7.6. Numerical results for the Buckley-Leverett equation.
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8 Conclusions and Outlook

We have presented a particle method for 1D scalar conservation laws, which
is based on the characteristic equations. The associated interpolation yields
an analytical solution wherever the solution is smooth. Particle management
resolves the interaction of characteristics locally while conserving area. Thus,
shocks are resolved without creating any numerical dissipation away from
shocks. The method is TVD and entropy decreasing, and shows second-order
accuracy. It deals well with non-convex flux functions, as the results for the
Buckley-Leverett equation show. The particle method serves as a good alter-
native to fixed grid methods whenever 1D scalar conservation laws have to be
solved with few degrees of freedom, but exact conservation and sharp shocks
are desired. An application, which we plan to investigate in future work, is non-
linear flow in networks (e.g. traffic flow in road networks). For large networks,
only a few number of unknowns can be devoted to the numerical solution on
each edge. We regard the current work as a first step towards a more general
particle method. Future work will focus on three main directions:

e Source terms: Source terms in an equation u; + (f(u)), = g(x,u) could
be handled using a fractional step method: In each time step, we would
first move the particles according to u¢ + (f(u)), = 0 (including particle
management), then change their values according to an integral formula-
tion of u; = g(x,u). In the latter step, the constructed interpolation can
be used.

e Systems of conservation laws: The particle method is based on similar-
ity solutions of the conservation law. For simple systems, such as the shal-
low water equations in 1D, the analytical solutions to Riemann problems
are known. Two complications arise in the generalization of the method:
— To connect two general states in a hyperbolic system, intermediate

states have to be included.
— For a general system it is not clear at which velocity to move the
particles.

e Higher space dimensions: Scalar conservation laws in higher space di-
mensions can be reduced to 1D problems to be solved by fractional steps. In
principle, this dimensional splitting can be used with the particle method.
However, remeshing would be required between the different spacial di-
rections, thus the benefits of the meshfree approach would be lost. For
the generalization to a fundamentally meshfree approach in higher space
dimensions, the following problem has to be overcome: In 1D one is never
truly meshfree, since the points have a natural ordering. The method uses
this in the interpolation and to detect shocks. In 2D /3D shocks can occur
without particles colliding, as they can move past each other. Other mesh-
free methods, such as FPM applied to the Euler equations, circumvent this
issue by using the pressure to regulate shocks.
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Summary. In this paper we are concerned with a weak coupling technique for
the concurrent simulation of multiscale phenomena. In particular we focus on the
construction of an initial embedding of discrete atomic data fields in an appropriate
subspace Hn (£2) C L?(£2) which provides the foundation for the proposed coupling
technique in a function space setting. Thus, we must consider the regularity of the
coupling information and the stability of the resulting basis.

Key words: multiscale, weak coupling, molecular dynamics, continuum me-
chanics

1 Introduction

In many physical phenomena, the macroscopic behavior of solids in structural
dynamics is governed by effects on a microscopic scale. As a consequence an
accurate representation of large scale behavior requires to capture the effects
of all scales from micro to macro. On the macroscopic level a description by
continuum mechanics can be used. Since those macroscopic models are usually
based on a partial differential equation (PDE), they are —at least formally—
incompatible with the discrete displacements on an atomistic level. On the
fine scale, models involving detailed information about crystalline and defect
structure, such as molecular dynamics yield satisfactory accuracy. Here the
interactions are defined by inter atomic potentials. These microscopic mechan-
ics are non-linear and strongly non-local. In contrast to continuum mechanics
the description is based on a system of ODEs associated with discrete points
in the Euclidean space. However, a complete fine scale description of the prob-
lem on the complete macroscopic domain is often computationally infeasible.
Thus multiscale models must be employed, where different models are used
simultaneously within a single simulation process. Due to the coupling of dif-
ferent effects on the different scales, the development of these methods is a
demanding task.
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The different multiscale methods vary not only in scope and the under-
lying assumptions, but also in their approach to broader questions such as
a hierarchically and concurrent multiscale approach. In the first class, the
computations are performed on each scale separately. Often, the scale cou-
pling is done by transferring problem parameters, i.e., the results obtained
on one scale determine the parameters for the computational model on an-
other scale [1,5]. Thus for instance a continuum model can be derived from
the atomic information [2]. Another approach is pursued in the concurrent
coupling techniques. Here, computations on different scales are carried out
simultaneously [4, 16, 17]. For a recent overview on multiscale techniques we
refer to [14].

As afore mentioned, depending on the scale of interest, the relevant dy-
namics may require the use of quite different models on the respective scales.

Let us consider a displacement field v € Hy(2), where Hy (£2) is a lin-
ear subspace of L?(2) and 2 € R% d = 1,2,3, is a domain. Here, the dis-
placement field v is determined by coarse as well as fine influences. In our
multiscale context, we now aim at a decomposition of v, which separates the
high frequency components ¢/ of the total solution v described by the atomic
interactions from the smooth part 7 of the displacements. We therefore follow
the approach of [9], where in the space L?(£2) the total displacement field
v € Hn(£2) is decomposed as

v=v+1. (1.1)

Here, v is the coarse part of the total displacement and v’ refers to the fine
scale displacements. Let us note that we have chosen a function space oriented
setting, since this allows for more flexible decomposition approaches.

As a matter of fact, in case of molecular dynamics, the material behavior on
the micro or fine scale is modeled by means of an system of isolated atoms or
molecules. More precisely, on the micro scale the atoms z,, and their “discrete
displacements” v, form the scattered data set

XN () = {(Ta, V) | =1,...,N, x4 € 2,7, € R}, (1.2)

We note that since 7 € R, the atomic displacements on the fine scale
cannot be interpreted as an element of Hx (£2). As a consequence, a direct sum
decomposition of the underlying function space as in [9] is not possible. This is
due to the fact, that the coarse scale values v are given as a displacement field
in L2(£2), whereas the displacement field of the fine scale is given in terms of
(1.2).

In the Bridging Scale Method [16] the decomposition given by (1.1) is the
starting point for the multiscale simulation. Here, the decomposition is per-
formed in a completely discrete setting. To do so an interpolation operator
evaluating an interpolation function at the equilibrium position of the under-
lying atoms is used. The coarse scale is then the image of a projection from
the fine scale displacement onto a displacement field.
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In this paper, we pursue a different approach by performing the scale
decomposition of the total displacement also for the atomic displacements
in L?(£2). At a first glance this function space oriented decomposition seems
impossible, since the displacement on the fine scale 7 is given by (1.2). We
therefore interpret the discrete displacements 7 € RN as elements of the
function space Hy (£2). This is done by means of the linear operator

1 xn(02) = HN(2) C L3(92), (o) =wv. (1.3)

This embedding can be chosen in a problem-dependent fashion and the prop-
erties of the resulting multiscale decomposition depend strongly on the choice
of a basis {¢s} for Hy(£2).

For the discretization of the coarse scale we choose linear finite elements.
Let S" be a finite element space over {2 related to a mesh 7. In order
to identify the coarse scale displacement 7, we employ an L2-projection
7 Hn(£2) — S". This projection is designed to extract from the total dis-
placement v the coarse part, which is assumed to be in the finite element space
S". More precisely, for any total displacement w € H (§2), the corresponding
coarse scale displacement is given by 7(w) € S® which satisfies

(m(w), ) r2 2y = (W, 1) £2(2) Ve M, (1.4)

where M" denotes a suitable multiplier space. In order to compute the al-
gebraic representation of 7 in (1.4), we need to assemble two (generalized)
mass matrices. For the first matrix, we need to evaluate integrals of the form
/. o MpAq dz, where p1;, are the basis functions spanning the multiplier space
M", and Aq are the basis functions of S". Here, p,q are assumed to be in
some index set N with |[A}| = dim(S"). The computation of the resulting
mass matrix can be done in a similar fashion as the assembly of the standard
mass matrix. For the second matrix, we need to evaluate integrals of the form

[ 0o (1.5)

n

where the ¢, are the basis functions for the space Hy(2), i.e. Hn(£2) =
span{g,). In order to compute these integrals the intersection between the
support of 1, and the support of ¢, has to be computed. For details concerning
an efficient way for computing these intersections, we refer to [7].

Summing up the weak coupling concept involves several steps: In the first
step, an approximation of the fine scale displacement embeds the discrete val-
ues into a function space. In the second step we perform an L?-like projection
separating the coarse from the fine scale. In case the molecular dynamic sim-
ulation is restricted to a subset of (2, in a third and final step, the resulting
low-frequency contributions have to be extended to the whole computational
domain §2. For further details we refer to [6].
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In the forthcoming we examine the first step of our transfer scheme, namely
the operator ¢. A possible choice for ¢ could be «(7) = ) PUa¢q. For this
choice, we need to specify “suitable” basis functions ¢,. In the context of
multiscale methods the term suitable refers to the kind of information which
we are interested in. More precisely we can expect that for the transfer of
gradient based information from the fine to the coarse scale a basis which
can only reproduce constants exactly is insufficient. Thus, for the construc-
tion of these basis functions, we will employ techniques from scattered data
approximation which allow for a flexible choice of the basis functions ¢,,.

One class of shape function used for scattered data interpolation are the
radial basis functions [10]. Another approach to construct shape functions ¢,
from the collection of particles xn({2) is based in the moving least squares
technique (MLS) that we shortly summarize in the next section, see e.g. [§]
for details.

2 Moving Least Squares Method

Here, we construct the operator ¢ from (1.3) on the basis of the moving least
squares approach which originated in scattered data approximation. We sup-
pose, that the scattered data set xn(§2) in (1.2) is given. Our aim is to find
a function u : 2 — R, such that

w(xy) = Uy foralla =1, ..., N. (2.6)

In order to construct a moving least squares (MLS) fit, we consider the ap-
proximation space being the space P, of polynomials with the basis { P} ;
of degree m in d variables ! and a set of non-negative weight functions

W, :R% — Rg with supp(W,) =: wa,

and the dilatation parameter h, of Wy (z) = W <z;¢) Now, we minimize

for each x the quadratic functional

N
J(7)(@) =Y Wal2)(va — 7(za))? (2.7)
a=1

over all 7 € P,,.
In order to minimize (2.7), we set the derivative of (2.7) equal to zero and
obtain the system of equations

N N n
Z Wo (2)0a Pj(0) = Z Wa(z) Z Pi(za)Pj(za)c(x) j=1..n
a=1 a=1 i=1

(2.8)

! The approximation space can be generalized to an abstract approximation space
V(£2). Note however, that we then obtain reproduction of V' (§2) by ¢ of (2.11).
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With the definitions

P(z) = [Pi(z) Py(z) - Py(2)]"
W(zx) = [Wi(z) Wa(z) - Wi(

B
I

N
Al@) = (Aij)ij=1,.ns Aij = Y Pi(wa)Wal)Pj(a)

a=1
c(x) = [e1(z) calx) ... en(@)]T,
equation (2.8) can be written as
A(z)e(z) = B(z)f. (2.9)

The above matrix A(x) is also known as Gram’s matrix. The minimizer u(x)
f (2.7) is given by the linear combination

N
'LL(IE) = Zﬂaﬁba(m) (210)

a=1

where the shape functions ¢,, satisfy
Pa(r) = PT(20)[A(2)] " Wa(2) P(z4). (2.11)
Properties of the Gram-Matriz

Note that (2.11) involves the inverse of the Gram matrix A(z) for each point
of evaluation. Thus, we must be concerned with the regularity of A(z) for all
x € (2. Here, we attain the positive definiteness of A(x) for all z € 2 from
the P,,-unisolvence of the sets xn(£2) Nw, for all a.

Weight Functions and Scaling

The size of the support of the weight functions W, i.e. of the shape functions
¢ can be determined by

wo ={y €R?| ||lza — yl| < ha}

where the dilatation parameter h, can in principle be chosen individually
for each data site x,. However, this choice is closely related to the accuracy
and stability of the approximation and thus crucial for the stability of the
projection operator 7. Recall that the P,,-unisolvence of xn(£2) Nw, for all «
must be ensured. Note also that the smoothness of the approximation depends
on the smoothness of the weight function, i.e. if W, € C"(£2) then ¢, €
Cr(82).
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Reproduction Properties

From (2.10) with v, = u(zs) for u € Py, and (2.11) it is clear that P, C
span(¢, ), thus reproduction of polynomials of order m in MLS is guaranteed.

Partition of Unity and Shepard’s Approach

We denote {¢,} as a partition of unity of order g if the reproducing property

N

Z ba(2)b(z0) = b(w)

a=1

and the derivative reproducing conditions

N
3" Da(@)b(za) = Db(a), |s| <4q
a=1

hold for all b € P,,. In the case of m = 0, the approximation space is given
by P, = {1} and the Gram matrix reduces to

N
Az) = Z W (x).
a=1
Thus the shape functions are given by

- m — W(@)- (A())

which is also known as Shepard’s method. One can thus easily verify, that

bp()

N
0<gp(@) <1 and Y dg(z)=1Vee
B=1

The Shepard partition of unity is an efficient method for the approximation
of scattered data, since the Gram matrix reduces to a scalar, and thus an
explicit form of ¢, is given. As a drawback, the type of information which
we can transfer from a coarse to a fine scale is confined to displacements. For
gradient based information a higher order MLS method has to be applied,
which requires the implicit representation (2.11).

In general the MLS approximant is non interpolating, i.e. they do not
satisfy the Kronecker delta property. However an interpolating approximant
can be constructed by using singular weighting functions at all nodes [11].

For the deduction of the MLS shape function we can use different starting
points like the minimization of a weighted least-squares functional, or a Taylor-
Series expansion, or the direct imposition of the reproducing conditions. There
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are also other techniques, which produce a partition of unity like e.g. the
Reproducing Kernel Particle Methods (RKPM) [3,12,13]. Even though that
the RKPM and the MLS have different origins their equivalence can be shown.
We want to employ the MLS functions as the basis for our space Hy (£2), i.e.
for the range of the embedding. Our construction is essentially L? based and
so Shepard’s method should be sufficient to obtain at least first order in L2.
If we also need to bound the error in H' then MLS of first order should be
employed.

3 Numerical Experiment

To confirm this assertion, we consider the idealized but representative ref-
erence scattered data approximation problem (2.6) via the minimization of
(2.7) for the data f, = u(z,) where u(z) = 2%. We compare the results ob-
tained via the MLS approach for the point set [—3,3] with h = 1 using the
approximation spaces P, with m = 0, 1. Here, we anticipate to find an asymp-
totic convergence behavior of O(h) in the L?-norm for m = 0 and O(h?) for
m = 1. Furthermore, the approximation error will stagnate with respect to
the H'-norm for the Shepard functions with m = 0 whereas the MLS shape
functions with m = 1 will provide an O(h) convergence also in H'. This
expected convergence behavior can be clearly observed from Figure 3.2.
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7 7

6 6

5 5

4 4
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Figure 3.1. Approximation (top row) by Shepard’s Method (left) and MLS (right)
and the respective derivatives (bottom row). (See also Color Plate on page 367)
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Figure 3.2. Error in the L?-norm (left) and H'-norm (right) of Shepard’s method
(solid) and the MLS (dashed). (See also Color Plate on page 367)

Figure 3.3. Weak scale transfer (2d) based on (1.4) using Shepard’s approach
(m = 0). (See also Color Plate on page 368)

Thus, the construction of a weak coupling operator aimed at transferring
function values may be based on the Shepard functions (if the error bound
of O(h) where h is related to the maximal atomic distance is acceptable),
compare Figure 3.1. However, if the transfer of gradient information is required
(or the jump in the resolution between coarse function space Sy, and Hy (2) is
too small) the use of higher order moving least squares functions is necessary.
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Summary. In this work we propose an iterative multiscale scheme for eigen solu-
tions of the Schrédinger equation with application to the quantum dot array (QDA)
systems. The asymptotic expansion predictor and inverse iteration and Rayleigh quo-
tient corrector are introduced. The predictor multiscale formulation is constructed
by introducing an asymptotic approach of the original problem and an auxiliary
problem. The predictor multiscale solution is corrected by the inverse iteration and
the Rayleigh quotient iteration. The numerical results show that the multiscale for-
mulation offers comparable accuracy compared to the solution of the single fine scale
model with substantial CPU-time reduction for the tested QDA systems. With the
additional corrections by the inverse iteration and Rayleigh quotient, the solution
accuracy can be further enhanced.

Key words: Asymptotic expansion, Multiscale, Quantum dot array

1 Introduction

Understanding the electron density distribution is crucial to the design of a
semiconductor device composed of a large number of quantum dots such as
quantum dot laser generator. Traditional single-scale ab initio calculation is
very time consuming especially in the cases where multiscale quantum features
are involved, such as rapidly oscillating confinement potential fields.

The Schrodinger equation for quantum dot array represents an eigenvalue
problem with oscillating coefficients. Bensoussan [1] first introduced the math-
ematical foundation of the asymptotic analysis for periodic structures and the
application for eigenvalue problems involving various types of differential op-
erators associated with different physical problems. Kesavan [6] [7] used a
two-scale asymptotic expansion in homogenization of elliptic eigenvalue prob-
lems. Paine [8] computed a sequence of eigenvalues of a continuous eigenvalue
problem with general boundary conditions based on an asymptotic expansion
algorithm, which is extended to discrete eigenvalue problems by Hoog and
Anderssen [4].
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This work intends to introduce the asymptotic expansion based iterative
multiscale method for solving the Schrodinger equations of quantum dot array
systems. It is shown that the asymptotic method achieves comparable solu-
tion accuracy with significant CPU time saving compared to the singlescale
method. We consider using the solution of the asymptotic expansion as the
predictor, and enhancing the high scale solution by an inverse iteration and
Rayleigh quotient iteration.

This paper is organized as follows. In Section 2, an asymptotic expansion
method for the multiscale Schrodinger equation is introduced. The iterative
scheme for enhancing fine scale eigen solutions is presented in Section 3. Nu-
merical examples are presented in Section 4 to demonstrate the effectiveness
of the proposed method. Concluding remarks are given in Section 5.

2 Multiscale Decomposition for the Schrédinger
Equation

Consider the following eigenvalue problem of the Schrodinger equation for
quantum dot array (QDA):

HO =¢60 in (2, (2.1
©=0 on I, (2.2

1 1
00 L 98 =0 on I, (2.3)

mt ont | m— on—
where 6 is the wave function, ¢ is the energy function, m is the effective mass,
superscripts 7 +” and 7 — 7 denote quantities on the opposite sides of the
interface I'7 in the QDA, V' is the confinement potential, and the normalized
Hamiltonian differential operator is

o (10
H=—g- (max) +V. (2.4)

In the Hamiltonian operator of Eq. (4), the spatial variation of the effective
mass m and confinement potential V' exists the fine scale features in QDA
as shown in Figure 2.1'. We consider a two-scale description of the problem,
and introduce x and y as the coarse scale and fine scale coordinate systems,
respectively. The two coordinate systems are related by a small asymptotic
parameter \ as:

yi = % i=1,2,3. (2.5)

A point x in the coarse scale domain {2 is associated with a unit cell of domain
£2,. We denote the wave function by @ and the energy function by e, which

! http://www.physik.tu-berlin.de/IFP /richter /new/research /lowdim.shtml
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Figure 2.1. A two-scale model of QDA with features in different length scales. (See
also Color Plate on page 368)

possess coarse and fine scale properties with superscript A. Therefore, we write
the eigenvalue problem as

H.0* =20 in 0, (2.6)
©*=0 on I,
1 90> 1 00>
ot Tmmans 0o I (28)
where 5 ) 5
H=—— | — =1 . 2.
=i (s ) F A ) (29)

The weak form of the above problem is to find the eigen pair of energy and
wave function {*, ©*} € R x H{ (§2) such that Vo € Hi (£2), we have

ax (v, 9)‘) = (v, 9)‘) , (2.10)
where
A 1 ov 06> / T
ax (v,0%) = oz, o, df + Qv/\ Verds, (2.11)
(v,0%) :/ 0O d1. (2.12)
0

Note that a boundary integral term associated with the interface condition
has been dropped due to the interface condition (8) in the strong form. The
total solution is expressed by an asymptotic expansion as:

O (x,y) = 0% (x) + A0 (x,y) + O (V) (2.13)
er =l 4 el 10 (2. (2.14)

If a coarse scale problem exists, O and €[ are assumed to satisfy the fol-
lowing coarse scale problem:

Ho0l = 0l iy (2.15)
@[0] =0 on F) (216)
1 90l | 1 00l 0]

f - T 0T =0 r 2.17
T B SO B
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where

1
m—_9 ( 0 ) v, (2.18)

Here, mgg} and VI are the homogenized counterparts of m and V', respectively,

that are yet to be obtained. A tensor form mg is used to reflect the fact that

the homogenized effective mass of m could have directional properties due
to the microstructural effects, and mg(}] = mﬁ]. FI[O] is the material interface
associated with heterojunctions at the coarse scale level resulting from the
heterogeneous QDA microstructures. The weak form associated with Eqns.
(15)-(17) is to find a coarse-scale eigen pair of energy and wave function

{01 611} € R x H} (£2) such that Vo € H} (£2), we have
ao (v, @[O]) =l (U,@[O]> , (2.19)
where

1 (0]
- (U,@[OJ) :/ v @dmr/ oV 1lellg0, (2.20)
2 2

¥ 9, B,
(v.0") = / 001940, (2.21)
2

To construct the coarse scale eigenvalue problem from the fine scale eigenvalue
problem, we define an auxiliary problem as follows

Hww* =000 in 0 (2.22)
w*=0 on I, (2.23)
1 A 1 A
Ow? L ow” oo 1, (2.24)

mt ont m= on~

A

where w” is an auxiliary function expressed as

w (x,y) = 0% (x) + xawlt (x,y) + O (A?). (2.25)

As ) approaches zero, the auxiliary problem approaches the coarse scale prob-
lem, and w(% approaches G, The weak form of the auxiliary problem is to
find an auxiliary function w* € H{ (£2) such that Vo € Hi (£2), we have

ax (v,w/\) =l (v,Q[O]) . (2.26)

Since the weight function v in both Eqs. (2.10) and (2.26) can be arbitrary,
one can introduce the auxiliary function w® and the wave function ©* as
the weight functions in Egs. (2.10) and (2.26), respectively, and obtain the
following condition using the symmetric property of ay (.,.):
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2 (w,6%) = (0*,6). (2.27)

Equation (2.27) plays an important role in this multiscale solution process.
We further consider normalization of eigen function as

(0*6%) =1 (2.28)

Introducing the asymptotic expansion (2.13) into (2.28) leads to
(@[O],@[O]) -1, (2.29)
(@[OJ,@[”) = 0. (2.30)

Subsitituting Eqs. (2.13), (2.14), (2.25), (2.29) and (30) into Eq. (2.27), the
leading order equation associated with O (X) is

1 — o] (@[0],10[11) , (2.31)

Equation (2.31) shows that the fine scale energy e[l can be calculated from
the coarse scale eigen pair {€[%, 019} and the fine scale auxiliary function w!!l,

Therefore, two tasks are to be performed:

1. Obtain the effective mass m[® and the confinement potential V1 for
solving Eqns. (15)-(17) for the coarse scale eigen pair {¢[), Q1011

2. Solve for the fine scale auxiliary function w!l.

To start, introduce the following chain rule:

s0- 20 - (30]) (2)- 3

8.131' - 81‘,
By using the chain rule in Eq. (2.32), the total Hamiltonian operator Hx is
expressed as:

4, 0(.)
1
A yi

(2.32)

X

y

Hy()=A2H () + X TH () + X Ho () +0(N), (2.33)
where
_ 0 1 9()
Hoa ()= Ay (m(x,.V) Ay ) (234)
1 92 (.) 0 1L a() .
Hoa()= m(x,y) 0z;0y; Oy <m(x7 y) Ox; > +V(xy), (235)
2
Ho () =— ! () ) (2.36)

m(x,y) Ox;0x;

We introduce the following scale coupling for the auxiliary function [1]
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201 (x)

o Ty 0 (%), (2.37)

wl (x,y) = a; (y;)
where v and 3 are scale coupling functions to be computed. In order to pre-
serve symmetry of the coarse scale Hamiltonian operator Hy, the separation
of variables in Eq. (2.37) is modified and it differs from the traditional asymp-
totic expansion approach [1] by setting the j-th coupling function «; to be
dependent on y; instead of y.

Substituting Egs. (2.33) and (2.37) into the auxiliary problem in (2.22)-
(24) results in a set of leading order equations of \. First consider those
associated with O ()\*1):

H_s0;5 (y;) = —H-2 y;, (2.38)
H_ 50 (y) = =V. (2.39)

A

The auxiliary function w” is required to satisfy the interface condition on I7:

1 ow? 1 ow?

e R e e (2.40)

By using the asymptotic expansion of w” in Eq. (2.25) and the separation of
variable of wl' in Eq. (2.37), equation (2.40) yields
1 aaj 1 3%-
1 9 g 2.41
m* ont  m~ On~ (241)
1 08 1 90p
— + ——=0. 2.42
m*t ont  m~ On— (242)

The associated weak form is to find the coupling functions a;, 8 € H' (12y)
such that Vv, ve € H' (£2y)

ax (vi, ;) = —ax (v1,9;), (2.43)
ax (v2, B) = = (v2, V). (2.44)

Next, a coarse scale equation is to be established for computing ©° and
€0, The weight function v is expressed as

v* (x,y) = ol (x) + Ml (x,y) + O (V) (2.45)
and a scale coupling relation is used

vl (x
o0 y) = 05) P52 50 ). (2.40

Introducing the asymptotic expansion and scale coupling equation of test and
trial functions in Eqns. (2.37) and (2.46), performing an integration over the
associated unit cell in the weak form (2.26), and letting A — 0, we obtain
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5ul0) . 0]
/ v /8 a;+y) 1 8(aj+yj)d9y 00 40

O p dye  m(xy)  Oyx D
/ /51/ (x,y)de2y | v01d0 = A 5[1/(9[%[“) A0, (2.47)
Q |2y Q

where (2y denotes the unit cell domain, and Ag, = /, 0. A82y. To arrive the
y
above condensed form, we also have used conditions

/ {m (>1<7y) a(ogyt ) gﬂ df2y =0, (2.48)

Yy

1 90809 B
/ [7’1(3(7}’) Ay; yi + 8V (x, Y):| dfy =0, (2.49)

y

which are obtained by introducing the weight function v; = v, = 3 into Eqns.
(2.43) and (44). Equation (2.47) is the weak form of the homogenized eigen-
value problem (2.19), where the homogenized effective mass and confinement
potential are expressed as follows

1 O(ai+y) 1 9(a+y;)
mi (x) / oy m(xy) Oy df2y, (2.50)
b Py /ﬂv x.¥) (2.51)

(0]

Note that the off diagonal terms in m,; vanish.

3 Iterative Multiscale Eigenvalue Solution

In this section, we use the multiscale solution obtained in Section 2 as the
predictor, and employ Rayleigh quotient iteration as a correction of the mul-
tiscale solution. The proposed iterative scheme aims to approach the eigen
pairs {e*, ©*} of Eq. (2.6). Let {67,602, ...,0,} denote the set of eigen func-
tions of the Hamiltonian H). Let the approximation of ©* obtained from the
two-scale method be denoted as ©*, and by eigen function expansion it can

be expressed as
= Z Ci8?7 (3.52)
i=1

where ¢; are the coefficients. In the standard power method [3], assuming that

eigenvalues are ordered as e > e} _; > ... > €5 > £7, one has
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(Hy—2)1) ™ &)
|- em)” @AH

1

_a 1_,_273 &G M o _2@>\ (3.53)
" |5\ G ! '

=2

n —E{\ —m €>\—§{\ —2m N
+S 2 i 1+§ S o;
\61\ <€1 —€?> < ) ef — & [

=2

where E{‘ is the approximation of 5?, I is the identity matrix, and m is an
integer. If &} is very close to €7 and ¢; is not too small, one can show that

—m

Hy, — &1 HA
hm(/\g) ©

lim H R @AH = o). (3.54)

Approximating solution using finite m of the above method with iteration as
shown in Figure 3 is the inverse iteration method. For large-scale quantum
system, one can combine the above method with Rayleigh quotient itera-
tion [3] that has cubic rate of convergence. By employing a similar inverse
iteration procedures for ©3, and Gram-Schmidt orthogonaliztion, the second
eigenfunction ©4 corresponding to €5 can be obtained. These procedures are
repeated until all eigenfunctions of Eq. (2.6) are obtained.

The flowchart of numerical implementation is given in Figure 3.2, and the
inverse iteration and the Rayleigh quotient iteration for the k-th eigen pair
are illustrated in Figure 3.3 and Figure 3.4, respectively. Note that in each

Two-scale asymptotic expansion Discrete matrix Hy
6) = @[0] +>\@[1] in Eq. (6)
5k [0] + )\8[1]

Inverse iteration
To obtain improved initial guess
6; from 6

Rayleigh quotient iteration

Using (:)2 as initial guess

Figure 3.2. Main flowchart of iterative multiscale method.
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Set m =1, (:)2,(1) = (:)Q

!

‘(H AT 52,(77L) I )71(:)2,('m+1) = é;,hn)L\

Gram-Schmidt
orthogonalization applied to

@2’<m+1) with respect to O3,

all ' > kifk>1

‘Obtain o) = (:)2.("&1)‘

Figure 3.3. Flowchart of inverse iteration.

Set m =1, (:)27(1) = C:)z
v

P T A
2 _ (O, m)y) F!xek,om
Compute Eo(m) = —<<92,(m))T92,<m>)

v
Solve (H/\ - éz(m) ! )@2,(m+1) = @2,(

Gram-Schmidt

orthogonalization applied to

m)

~ A% : O
Normalize & O} (m-+1) With respect to o7,

,(m+1)

all ¥/ > kifk>1

> m=m+1

~A ~
(H)\ €k, (m) I)®2(m+1)”
< tolerance

Y

‘ Output C:)ﬁ?(mﬂ),ég’(m) ‘

Figure 3.4. Flowchart of Rayleigh quotient iteration.
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iteration step of the inverse iteration and Rayleigh quotient iteration, only a
linear system of equations with the matrix associated with the discretization
of H) is solved.

4 Numerical Results

Three QDAs with different complexities in oscillating effective mass and con-
finement potential are analyzed using single fine scale approach and the mul-
tiscale method. For the first two problems where the oscillating effective mass
and confinement potential are uniform and slightly nonuniform, inverse iter-
ation and Rayleigh quotient corrections are not used. Inverse iteration and
Rayleigh quotient corrections are used only for the case where oscillating ef-
fective mass and confinement potential are nonuniform. Reproducing Kernel
Particle Method (RKPM) [2] [5] with linear polynomial bases is used for dis-
cretization of the weak forms.

o
=]
N

0.061

0.051

0.04r

0.031

Effective mass m’ (m,)

0.02

o
©

o
o
T

o
N}

Confinement potential V (eV)
o
»

o

o

100 200 300 400 500 600
X (nm)

Figure 4.5. 1-D QDA model with uniform oscillating effective mass and confine-
ment potential. (See also Color Plate on page 369)

. .
Effective mass m

Confinement potential V

Unit Cell Unit Cell

Figure 4.6. Effective mass and confinement potential in the fine scale unit cell.
(See also Color Plate on page 369)
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4.1 QDA model with uniform oscillating effective mass and
confinement potential

Consider a one-dimensional QDA model with uniform oscillating effective
mass and confinement potential as shown in Figure 4.5. A discretization of
the fine scale system with 237 nodes is used for a reference solution of the first
12 pairs of energy levels and the corresponding wave functions. For the mul-
tiscale method, 60 nodes are used to solve the coarse scale equation. Due to
the uniform oscillating effective mass and confinement potential, every point
in the coarse scale domain shares the same homogenized effective mass and
confinement potential. That is, only one coupling function is computed in the
fine scale unit cell with the effective mass and confinement potential shown in
Figure 4.6, which is discretized by 9 nodes. Note that the multiscale approach
reduces the cost from solving an eigenvalue problem with dimension 237 x 237
to solving a eigenvalue problem with dimension 60 x 60 and a linear system of
equations with dimension 9 x 9. Further, solving eigenvalue problem of coarse
scale model is much better conditioned than solving eigenvalue problem of a
fine scale model. Table 4.1 compares CPU times and condition numbers of
each method.

Table 4.1. Comparison of CPU times and condition numbers in solving QDA model
with uniform oscillating effective mass and confinement potential.

Single-scale Model Multiscale Model
Eigenvalue problem |Eigenvalue problem |Unit cell linear system
CPU time 0.14 0.031 =~ 0.00
(seconds)
Condition 259 33.0
number
45
o
a4t ]
o
o
?3.5— °ooo°°o°°
X
< 3
<
g 25 O Coarse scale solution & [ ]
2 ® Total solutione® + ael!
8 o
T °

=
53}

T

[ ]

[N
T

2 4 6 8 10 12
No. of eigen energy

0.5
0

Figure 4.7. Relative error of the first 12 energy levels.
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Figure 4.8. Comparison of the electron density distribution associated with the
first 12 energy levels between the reference solution and the multiscale solution.
(See also Color Plate on page 370)

Figure 4.7 shows the relative error of the first 12 eigenvalues, where the
coarse scale solution is compared with the multiscale solution. Figure 4.8 shows
the comparison of the electron density distributions (eigen function) calculated
by the multiscale method and the reference solution. The multiscale method
achieves very good accuracy in the first 12 energy levels and the corresponding
wave functions.

4.2 QDA with slightly nonuniform oscillating effective mass and
confinement potential

Consider a series of 1-D QDA with slightly nonuniform oscillating effective
mass and confinement potential, as shown in Figure 4.9. A fine scale model
discretized by 921 nodes is used as a reference solution of the first 12 pairs
of energy levels and the corresponding wave functions. A total of 101 nodes
are used to discretize the coarse scale domain. Since each QDA in this 10-
QDA series has different oscillating effective mass and confinement potential
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Figure 4.9. 1-D model of a series of QDA with slightly nonuniform oscillating
effective mass and confinement potential. (See also Color Plate on page 371)
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Table 4.2. Comparison of CPU times and condition numbers in solving a series of
QDA with slightly nonuniform oscillating effective mass and confinement potential.

Single-scale Model Multiscale Model

Eigenvalue problem |Eigenvalue problem |Unit cell linear system
CPU  time 54.0 0.0781 ~ 0.00
(seconds)
Condition 419 21.7
number

patterns, 10 fine scale unit cells are modeled. Each unit cell with pattern
similar to Figure 4.6 is discretized by 9 nodes. Hence, the multiscale approach
reduces the cost from solving a fine scale eigenvalue problem with dimension
921x921 to solving a coarse scale eigenvalue problem with dimension 101 x 101
and ten linear systems of equations, each with dimension 9 x 9. Table 4.2
compares CPU times and condition numbers of each method. Figure 4.10
shows the relative errors of the coarse scale solution and the multiscale solution
of the first 12 eigenvalues. The electron density distributions calculated by the
multiscale approach are shown in Figure 4.11.

4.3 QDA with randomly oscillating effective mass and confinement
potential

Consider a series of QDA with randomly oscillating effective mass and con-
finement potential in one dimension as shown in Figure 4.12, where the ran-
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Figure 4.10. Relative error of the first 12 energy levels.
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Figure 4.11. Comparison of the electron density distribution associated with the
first 12 energy levels between the reference solution and the multiscale solution. (See
also Color Plate on page 372)
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Figure 4.12. 1-D model of a series of QDA with randomly oscillating effective mass
and confinement potential. (See also Color Plate on page 373)
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Figure 4.13. Effective mass and confinement potential in the fine scale unit cell.
(See also Color Plate on page 373)
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Figure 4.14. Number of iteration steps for the first 9 eigen pairs by using the
iterative multiscale method. (See also Color Plate on page 374)
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Figure 4.15. Relative error of the first 9 energy levels.
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Figure 4.16. Comparison of the electron density distribution associated with the
first 9 energy levels between the reference solution and the multiscale solution. (See
also Color Plate on page 375)
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Figure 4.17. Comparison of the electron density distribution associated with the
first 9 energy levels between the reference solution and the iterative multiscale so-
lution. (See also Color Plate on page 376)

domly oscillating effective mass and confinement potential mimic the inter-
mixed junction between different semiconductor materials. A fine scale model
discretized by 553 RKPM nodes with quadratic bases is used for obtaining
the reference solution. In the coarse scale domain of the multiscale method,
31 RKPM nodes with linear basis is used to solve the coarse scale equation.
Since this series of QDA can be approximately divided into three QDA do-
mains based on the homogenized effective mass and confinement potential,
three unit cells are solved separately. Considering that the intermixed junc-
tion is randomly distributed, every unit cell with oscillating m and V' shown in
Figure 4.13 is discretized by 93 nodes. Thus, the multiscale approach reduces
the cost from solving a fine scale eigenvalue problem with dimension 553 x 553
to solving a coarse scale eigenvalue problem with dimension 31 x 31 and so-
lution of three linear systems of equations with dimension 93 x 93. Figure
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Table 4.3. Comparison of CPU times and condition numbers in solving a series of
QDA with randomly oscillating effective mass and confinement potential.

Singlescale Model Iterative Multiscale Model
[Eigenvalue problem [Eigenvalue problem(Unit cell linear system[[teration
CPU time 6.3 0.031 ~ 0.00 1.6
(seconds)
Condition| 569 24.0
mumber

4.14 shows that the iterative multiscale method converges very fast with less
than 7 iterations for each of the first 9 eigen pairs. The proposed multiscale
method without inverse iteration and Rayleigh quotient corrections generates
reasonable solution accuracy in eigen pairs as shown in Figure 4.15 and Figure
4.16. As a comparison, the solution of the first 9 eigen pairs obtained with
additional inverse iteration and Rayleigh quotient corrections matches the ref-
erence solution almost perfectly as shown in Figure 4.17. Table 4.3 compares
CPU times and condition numbers of each method.

5 Conclusion

This work presents an asymptotic expansion based multiscale formulation
as a predictor in conjunction with the inverse iteration and Rayleigh quo-
tient corrections for analysis of large-scale quantum-dot array. Following [1],
an auxiliary problem has been introduced for evaluating the fine scale com-
ponent of the solution based on the coarse scale solution and the auxiliary
function. Proper coarse-fine scale coupling functions for electron energy and
wave function have been proposed, and they were solved for obtaining the fine
scale information of effective mass and confinement potential. Consequently,
the homogenized effective mass and confinement potential have been obtained
using the scale coupling functions. Numerical examples demonstrated that a
substantial CPU time saving can be achieved with sufficient accuracy with
the proposed multiscale method for QDA systems. Additional accuracy can
be gained by the inverse iteration and Rayleigh quotient corrections. The nu-
merical examples also showed a fast convergence using the proposed iterative
multiscale method.
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Summary. This paper presents a meshless technique based on radial basis func-
tion networks (RBFNs) for solving Dirichlet boundary value problems governed by
the Poisson and biharmonic equations. The technique employs integrated RBFNs
(IRBFNs) to approximate the field variable and point collocation to discretize the
PDE. The boundary conditions are incorporated into IRBFNs via integration con-
stants, which occurs prior to the transformation of the network-weight spaces into
the physical space. Several linear and nonlinear test problems are considered to
demonstrate the attractiveness of the present meshless technique.

Key words: Radial basis functions, Meshless discretization, Integral collo-
cation formulation

1 Introduction

Engineering and science problems have usually been modelled by partial dif-
ferential equations (PDEs). Analytical solutions to PDEs can only be ob-
tained for some specific cases. Numerical techniques have thus been devel-
oped to convert PDEs into sets of algebraic equations where a solution be-
comes obtainable. Principal discretization techniques include finite-difference
(FDM), finite-element (FEM), finite-volume (FVM) and boundary-element
(BEM) methods. These discrete approximation methods require a mesh/grid
to support the approximation of the field variables and the integration of
the PDEs. For problems involving complex geometries, generating a mesh is
known to be the most costly and time-consuming part of the solution process.
As a result, the development of the so-called meshless methods has received
a great deal of attention from scientific and engineering research communities
in recent decades. The reader is referred to, for example, [1,2,6], for a detailed
discussion of meshless methods.
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RBFNs are considered as a powerful numerical tool for the approximation
of a function and its derivatives [8]. One distinguishing feature of RBFNs is
that they rely on a set of discrete points, which can be randomly distributed, to
represent the approximate function. According to Micchelli’s theorem, there is
a large class of RBF's, e.g., multiquadrics, inverse multiquadrics and Gaussian
functions, whose interpolation matrices are invertible, provided that the data
points are distinct. It has been proven that RBFNs are capable of representing
any continuous function to a prescribed degree of accuracy in the L, norm,
p € [1, 00]. Furthermore, according to Cover’s theorem, the higher the number
of neurons (RBFs) is used, the more accurate the approximation will be,
indicating the property of “mesh convergence” of RBFNs. Over the past fifteen
years, RBFNs have emerged as an attractive solver for PDEs [6]. The field
variable is approximated using RBFNs, while the PDE is discretized by means
of point collocation. These RBFN methods can thus be considered as a truly
meshless solver.

Integrated RBFNs (IRBFNs) proposed by Mai-Duy and Tran-Cong [14]
have several advantages over differentiated RBFNs: (i) they avoid the re-
duction of convergence rate caused by differentiation, and (ii) they provide
an effective way to incorporate “extra” input information (e.g. both func-
tion and derivative values given at a point). IRBFNs have been developed
for the solution of PDEs, e.g. [11-13,15-17]. This article presents a mesh-
less IRBFN method for solving the Poisson and biharmonic equations with
Dirichlet boundary conditions in rectangular and non-rectangular domains.
The emphasis is placed on the technique of imposing the boundary conditions
that takes place before the conversion of the network-weight spaces into the
physical space. Several linear and non-linear test problems are considered, in-
cluding a well-known lid-driven cavity viscous flow. An outline of the paper is
as follows. A brief review of RBFNs is given in Section 2. The application of
IRBFNSs for the solution of PDEs is described in Section 3. Numerical results
are presented in Section 4. Section 5 concludes the paper.

2 RBFNs

A function y, to be approximated, can be represented by an RBFN as
y(x) Z w® g*) (x (2.1)

where x the input vector, m the number of RBFs, {w(*) b, the set of network
weights to be found, and {g®)(x)}7", the set of RBFs.

Among RBFs, multiquadrics (MQ), which have spectral approximation
power [9,10,19], tend to result in the most accurate approximations. We will
thus employ the MQ function whose form is
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g™ (x) = \/(X — T (x — c®)) + k)2, (2.2)

where ¢®) and ¥ are the centre and width of the kth MQ-RBF, respectively.
Differentiated RBFNs: RBFNs (2.1) are used to represent the original
function y; derivatives of y are then obtained through differentiation

V) ~ 10 = 3w ), (23)
k=1
ory(x)  orf(x) o (i, whg®(x
ax(’?)” ax(f?'): i DT Zw(k)h V. (24)

where the subscript [z;] is used to denote the process of differentiation with

respect to x;, and hf )][p]( ) =

9Pg\F) (x)/0a? are basis functions for the ap-
proximation of pth-order derivatives of .

Integrated TRBFNs: RBFNs (2.1) are used to represent pth-order
derivatives of y; lower-order derivatives and the function itself are then ob-

tained through integration

ap x 8p x m m
ks 5;%)=wa£3]g<'“><x>=waf,}Htf]“< )

k=1 k=1
P~ ly(x 8” 1f
Rl Z wi) Hig 6o, (2.6)
m+qp
k k
yoo) = fx) = 3 wf;]HEma“Wxx (27)
k=1

where the subscript [z;] is used to denote the process of integration with
respect to x;; ¢; the number of new centres in a subnetwork that is employed
to approximate a set of nodal integration constants, Q2 = 2q1, - ,qp pql,
and ¢ (x) = H[(i)][p} (x), H (k)[z) 1] _ fH p]dzi, L (k)[O] fH

It is noted that the new centres and their associated known basis functlons in
subnetworks are also denoted by the notations w*) and H®*) (x), respectively,
but with & > m. IRBFNs are said to be of order p if their starting points are
pth-order derivatives.

For two and higher dimensional problems, it would be convenient to work
in the physical space. The evaluation of (2.5)-(2.7) at a set of collocation
points {x(}1"  which is selected to coincide with the set of centres {cV}™ |
yields
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orPf

_ pqlp!

oP—1f [p—1]
7T = Hizg Wia: (2:9)
£ = H{g]dW[m (2.10)

T

where W[?EL] = |:w[(2177)]’w[(:§7)]’ T ’w[(.'ti]+qp)i| ) f = [f(x(l))7 f(x(2))v )
f(x(m))]T7 . g":f — [C'?"J(;(;C(”)7 ap](;(;m) e apféiz_(aw)]T and the matrices
H{] ] have entries (HH ]>lk = H(k)[]( )). In (2.8)-(2.10), the matrices HF;{_},
HE L]l] , Hu] are augmented using zero-submatrices so that they have the

[0]

same size as the matrix H[m]' Through (2.10), one can express the network

weights in terms of the nodal function values as

Wio = HO ', (2.11)

where H{ ]] is the Moore-Penrose pseudo-inverse.
Substitution of (2.11) into (2.5)—(2.7) yields

NZ([H(U %), HOO ), }H{gﬂ_lf)’ 21

Of(x) _ [ @)[1] [0]-1

e 7[}1[“] (0, H M ), [ D, (2.13)
PIX) _ [l (2)[p] [0]-1

G = [P0, B ), | 1 (2.14)

where N is the dimension of the problem and the approximate function f(x)
is taken to be the average value of the fi,(x) due to numerical errors.
The calculation of cross derivatives of f is based on the following relation

ovf Lo (or) o (o B o
Oxj0x; 2 <ax; (m:;) " o (ax;?)> o p=rEs ifg (215)

which reduces the computation of mixed derivatives to that of lower-order
pure derivatives for which IRBFNs involve integration with respect to z; or
x; only. In terms of nodal function values, (2.15) can be expressed as

O (8 B <

o f(x) _1({H<1>m( ), HO (x)

Oz 0x; 2 [4] (]

-]
LSRR SRR h G0 Iy I CRT)

[@:] 7" ]
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3 Solution of PDEs

The solution procedure of the present IRBFN method for solving an elliptic
PDE consists of two main steps: (i) the incorporation of the boundary con-
ditions into IRBFNs via integration constants, and (ii) the enforcement of
IRBFNSs to satisfy the PDE. In what follows, Poisson and biharmonic equa-
tions are considered.

3.1 Poisson equation

Consider the Poisson equation

2, 24
gx% gx% = b(l’l,l’g), (317)
in a two-dimensional bounded domain {2 with Dirichlet boundary conditions.
The present domain (2 is replaced by a set of discrete points (Figure 3.1a). The
IRBFN expressions for derivatives of u with respect to x; can be constructed
as follows. For any interior point -, through the vertical or horizontal line,
there are at least two boundary points o and B that have o; = 3 = ;
(Figure 3.1b). Using second-order IRBFNs, the values of u at 7, a and 3 will
be computed by

yy

alphal
P betal

Figure 3.1. Geometry and discretization.
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Zw(k)H ) +7:C 1y (33) + 2y (1), (3.18)

k 0
u(e) = S wl B () + 001 () + C2u (). (3.19)
k=1
(&
)0
= > w B B) + BiCL () + C2g (). (3:20)
k=1
where C1,,) and C2,,; are the constants of integration that are univariate
functions of x;.
A set of two equations (3.19) and (3.20) is linear and one can solve it for
two unknowns Clp,,; and C2,,

1 (k (k)[0 £)[0
Ol =~ 2 S uft) (@) — 1 (3))

o —
v k=1

1 1
a; — B a; — B

RSN (#)0] ®)0]
C2[y, :Oéz' — 5 ;wm] (ﬂiH[xi] (o) — aiH[xi] (ﬁ))

— OK#u(a) +

+ u(3), (3.21)

u(a) —

@
QG — Bl
Substitution of (3.21) and (3.22) into (3.18) yields

Z“’(a]i)] (H(k 00 () + Bi — i H[(fi)][ol (@) - L= H[(fi)][o] (ﬂ))

u(B). (3.22)

P a; — 3 a; — B
ﬁ Pi — i — 7
p—y u(cv) + 3, u(B). (3.23)
Defining
k)[0 k)[0 Bi =i (k)0 Qi = Vi (k)0
DY o) = HE Y o)+ = ) = S H Y 0),
and 5
o _  PiT7i o] _ Qi —%i
Mz = a; = B N = a; = i
expression (3.23) becomes
(k) o (k
)= wi DR () + MY (ule) + N (n)u(@).  (3.29)
k=1

Collocating (3.24) at the interior points {x()};"* (n;,—the number of interior

points) results in the following system
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0 0 0
u;, = Du_]wm M%w]]ua + N{z]]ug, (3.25)
where
(1)[0] /(1) @0l )y ... (m)[0] /(1)
D[(%][m ) D[<2>][o1( : D[ﬁffz 0] )
plol _ Dy (@) DB (x®) - DR (x®)
o] = : : . . >
Vo], e 2)[0], " m) 0]/ (n,
D[(:ci)][ J(x(min)) D[(xZ][ J(x(in)) .. Dfﬁf[ ]( (nip))
M 0 o NP0 o
0 M@0 ... g o N@D
N - N ,
o0 00 A
u(xM)) u(a™) w(BW)
u(x()) u(a?) u(ﬁ@))
Uip = . , Ug = . s and ug = .
u(x(nip)) u(a(”ip)) u(/@(”m))

From (3.25), the multispaces of network weights can be transformed into the
single space of nodal variable values

0]—1 0 0
wiey = DL (i~ Mo~ N g ) (3.26)
where D% ]] is the Moore-Penrose pseudoinverse of D{g]i].

Making use of (3.26), second-order derivatives of u at an arbitrary point
x will be computed by

ux) [ (1)) (@) [o]-1 ] ORI
o2 =19 (X),g (X)> e } D[wi] |:Ia _M[Ii]a _N[:u]} Uy |, (3'27)
3 Uﬁ
where I is the n;, x n;, identity matrix.
Expression (3.27) can be further reduced to
PuX) _ [p0p] p@0e | ) 2]
0a7 L2 2 SR G R o (3.28)

where E[( 12 and k . are known functions of x, o, 3, u, and ug.
The evaluatlon of (3.28) at the interior points {x(V};"* yields

Pu o)

_ (2]
s = Bl (3:29)

i]
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nip T
where 2‘2‘ _ [82%(;:;1)))321(2\(;(2))7,_. ,82u(5;<2 ))} , the matrix E{i]i] has
. k)[2 2 2 2
entrics (E{J]])lk — EMP0) and K2 [k;[[x]i](x(l)),k;[[w]i](x(Q))’...7

k[[i]i](x(”ip))] . It is noted that the IRBFN approximations (3.29) already

include information about the boundary conditions.
Using (3.29), (3.17) can be transformed into the following determinate
system of algebraic equations

(2] (2] (2] (2]
(EM + EM) up =b - k2 k2 (3.30)
where b = {b(x(l)),b(x(z)), e ,b(x(”ip))}T.
3.2 Biharmonic equation
Consider the biharmonic equation
ot o o
U2 S (e, am), (3.31)

1 29,2 1
O0x] O0x10x5 = 0x5

in a two-dimensional bounded domain with Dirichlet boundary conditions
(v and dv/0n). Fourth-order IRBFNs are employed to approximate the field
variable v and its derivatives. The solution process for solving the biharmonic
equation is similar to that for solving the Poisson equation. Only critical steps
are presented here. Consider the process of integration with respect to x;. For
each interior point, e.g. 7y, one can form the following system of four algebraic
equations

g®) [0]
Z w[x1 371] )

od o2
+ —101[%-](%‘) + _102[901, (v5) + @iC33,)(5) + Cz g (v5), (3.32)
Z w m (@) + _101[%] (7)) + @iC201 () + O3z (7)),

8@

(3.33)

o(B) =Y w1 (8)
k=1
53 57
+—=C1 h](%)Jr —C2,1(75) + BiC34,) (75) + Cdpay ) (v5), (3.34)

a”(ﬁﬂz B 1 E) + D014 00) + BC2005) + O3y ().

ox;
¢ k=1

(3.35)
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which can be solved analytically for four integration constants, namely C'1(,,,
C2(,), C3y,) and C4p,,y. The field variable v and its derivatives will thus be
expressed in terms of network weights and boundary conditions as

N (R (B0, 00 (o] | Ov(a) | o) Ov(B)
v(w_;w[mD[zi] + M7 v(e) + N o(B) + B 2, Qe gg,
(3.36)
W(Y) N~k B 0] 0 1 du(e) ) 9v(B)
B, —kZ:lme[ Mgl v(e) + NG (8) + P o0, T Qe o,
(3.37)
Po(y) _ N, k) k2], g gl2) 2] 3( ) 2 Ov(B)
02 :kzw[zilDw + MiZole) + NZo(B) + P + QL) Ty,
=1
(3.38)
Pv(¥) X k) Bl g g08] (3] 3( ) 13 Ov(B)
onr = 2wl DY + M u(e) + N (B) + AL QL
k=1
(3.39)

where D[[ajf] ) M[[w]] N[[m] L ‘1_ and Q are known functions of v, « and 3.
Through (3.36), one can express the network weights in terms of the nodal
variable values and the boundary conditions as

[0]-1 0 0] o 3Va 0] 9V
Wia;] = D[a: i] <Vip - M[zi]v@ - N[mi]"ﬁ - P - Q[z"]a_xi) ; (3.40)
where M% }], N&], PB]A and QB{] are n;, X n;, diagonal matrices. In the
physical space, the values of derivatives of v will be computed by
O _ o )
6_x;1 = E[xi]vip + k[xi]7 (3.41)
O*v 5 2N
v _ 2 2
v _ gl 1]
o E[ g Vip + k[ it (3.44)

where E{ B and k[ ;) are respectively known matrices and vectors, whose
entries are functions of x, a, 3 and the prescribed boundary conditions.

For the calculation of mixed partial derivatives of v, dv*(x)/0x70x3, the
following relation is employed

o' 1| 9% [90% 0* (0%
927027 ~ 3 [% (%) " o2 (%)] | (3:45)
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In (3.45), differential operators 9%()/0z7 and §?()/0x7 are approximated by
means of second-order IRBFNs, while §*v/dz% and 9%v/0x7 are simply taken
from (3.43).

Making use of (3.41) and (3.45), the discrete form of the governing equation
(3.31) will be obtained. It can be seen that the IRBFN formulation leads to

Nip
=1"

a square system of linear equations in n;, unknowns {v(x")}]

4 Numerical results

Several linear and nonlinear examples are considered here. For scattered data,
collocation points are generated using the PDETool of MATLAB with the
“mesh size” h estimated as h = /A//A /2, where A is the area of the domain
and A is the number of triangular elements. The MQ width a*) is simply
chosen to be the distance between the centre ¢*) and its closest neighbour.
In the case that the exact solution is available, the accuracy of a numerical
scheme is measured through the discrete relative Lo error of the solution
defined as

’I’Lip 2

| T [ 60) — 0)
127 fe(x®)2

where f. and f are the exact and calculated solutions, respectively. Another

important measure is the convergence rate of the solution with respect to the
refinement of spatial discretization, defined by

N.(h) ~ 00" = O(h"), (4.47)

(4.46)

where 6 and v are the exponential model’s parameters and h is the “mesh
size”. Given a set of observations (N, — h), these parameters can be found by
the general linear least squares technique.

4.1 Example 1

This example is concerned with the Poisson equation in a unit circular domain
with its centre located at the origin. The driving function and exact solution
are

b(x1,22) = —27° sin(7xy) sin(wzs), (4.48)
ue(x1, 22) = sin(may) sin(mag). (4.49)

Both gridded and scattered data are employed (Figure 4.2a). For the for-
mer, the interior points are obtained from uniform grids with densities of
5x5,8x8, -+ ,50x50. The boundary points are formed by 2(n,, +n,,) nodes
uniformly distributed along the boundary (n,, —the number of points along
the z; direction). The “mesh size” h here is chosen to be the grid spacing. Re-
sults concerning N, are presented in Figure 4.2b. For both discretizations, the
present technique yields a fast rate of convergence, i.e. O(h*%) for scattered
data and O(h*?3) for gridded data.
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O Scattered points
O Structured points
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Figure 4.2. Poisson equation, circular domain: (a) Scattered and gridded data, and
(b) Error N, versus the “mesh size” h. Results with gridded data are more accurate
than those with scattered data.

4.2 Example 2

This example is governed by the biharmonic equation in a square domain
[-1,—1] x [1,1]. The exact solution here is the same as that of the previ-
ous problem. The problem domain is discretized using scattered and gridded
points (Figure 4.3a). For gridded data, there are 12 uniform grids employed,
namely 5 x 5,8 x 8, ---,38 x 38. Figure 4.3b shows the convergence behaviour
of the present method. The solution converges as O(h*%%) for scattered data
and O(h*3%) for gridded data.
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Figure 4.3. Biharmonic equation, square domain: (a) Scattered and gridded data,
and (b) Error N, versus the “mesh size” h. Results with gridded data are more
accurate than those with scattered data.

4.3 Example 3

The present IRBFN method is applied to the simulation of a well-known lid-
driven cavity viscous flow. This problem has usually been used as a model
for the testing of new numerical schemes in CFD. The lid-driven cavity flow
possesses physically unrealistic characteristics (discontinuous velocity) at the
edges of the lid. This leads to a rapid change in stress near those points,
thereby making the numerical simulation difficult.

In the context of Newtonian-fluid flow, Ghia, Ghia and Shin [7] have re-
ported accurate solutions for a wide range of the Reynolds number using a
multigrid FD scheme with very dense grids. These results have often been
cited in the literature for comparison purposes. Recently, by using the Cheby-
shev collocation technique, which exhibits exponential convergence/spectral
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Table 4.1. Lid-driven cavity flow, Re = 1000: Extrema of the vertical and horizontal
velocity profiles through the centre of the cavity. It is noted that cpi. stands for
consistent physical interpolation; stagg. staggered; ¢ — w the stream function and
vorticity formulation; and u — p the velocity-pressure formulation.

Method Density vy, (error %) a5 Vomaz (crror %) @ Vomin  (error %) @

Present 21 x 21 -0.39819 (2.480) 0.149 0.37826 (0.351) 0.159 -0.54847 (4.061) 0.934
27 X 27 -0.39433 (1.485) 0.164 0.38027 (0.883) 0.157 -0.54446 (3.300) 0.916
31 x 31 -0.39312 (1.175) 0.167 0.38008 (0.833) 0.156 -0.53993 (2.440) 0.913
37 X 37 -0.39156 (0.774) 0.169 0.37901 (0.549) 0.157 -0.53450 (1.409) 0.910
41 X 41 -0.39067 (0.544) 0.170 0.37833 (0.369) 0.157 -0.53207 (0.948) 0.910
47 x 47 -0.38967 (0.287) 0.170 0.37752 (0.154) 0.157 -0.52972 (0.503) 0.909

FVM,stagg. 128 X 128 -0.38050 (2.077) — 0.36884 (2.149) — -0.51727 (1.861) —
FVM,cpi. 128 x 128 -0.38511 (0.890) — 0.37369 (0.862) — -0.52280 (0.812) —

[5]
FDM(7 — w) 129 x 129 -0.38289 (1.462) 0.171 0.37095 (1.589) 0.156 -0.51550 (2.197) 0.906
7

[7]
FDM(u — p) 256 x 256 -0.3764 (3.132) 0.160 0.3665 (2.770) 0.152 -0.5208 (1.192) 0.910
[4]

Benchmark -0.38856 0.171 0.37694 0.157 -0.52707 0.909
[3]

accuracy, for the calculation of a regular part of the solution, and by using
analytical formulae to obtain the singular part, Botella and Peyret [3] have
provided benchmark spectral results on the flow at Re = 1000. It will be shown
that the IRBFN results are in better agreement with the spectral solutions
than the FD ones.

Unlike our previous works that study this flow, the present work takes the
stream function formulation as the governing equation

(P Py \ o (Y 0
Ozo \ Oz = Ox10x3 Oy \ Oxe02% Oz
1 (84w 5 ot 8‘%)

Re \0a% " “020:2 T 0l

(4.50)

where 1) is the stream function and Re is the Reynolds number. The vorticity
and stream function are defined by

8’02 81}1
=— - — 4.51
v (91'1 8:}52’ ( o )
o o
o=, =, (4.52)

where v; and vy are two components of the velocity vector in the z;— and
xo—directions, respectively.

The lid slides toward the right at unit velocity, while the other walls remain
stationary:
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1 =0, 8—1/) =0, on z1=0andx =1, (4.53)
8951
0
W =0, a—i —0, on xy=0, (4.54)
o 0 _
w = O, 87:62 = 17 on  xg9 = 1. (455)

The obtained nonlinear system of equations is solved using a trust region
technique [18]. Six uniform grids, namely 21 x 21,27 x 27, --- ;47 x 47, are em-
ployed to study the convergence behaviour of the method. Results concerning
extrema of the velocity profiles along the vertical and horizontal centrelines
for the flow at Re = 1000 are summarized in Table 4.1. The corresponding
results obtained by the pseudospectral method [3], FDM [4,7] and FVM [5]
are included for comparison. The IRBFN results are in better agreement with
the spectral solutions than those predicted by FDMs and FVMs.

Unlike the pseudospectral technique [3], the presented global method does
not require any special treatments for the singularity in stress at the two
top corners. This attractive feature is probably owed to (i) the optimality of
RBFNs [6] and (ii) the use of integrated basis functions.

5 Concluding remarks

This paper presents a meshless IRBFN collocation method for the solution
of Dirichlet boundary value problems governed by second- and fourth-order
elliptic PDEs. Integration is applied here to construct the RBFN approxima-
tions for the field variable, which helps to stabilize the numerical solution.
All relevant integrals are obtained in analytic forms, and hence there is no
need for the division of the problem domain into a set of elements. Moreover,
prior to the transformation process, the constants of integration are utilized
to incorporate the boundary conditions into IRBFNs, providing an effective
way to implement the boundary conditions. Numerical results obtained show
that the present technique achieves a high level of accuracy with relatively
low numbers of points.
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Summary. In this contribution we describe a numerical method based on the ap-
plication of a meshfree interpolation technique (Moving Least Squares (MLS)), for
the development of a higher-order finite volume discretization useful on structured
and unstructured grids. With this procedure it is possible to build a higher-order
scheme in which the computation of the derivatives is performed in a truly three-
dimensional way. We use a MLS approach to compute the successive derivatives
needed for the approximation of variables at element interfaces using Taylor series.
Due to the use of cubic (or higher) reconstructions with the MLS technique, vis-
cous fluxes are also approximated with higher-order accuracy and can be directly
computed at edges.

The higher-order accuracy achieved by this method makes it suitable for aeroa-
coustics problems and DNS and LES of turbulent flows. One of the advantages of
the use of the meshfree method on a finite volume framework is that it is possible
to exploit all the shock capturing techniques developed for finite volume methods,
allowing the computation of compressible flows. Moreover, we also present the ap-
plication of this interpolation technique to shock detection. We make use of its
connection with wavelets, and develop a technique we believe superior to traditional
shock capturing methods. This application could be included in a very natural way
in the computations with the method presented herein.

Key words: Moving Least Squares, higher-order methods, shock capturing,
compressible flow.
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1 Introduction

Higher-order accuracy and absence of unphysical oscillations in the vicinity
of large gradients: this two contradictory requirements have attracted the at-
tention of researchers since the early ages of numerical methods. The research
aimed to address this problem has made possible the development of many
“higher-order” accurate methods in the last decade. Nevertheless, the case
of non smooth solutions for the compressible Navier-Stokes equations on un-
structured grids, is still a challenging area of research.

In the field of Computational Fluid Dynamics (CFD), the increase of the
order of accuracy in finite volume methods on general unstructured grids, has
been limited due to the difficulty in the evaluation of field derivatives. These
derivatives are required for the reconstruction of field variables by Taylor
expansions [1,2]. Moreover, simple extension of the 1D algorithm for multi-
dimensional problems introduces numerical viscosity in case of waves moving
in an oblique direction to the grid.

This difficulty may be overcome by meshfree methods. In this context,
the Smooth Particle Hydrodynamics (SPH) method was first introduced in
astrophysical applications [3]. The Moving Least Squares (MLS) method was
proposed by Lancaster and Salkauskas [4] for smoothing and interpolating
data. The good behavior of this method for the interpolation of scattered
data has focused the attention of the meshfree community, and it has been
widely analyzed [5].

In [6-8] a higher-order finite volume method using the MLS approximation
has been proposed. In that method (FV-MLS in the sequel), the spatial finite
volume discretization uses the MLS approximation to generate an underlying
approximation space similar to that generated by shape functions in the fi-
nite element method. MLS approximation is used to compute the successive
derivatives of the field variables. The meshfree nature of the MLS technique al-
lows the development of a truly multidimensional higher-order approach with
a finite volume scheme. The continuous spatial representation given by MLS
is “broken” inside each cell into piecewise polynomial expansions, to make use
of the finite volume technology for hyperbolic problems.

When a higher-order scheme is used and the solution is not smooth, there
is a need of some kind of dissipation to maintain stability. The most usual
technique in finite volume computations are flux limiters. For second order
finite volume schemes well behaved limiters have been developed, but for
higher-order reconstructions, the problem is still open. If the limiter is active
over the whole domain, the higher-order accuracy of the reconstruction in
smooth regions is lost. In this framework, selective limiting is critical. It is
possible to use the multiresolution properties of MLS approximants to design
a shock detector [5,7]. It can be easily implemented in a code using the FV-
MLS method. Preliminary tests are very promising.

In this contribution, we revisit and describe the FV-MLS method and
some of its features, including several numerical examples. The outline of the
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paper is as follows. Section 2 presents the governing equations and section 3

is devoted to numerical formulations. Shock detection is introduced in section
4, and several numerical examples are presented in section 5.

2 Governing equations

The Navier-Stokes equations can be written in conservative form as:

o . O(F, — FY) N o(F, - F))

=0 2.1
ot or dy (2.1)
being
P g”z PUy
U=|"" F,= Uz P F, = p?”y (2.2)
PUy PULVy pUy +p
pE pv. H pvyH
0 0
FY = To FY = Tov 2.3
Tay Y Tyy (23)
Vg Toeae + VyTey — Qa Ve Tay + VyTyy — Qy
and
1 P
pE:pe+§p('v-'v) H:E+; (2.4)
The stress tensor is given by
8’1& (%j 2
T — =V - vd;; 2.5
Tij s <6.§CJ + 8%1 3 v j) ( )

where F = (F,, F,) is the inviscid flux term, and FV = (FX,FL/) the
viscous flux. On the other hand, U is the vector of conservative variables,
v = (Ug, vy) is the velocity, p is the effective viscosity of the fluid, H is the
enthalpy, F is the total energy, e is the total internal energy and p is the
density.

The thermal flux ¢ = (¢,, gy) is calculated by using Fourier’s law although
alternative formulations are possible. The authors are working on developing
formulations for the calculation of this term based on Cattaneo’s law [9].
It is assumed that the viscosity depends on the temperature according to

Sutherland’s law: s
Trer + So T ’
= lpef—m—F 2.6

W= el =5 Tros (2.6)
where T is the temperature, the subindex ref refers to a reference value and
So = 110.4K is an empirical constant (Sutherland’s temperature).
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3 Numerical schemes

3.1 Finite Volume Method

In order to solve equation (2.1), a finite volume scheme with the numerical
flux proposed by Roe [10] has been used. The equation to be solved is the one
resulting by the application of the finite volume discretization:

nedger nqr

AI% = > Y F-F)-n], Wy (3.7)

iedge=11iq=1

Ay is the area of cell I, nedge; the number of cell edges, U the average
value of U over the cell T (associated to the cell centroid), ig is the index for
integration points and W are the integration weights.

The MLS approximation has been used to compute the derivatives and
the viscous fluxes as it is explained in the following sections. For convective
terms, higher-order accuracy is achieved by using a Taylor expansion in the
reconstruction of variables at the edges, whereas viscous fluxes are directly
computed at quadrature points.

3.2 Moving Least Squares (MLS)

The aim of meshless methods is to solve the continuum equations in a particle
framework, by using the information stored at certain nodes without reference
to any underlying mesh. If this particle approach is used in combination with
classical discretization procedures (e.g. the weighted residuals method), then a
spatial approximation is required (similar to “shape functions”, as in the finite
element method). Such an interpolation scheme should accurately reproduce
or reconstruct a certain function and its successive derivatives, using the nodal
(particle) values and “low-level” geometrical information about the grid, such
as the distance between particles. Furthermore, in order to achieve computa-
tionally efficient algorithms, the interpolation should have a local character,
i.e. the reconstruction process should involve only a few “neighbor” nodes.
Let us consider a function u(x) defined in a domain (2. The basic idea of the
MLS approach is to approximate u(x), at a given point x, through a weighted
least-squares fitting of w(x) in a neighborhood of @ as

u(@) ~a(@) =) pi@ai(z)|  =p"(@)al(2) (3.8)
=1 zZ= zZ=x
p” () is an m-dimensional polynomial basis and a(z)‘ is a set of parame-
Z=XT

ters to be determined, such that they minimize the following error functional

)| ] .

(3.9)

)= w-yn
z=x YENR,

[u(y) -p

zZ=T zZ=xT
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being W(z — y, h)‘ a kernel with compact support (denoted by (2,) cen-

tered at z = x, freqagntly chosen among the kernels used in standard SPH.
The parameter h is the smoothing length, which is a measure of the size of
the support {2,. Following [7], the interpolation structure can be identified as

u(x) = pT(:c)Mfl(ac)PQwW(as)'Lmac = NT(ac)'u,gm = i:Nj(m)uj (3.10)

where the vector up, contains the pointwise values of the function u to be
reproduced at the n, particles (nodes) inside {2,. We define the (m x ng)
matrix P, = (p(x1) p(x2) - p(x,,)) and the (ng X ng) diagonal matrix
W = diag [W; (x — x;)] with i = 1,...,n,. Moreover, M = PQmWP,Z_(;m is
the moment matrix (see [7]).

The approximation is written in terms of the MLS “shape functions”
N7 (x) =p"(x)C(x), where C(z) is defined as C(x) = M~ (z)P o, W (x).
In this work the following polynomial cubic basis is used:

p(x) = (1 z y xy z* v Xy ay? 2P y3)T (3.11)
which provides cubic completeness. In the above expression, (x,y) denotes
the cartesian coordinates of @. It is frequent to use scaled and locally defined
monomials in the basis [7]. The particles needed for the application of the
method are identified with the centroids of every cell of the grid. For boundary
cells, we add nodes (ghost nodes) placed in the middle of the edge wall.

A very important point of this method is the construction of the stencils
that determine the clouds of points to be used for the approximation. These
stencils are built at the beginning of the computation process. If the mesh is
not moving, stencils will not change in time and will be only computed once.
In section 3.4 we present some comments about stencils. Complete details
about this method can be found in [6-8]. We remark that the calculation of

the parameters a(z) leads to “shape functions” that allow us to write an
zZ=x
approximate solution:
Na

i(x) = Z ujN;(x) (3.12)

Then, the gradient of u(x) is evaluated as

?’LwI

Vii(z) = Y u; VN;(x) (3.13)
j=1

For the case of unlimited reconstructions, where only smooth solutions are
calculated, the derivatives of the field variables are computed directly at
centroids using moving least-squares. Thus, the approximate gradients of a
vector-valued function evaluated at the centroid of a cell I (Uy) read:



162 X. Nogueira et al.

VU[ = Z UjVNj(:L‘]) (314)

j=1

whereas the second derivatives can be written as follows:

U <& PN () 0°U;r <A, 92N, (1)
- Z Ui— 555 = § :Uj "
Oz Oz . dy = oy (315)
82UI ZfUa2NJ (.’El)

= J
dxdy = 0xdy

j=1

Higher-order derivatives are obtained in a straightforward way. In this work,
first-order derivatives are computed as full MLS derivatives, whereas second
and third-order derivatives are approximated by the diffuse ones [6-8]. The
diffuse derivatives result of neglect the successive derivatives of matrix C(x),
when computing the derivatives of matrix N = p”C. It is possible to show
that diffuse derivatives converge optimally to the complete ones [11]. Although
this approach greatly simplifies the computing of the MLS approximants,
in the case of problems involving rough grids may require the use of full
derivatives.

3.3 FV-MLS method.

Standard higher-order schemes are constructed through the substitution of
a piecewise constant representation for a piecewise continuous(usually poly-
nomial) reconstruction of the flow variables inside each cell. Due to the fact
that the reconstructed fields are still discontinuous across interfaces, the dis-
cretization of viscous terms is done by different procedures. This “bottom-
up” methodology is quite different to the way in that the FV-MLS method
works. Here, we work with pointwise values of the conserved variables, asso-
ciated to the cell centroids. The spatial representation provided by the MLS
approximants is continuous and higher-order accurate. Within this frame-
work, the discretization of elliptic terms is straightforward. In order to deal
with convection-dominated problems and to take the most of the finite vo-
lume technology for hyperbolic terms, we break the continuous representation
inside each cell by means of Taylor expansions (“top-down” procedure). The
resulting scheme is like a Godunov method [12] in the convective terms, but
with a much clearer and more accurate discretization of elliptic terms. In the
following sections, it is shown how the reconstruction process is made.

Reconstruction of Inviscid Fluxes.

A reconstruction scheme to evaluate the value of the variables at the edges of
the element and compute the numerical flux is needed to apply a higher-order
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finite volume method. Using a Taylor expansion, the linear component-wise
reconstruction of the field variables inside each cell I reads:

Ux)=U;+VU; (x—x) (3.16)

U is the average value of U over I (associated to the centroid), x; denotes
the cartesian coordinates of the centroid and VU7 is the gradient of the vari-
able at the centroid. The aforementioned gradient is assumed to be constant
inside each cell and, therefore, the reconstructed variable is still discontinu-
ous across interfaces. Note that we have broken the continuity of the spatial
representation of the variable. This allows to connect the method with clas-
sical higher-order finite volume schemes. The first, second and third-order
derivatives of the field variables will be computed using MLS approximations
(equations 3.14 and 3.15).
Analogously, the quadratic reconstruction reads

U(m):U1+VU1-(w—:cj)+%(w—az1)TH1(ac—m1) (3.17)

where H; is the centroid Hessian matrix.
In case of cubic reconstruction:

1 1
Ux)=U;+VU; - (x—x)+ §(w—a:1)THIa: —xr+ EAQ:E?TI (x —xr)

(3.18)
where
A%af = ((@ =20’ (v -u)’) (3.19)
and
U 4 0°U;
oz 920y
T, = (3.20)
*U; 2°U;
ozxdy® Oy’

For unsteady problems, additional terms must be introduced in (3.17) and
(3.18) to enforce conservation of the mean, i.e.

1

€ / U(@)d2 = U, (3.21)
AI xzENr

Thus, the quadratic reconstruction for unsteady problems reads:
1
U(LIJ) =U;+VU;- (513 — 331) + 5((11 — it])TH[(m — wj)—

1 [I 0?U 0?U 0?U

— e—> + 20, —— —_— .22
2A; ox? + Y 0x0y ly Oy? (3:22)

with:
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2 2 2

In case of non smooth solutions many shock limiter techniques may be
used, including slope limiters techniques (e.g. [13]). Those limit the value of
the derivatives in order to impose monotonicity on the solution. Here, mono-
tonicity means that the value of the reconstruction of a variable in one cell
can not exceed the maximum and minimum values of the variable in a set
of neighboring cells. This set is composed of the first neighbors, but other
options are possible [7].

Reconstruction of Viscous Fluxes.

Viscous terms discretization is a great problem for methods that use piecewise
polynomial approximations. For example, second order schemes often use the
average of the derivatives of the flow variables on each side of the interface
to compute the viscous fluxes. This is not acceptable for higher-order appro-
ximations. The FV-MLS method performs a centered reconstruction of the
viscous fluxes at the quadrature points on the edges using information from
neighboring cells. The evaluation of the viscous stresses and heat fluxes re-
quires an approximation of the velocity vector, the temperature, and their
corresponding gradients, Vv and VT, at each quadrature point x;,. Using
the MLS approximation, these quantities are readily computed as:

nr nr
Vig =Y _0;Nj(@ig), Tig= Y TjNj(xi) (3.23)
j=1 j=1
and
nr nr
Vv, =Y v;® VNj(xig), VTig=Y T, VN;(zi) (3.24)
j=1 j=1

where ny is the number of neighbor centroids given by the stencil. Then, the
diffusive fluxes can be computed according to equation (2.3). We note that
complete derivatives have been used for the computation of viscous fluxes.

In the application of a higher-order finite volume method, the accuracy
of the numerical integration of fluxes at edges is crucial. Thus, it is required
to use more than one quadrature points to compute the flux integrals. In
this work, 2D calculations have been performed by using three quadrature
points per edge for the cubic reconstruction, whereas 3D calculations have
been computing with four quadrature points per face. The order of conver-
gence achieved with this method for the reconstruction of viscous terms is the
same than the one for the reconstruction of inviscid fluxes. If m is the order
of the polynomial basis, then the order of convergence of the global scheme is
m+1[7,14].
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Figure 3.1. Upper figure: Stencil for interior points (left) and edges (right) for MLS
interpolation. Lower figure: Full 4" order FV-MLS stencil: Euler and Navier-Stokes
(left) and elliptic problems (right).

3.4 The full stencil of FV-MLS.

Figure 3.1 shows the stencils to compute the MLS shape functions for the
fourth order FV-MLS method. A complete description of the stencils can be
found in [7,8]. For inviscid problems, the stencil of a cell I is obtained as
the union of its MLS stencil and the MLS stencils of its first neighbors. As
it can be seen in figure 3.1 the full stencil comprises 25 cells. Analogously,
the stencil of the “viscous” discretization is obtained as the union of the MLS
stencils associated to all the edges of cell I, and it comprises 21 cells. This
is in fact a quite compact stencil, despite the preconceived ideas about the
non-compactness of this approach. In [8] it is shown that the average number
of entries in each row of the coefficient matrix (what can be considered as a
measure of the compactness of a scheme) is fewer for the FV-MLS method
than for several DG methods for the same order of accuracy.

4 Shock detection

An interesting feature of MLS approximations is its connection with wavelets
[5], where it is used for error estimation and adaptivity. Let consider a function
u(x). Let us define two sets of MLS shape functions N"(z) and N?"(x),



166 X. Nogueira et al.

A B

Figure 4.2. Shu-Osher problem, 400 cells, limiters active everywhere for the linear
reconstruction (A), quadratic (B) and cubic (C) reconstructions. Selective limiting
(at asterisk points) for the quadratic (E) and cubic (F) MLS interpolation. High-
scale components of the density are shown in D.
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computed with smoothing lengths h and 2h. We obtain h-scale and 2h-scale
approximations:

"(@) = iuij ()  u(z)= iuij"(w) (4.25)
j=1 j=1

Thus, it is possible to obtain a set of wavelets functions with:
& (x) = N'(z) — N?(x) (4.26)

Then, we can write the h-scale solution as the sum of its low-scale and high-
scale complementary parts:

u'(x) = u?h(x) + T (z) (4.27)

with
w2 (g Z u; B3 (x Z uj(N"(x) — N?"(z)) (4.28)

The low-scale u?"(x) can be further decomposed using the same rationale.
Function ¥2"(x) acts as a smoothness indicator for u(z), and so it is possible
to use it as shock detector or error sensor for adaptative and multiresolution
algorithms. A complete development about this topic can be found in [7]. As
an example of the performance of this shock detector,we present the results
for the 1D Shu and Osher problem [15] in figure 4.2. In this figure the reference
solution has been computed on a grid of 3200 cells with the quadratic recons-
truction and the limiter active everywhere. The 1D Euler equations are solved
n [—5, 5], with 400 cells and initial conditions (p, v, p) = (3.857,2.629, 10.333)
if z < —4 and (p,v,p) = (1 + 0.2sin(5z),0,1) if z > —4.

5 Numerical examples
In this section we present two examples: a shock wave impingement on a

spatially evolving mixing layer, and a non viscous supersonic flow. For the
following calculations we use the cubic kernel:

35 34
-2 . <
1 25 +45 s<1
71
W(s) = 12-9"  1<s<o (5.29)
0 s> 2

The smoothing length is the same in each direction. Further examples and
discussion can be seen in [7,8,14].



168 X. Nogueira et al.

5.1 Shock wave impingement on a spatially evolving mixing layer.

We reproduce the example proposed in [16] by Yee et al. An oblique shock
impacts on a spatially evolving mixing layer. The problem domain is the
rectangle [0, 200] x [—20, 20]. The inflow is set with a hyperbolic tangent profile:

v, = 2.5 + 0.5 tanh (2y) (5.30)

Hence, the velocity of the upper stream is v;; = 3, and the velocity of the
lower stream is vyo = 2. The convective Mach number defined by %7
where ¢; and ¢y are the free stream sound speeds, is equal to 0.6. The shear
layer is excited by adding a periodic fluctuation to the vertical component of

the velocity inflow, as:

2 2
v, = Z aj, COS (27;]% + qbk) e(%) (5.31)

k=1

where T' = 7%, u. = 2.68 is the convective velocity defined by u. = %7
wavelength A = 30, b = 10. For k = 1 we take the values of a; = 0.05 and
¢1 = 0. For k = 2, the values are az = 0.05 and ¢ = 7. The reference density
is taken as the average of the two free streams and a reference pressure is
given by:
2
+ Vgl — U

- (p1 + p2) (2m1 22) (5.32)

Under the assumption that both streams have equal stagnation enthalpies,

the local speed of sound reads:

& 2012+

-1
% (0212 — V222 . (5.33)
Equal pressure through the mixing layer is assumed. In the simulation, we
have taken the following values for the freestream:

po=0.3327, Hy=5211, py=5x10""* (5.34)

On the upper boundary we have set the values according to the properties
behind an oblique shock with angle 5 = 12°. Thus, we set the following values:

vy =2.9709, v, = —0.1367, p=2.1101, p=0.4754 (5.35)

On the lower boundary, we impose standard slip-wall BC. With this problem
setup, an oblique shock originates in the top left corner, impacting the shear
layer. The shock wave reflects at the lower wall and passes back through the
deflected shear layer. The problem has been executed by using a fourth order
FV-MLS scheme on both, a 400 x 100 and a 600 x 300 cartesian grids to
compare with a very fine mesh. Figures 5.3, 5.4 and 5.5 show the contours of
density, pressure and temperature. The scheme is capable of capturing the fine
scale features of the flow, such as the formation of shocklets or the splitting
in two of the vortex core located at x = 148, caused by its interaction with
the reflected shock wave.
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Figure 5.3. Solution for the shock wave impingement on a mixing layer at t = 120.
Results for the density on the 400 x 100 grid (A) and on the 600 x 300 grid (B).

A

Figure 5.4. Solution for the shock wave impingement on a mixing layer at ¢ = 120.
Results for the pressure on the 400 x 100 grid (A) and on the 600 x 300 grid (B).

A

Figure 5.5. Solution for the shock wave impingement on a mixing layer at ¢ = 120.
Results for the temperature on the 400 x 100 grid (A) and on the 600 x 300 grid

(B).
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Figure 5.6. Mach isosurfaces for flow past a cylinder, third order reconstruction
(left) and past a sphere, second order reconstruction (right). (See also Color Plate
on page 376)

5.2 Supersonic flow. 3D Euler equations.

In this section we present results for the 3D Euler equations. We have com-
puted the supersonic flow past a cylinder and past a sphere. Mach number is 3
for both examples. Calculations have been performed on a 3D grid (although
it is clear that there exist some kind of symmetry). The limiter developed by
Barth and Jespersen [13] is used. A cubic polynomial basis has been used for
the reconstruction. Figure 5.6 shows Mach isosurfaces for both cases.

6 Conclusions

A higher-order finite volume based method (FV-MLS) coupled with a mesh-
free technique (Moving Least Squares) has been presented. The good behavior
of the MLS for interpolation for scattered point valued data is applied to the
computation of successive derivatives for the reconstruction of the convective
term at interfaces between elements. MLS is also used to compute the viscous
fluxes directly at integration points. This is a very important feature of the
method being possible the computation of these terms with high accuracy.
Moreover, the multiscale properties of MLS allow the construction of a shock
detector easily introduced in a code using FV-MLS. We have presented a 1D
test of this detector for the Shu-Osher problem. The results are very good,
only comparable to those given by ENO/WENO methods. Numerical exam-
ples have been presented, and its results show that it is possible to use this
method for real 3D problems.
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Summary. An enhanced meshfree method, moving least squares approximation
with discontinuous derivative basis functions (MLSA-DBF), has been proposed in
order to accurately track the derivative discontinuities of continuum or structures.
Firstly, quadratic basis functions for MLSA-DBF in three dimensions are presented
and the meshfree formulations in Cartesian coordinates are introduced for the anal-
ysis of shell structures with slope discontinuities. Numerical examples demonstrate
the validity, accuracy, and convergence properties of the proposed method. Secondly,
topology optimization with nonlinear materials under large deformation is estab-
lished based on MLSA-DBF and the level set method. MLSA-DBF can achieve ac-
curate stress and strain fields and obtain accurate sensitivity analysis in the topology
optimization problems with fixed/moving material interfaces. The numerical results
give faster convergence rate than the method without treatments for material in-
terfaces, and show superior advantages for large deformation problems. It is shown
that MLSA-DBF, which is a simple, universal and accurate method without extra
parameters, can accurately track not only the material interfaces but also the slope
discontinuities and even moving interfaces.

Key words: Meshfree Methods, Discontinuous Derivative Basis Function,
Shell, Slope Discontinuity, Topology Optimization

1 Introduction

Various meshfree methods have been proposed, enhanced and are now widely
used in lots of engineering and scientific fields due to the common features
involving simple preprocessing, versatile in solving large deformation prob-
lems, smooth approximation etc.. However, the smooth meshfree approxima-
tion leads to inaccurate strain/stress solutions of the problems with derivative
discontinuities. Many efforts have been made to propose the enrichments of
meshfree methods in order to obtain accurate discontinuous strain/stress so-
lutions. By Patch Method [1,2], the strain/stress solutions show oscillations in
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vicinity of the interfaces. The wedge-type enrichment of Element-free Galerkin
Method (EFG) was proposed in [3] with additional degrees of freedom. Re-
searches in [4] proposed a jump function enrichment on RKPM without addi-
tional degrees of freedom. The method combining MLPG5 and MLPG2 was
proposed in [5], which is deficient in consistency due to the inconsistent basis
functions. Moving Least-Squares Approximation with Discontinuous Deriva-
tive Basis Function (MLSA-DBF) was presented in [6] which adopts different
sets of consistent basis functions in the subdomains split by the interfaces. In
this work, MLSA-DBF is extended to analyze shells with slope discontinuities,
and applied to the level-set based topology optimization.

So far, to the best of the authors’ knowledge, current research literatures
only document shell analyzes with academic smooth surfaces [7-12]. The para-
metric coordinates are employed to construct approximation functions except
researches in [10] which indicated that neither Moving Least-Squares nor Re-
producing Kernel approximations can be constructed when the shell geometry
is described by multiple parametric domains. In this research, MLSA-DBF
formulations in Cartesian coordinates [10] are proposed for shear deformable
shell structures with slope discontinuities.

Another topic of this work is the application of MLSA-DBF to the topol-
ogy optimization. As an attractive methodology, the level set method [13] was
widely used for modeling and tracking the moving boundaries with topology
changes [14], and was developed to solve various topology optimization prob-
lems [15-17] in recent years. In most of the past researches on the level-set
based topology optimization, the structural responses are solved by conven-
tional FEM with structured mesh. The structural responses and sensitivity
analysis will lose accuracy if no special treatment is adopted to handle the
material interfaces which may cross the element during the topology evolu-
tion. Researches in [16] proposed an topology optimization method combined
with extended FEM (XFEM) method to deal with the moving material in-
terfaces. In this study, MLSA-DBF is employed to track the fixed/moving
material interfaces in the level-set based topology optimization and to solve
the problems with large deformation.

In the following discussion, 3-D MLSA-DBF with quadratic basis func-
tions are given in section 2. In section 3, meshfree formulations in Cartesian
coordinate for shear deformable shell structures with slope discontinuities are
proposed. Level set based topology optimization and the techniques to track
the moving interfaces are proposed in section 4. Following some numerical
examples in section 5, the conclusions are drawn in section 6.

2 MLSA-DBF with Quadratic Basis Functions

In this paper the following abbreviations are used: MLSA-CBF: MLSA
with Conventional Basis Functions; MLSA-DBF: MLSA with Discontinuous
Derivative Basis Functions; MLSA-QDBF-3D: MLSA-DBF with Quadratic
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Basis Functions for 3-D problem; MLSA-LDBF-3D: MLSA-DBF with Lin-
ear Basis Functions for 3-D problem.

Following the researches on 2-D MLSA-DBF in [6], the following two sets
of complete quadratic polynomial functions are adopted for MLSA-QDBF-3D
to make the local approximation u () in a small neighborhood of &

2
ul () = Y Oaam (x—2q)" (y — ?jd)ﬁ (z—Za)”
= X , (2.1)
ul (z; @) = 52 bagy (= Za)" (y — §a)" (2 — Za)”
a,B,v=0

where &4 = (Z4, Yd, Za) is the point on the interface surface with the shortest
distance to & = (Z,¥, 2). The unknown coefficients, an3, and byg, are as-
sociated with . The interface I'js is expressed by a function h (x;&4) = 0,
and the sub-domains beside I'j5 are denoted as 2 and (25, where h (x; Z4) >
0 for @ € £ and h(x;x4) < 0 for € {25. The interface in 3-D is taken
to be a plane. If the interface is a curved surface, the tangent plane at &y is
constructed as the pseudo interface. Fig. 2.1 plots the discontinuity interfaces
I}, the sub-domains (2; and (25, and the points & and z4.

Quadratic basis functions for MLSA-QDBF-3D are derived by considering
the following four interface orientations.

(S1) h(z;®a) =0 : (2 — Z0) = ka (v — %g) + kp (y — Ja), (ka)” + (kp)* #0
(52) h($,§:d):0 crx—29=0
(93) h(z;24) =0 : y—ya=0
(S4) h(z;xg) =0 : 2—23=0

Here the procedure for the situation (S7) is shown to derive the corres-
ponding basis functions of MLSA-QDBF-3D. The following five points on
the interfaces are used to enforce the displacement continuity condition, i.e.,
ul (x5 @) = uf (z;2):

Ta1 : (Td, Yd, Zd);

Taz : (Tg+ Az, g, 2a + Az) , AxAz # 0, Az = kaAx;
Tas 1 (Tg + AT, ya, Za + AZ) , AZAZ #£ 0, AT # Az
Taa : (T, g + Ay, Zq + Az) , AyAz £ 0, Az = kpAy;

Figure 2.1. Conceptual interpretation of discontinuity interface of 3D MLSA-DBF
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s (Ta, Yo + AY, 2a + AZ) , AGAZ # 0, Ag # Ay.
To satisfy ul (zq1;x) = ul (x41; ) yields

aooo = booo (2.2)

To satisfy u? (€42 : &) = ult (z42 : &) and ul (xg3 : &) = ub (xg3 : T) yields
b1oo = @100 + aoo1ka — boo1ka (2.3)
baoo = as00 + ago2k? + aro1ka — boo2ks — bio1ka ’

To satisfy uf (€gq : ) = ul (Tgq : ) and uf (g5 : &) = ul (xg5 : ) yields

bo1o = ao10 + aogo1ks — booikn (2.4)
bo20 = ao20 + a()02k123 + aoiiks — bo02k123 —bo11kp ’

For the situations (S52), (S3) and (S54), the relationships can also be
derived by the similar procedure with some proper points on the interface.
By substituting the relationships in (2.3)-(2.4) to (2.1), uf (z;Z) can be re-
cast leading to the quadratic basis functions p; (x — &,4) and p, (x — &4) for
MLSA-QDBF-3D in Table 2.1. The linear basis functions of MLSA-LDBF-3D
can be obtained by taking the first 5 elements of p; (x — &) and P, (x — T4).

The approximated u” (z; ) at the point & can be given by

uh (@) = &1 (E)us (2.5)
I

where wu; is the nodal parameter and @ (&) is the shape function given by

L pip(:c—a:d)(A l(w)B(a:))IazeﬁlLJFlg
Pr(®) =9 .1, - —1 (5 7 (2.6)
Py (@ —xq) (A (z) B (:c))I T €
where
Table 2.1. Quadratic basis functions of MLSA-QDBF-3D
Py (@ —®4) Py (@ —Tyg)
S(1)-5(4) S(1) S(2) S(3) S(4)
Tl 1 1r v 177 1t 717 1
Azxg Axg Azxg Axg Axg
Ay Aya Ay Ay Ay
Azg kadAzq + kpAya Azg Azg Azg
0 Azg — kalAxg — kpAya 0 0 0
(Awq)? (Azq)? (Awq)? (Awq)? (Azq)?
(Aya)? ) (2Ayd)2 ) (Aya)? (Aya)? (Aya)?
(Azg)? k4 (Aza)” + kg (Aya) (Azq)? (Azq)? (Azg)?
Az gAyq 0 Az gAyq Az gAyq AzgAyq
AydAzd kp (Ayd)2 AydAzd AydAzd Ay,iAzd
AzgAzg ka (Azg)? AzgAzg AzgAzg AxgAzg
0 —k% (Azg)® — k3 (Aya)® + (Aza)? 0 0 0
0 AxgAyq 0 0 0
0 AyaAzg — kg (Ayg)? 0 0 0
0 A:chzd — kA (A£d)2 0 0 0
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A (:E) = ZT;1 w (TI) Dy (mI - id) i]{ (xI - jd) (2 7)
1 0 (1) By (T — Za) Py (T2 — Za) '

B(z)=[w(r)p; (x1 —&),...,w (Tmy) D1 (Tm, — T),
AT A 2:8)

where @ (&) is the shape function, and A (z) is the moment matrix. The
nodes 1...mq are in £2; | I'2, and the nodes my + 1...m are in (2.

The moment matrix A could yield a singular matrix due to the following
two possible reasons. Type A: Insufficient influence nodes [6, 18]. Type B:
Linear dependency between the geometry function of the shell surface and
basis functions [10]. Under certain conditions, a singular system can be solved
by a Moore-Penrose pseudoinverse [19,20]. The Moore-Penrose pseudoinverse
provides a least squares solution to A (x)a (x) = b(x). Note that if A is
nonsingular, Moore-Penrose pseudoinverse is just the normal inverse of A.

3 Application to Shells with Slope Discontinuity

The meshfree formulations in Cartesian Coordinates for shear deformable
shells proposed in [10] are employed in this work. The Reissner-Mindlin shear
deformable shell with kinematics is shown in Fig. 3.2.

The local displacement 4 (x) = [ﬁl iy U3 ]T can be expressed as

U af T30
(@) =2 i $=dat b4 d “dsa (3.9)
s it 0

where @} are the translational degree of freedom, and «a and 3 are the rota-

tional degree of freedom.
The global displacement w (x) in Cartesian coordinates is given by

N us1 N
w@) =Y 0 (@) uns b +3 2 @) [ef _ég]{g} (3.10)
I=1 uss I=1

Figure 3.2. Global Cartesian coordinates, local coordinates and sign conventions
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where t is the shell thickness, and &5 = t(/2. The local displacement @ (x) is
obtained by coordinate transformation

N
a(z) =) &r(2)[Q(x), #Q (z)] {dr} (3.11)
I=1

T
where d; = {u1, ur2, uss, 81, ar } and

é (z) €11 €12 €13 B
Q@)= |é&; (@) | = |emémén| , Q) =Q(z)[e] —&5] (312)
él (x) €31 €32 €33

where é;; is the direction cosines between €; and e;.
The local strain tensor & includes membrane strain ™, shear strain &°
. . ~b
and bending strain &, as follows

- { émgg & } (3.13)

Qi 98

iy 2 Qg
en=| g | eoag| e B0 g
Oty | 0l 98 Oa Dz
3o T 071 9iz  0dy
where
D, = 0P, N 0@ 0wy
= aa Uiy = A A (3.15)
aij — 8xj — &vk 890]-
Then one can reach the following stiffness matrix
m—s]1T | A m—s t? T [ b
K=t | [B"]"|C|[B"|da+ 1 | [B']" [C][B"]dA  (3.16)
A A

See [10] for the detailed expressions of C, B7'~* (z) and BY (z). In this
work it is assumed that the thickness ¢ of shells is constant. In order to re-
move shear and membrane locking in thin shells, stabilized conforming nodal
integration [10] are employed to integrate the second term of K, whereas a
direct nodal integration is used to calculate the first term.

For shell structures with slope discontinuities, local coordinates associated
with each tangent plane are defined as shown in Fig. 3.3.

In Fig. 3.3, at a node K located on 2, ambiguity exists in the rotational
degrees of freedom associated with multiple local coordinates. To overcome
this difficulty, a reference to the global Cartesian rotational degrees of freedom
is employed [21] as given in (3.17).
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Figure 3.3. Local coordinates along slope discontinuous line

07

GK
Sey 5o T 1 SéK SéK SéK
Ced | Cone ) o b = LR iR] ok b os-12 )
Bx ) €21 "€ap "€3 ol

where {*ak, Bk }._, are the n sets of local rotational degrees of freedom,
and {65, 0% 0K} are the global rotational degrees of freedom associated with
node K. Note that the above transformation is only performed for the nodes
on the slope-discontinuity line, otherwise, the stiffness matrix will be singular.

When MLSA-DBF approximations in Cartesian coordinates is used to
analyze shell structures, pseudo interface is required and defined as the angle-
bisecting plane of the tangent planes of 21 and (2 at Z,.

4 Application to Level-set Based Topology Optimization

The topology optimization problems in current researches are given as [15]

Minimize J (u,¢) = [, F (u) H (p) df2

i.t. Q(u,p)=T (4.18)
Gp)=[pH(p)d2-V* =0

where, ¢ is the level set function taken as signed distance function to the
topological boundary, J (u, ¢) is the objective function, F' (u) is the objective
function density, H (¢) is the Heaviside function, u is the displacement, G ()
is the volume constraint. @ (u, ) is the internal force vector, and T is the
external force vector. The following regularized Heaviside function H (¢) is
employed [16]

A p < -l

H(p)=3 L(1+sin%) -l<p<l (4.19)

1 >
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where | = 2h and h is the average nodal distance.

Adjoint Method [22] is employed to perform sensitivity analysis of the ob-
jective function J (u, ¢) under the constraint condition Q (u, ¢) = T in (4.18).
Construct a functional © without considering volume constrain condition as
follows

T (u,w, ¢) = J (u,) — {w' Q (u,¢) —w'T} (4.20)

where w is the adjoint variable vector. Taking variation of (4.20) and consid-
ering the stationary condition lead to

Qu,p)=T (4.21)

0Q (u,0)\" 9T (u,9)
((9“) w=—a (4.22)

0 (w” ,
07 (wg) _ 0 (w'Q(u.p) )
dp dp
(4.21) is the system equilibrium equation. The discrete form of (4.23) is given
by

) _ [ mwwiie= [ @B (s @2

where [B] is the Green-Lagrange strain-displacement relation matrix, {S} is
the second Piola-Kichhoff stress vector. The sensitivity analysis of the volume
constraint can be performed by

0G(p) [ O0H(p) .,
e /D 5o Q) = /D § () d2 (4.25)

In order to satisfy the volume constraint, Lagrange Multiplier is employed
in the following Lagrange functional

7 (w,w, ) = J (u,p) + )\/D (H(p) =V*)ds (4.26)

where ) is Lagrange Multiplier for the volume constraint, and it can be cal-
culated by gradient projection method [23] as follows

Jp 1T (u,w) 6% (@) V| df2
fD 52 () V| dS?

Therefore, the normal velocity of the boundary movement will be given as

— u, w G >0
V”{—z[u( i) e <0 (4.28)

A:

(4.27)
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where is V,, the normal velocity. The Hamilton-Jacobi equation for updating
level-set function is given as follows

¢
ot
(4.29) is solved by finite difference method with up-wind scheme. From (4.28),
it is clear that the accuracy of stress/strain solutions will influence the accu-
racy of V,,, and influence updating level set function consequently.
Generally, the level set function is taken as the signed distance function
to the boundaries, which can be written as follows for 2-D problem.

+Va Ve ()] =0 (4.29)

0 x € 012
2 21/2 —
p@)={ —le—ml==[@-w+w-p)| " w2 (430
1/2
+‘$_wd|:+[(x_$d)2+(y_yd)2} z e Nt

where x4 has the same definition in MLSA-DBF. 02 is the boundary or
interface, {2~ is the interior region, and 27 is the exterior region. x4 on the
moving boundary or interfaces can be tracked by the following equations.

wi=y-plen) ZE

The slope of the interface of MLSA-DBF at x4 can be calculated as follows

¢ (z,y)

xd:xftp(:c,y) o )

k=—ni(xq) /ne(xq) , mn(xq) =Ve(xg) (4.32)

With x4 and k one can implement 2-D MLSA-DBF [6] at every step of topol-
ogy evolution. In order to keep ¢ as the signed distance function, reinitializa-
tion [14, 15] is required after solving (4.29).

5 Numerical Examples

Example 1 L-Shape Timoshenko Beam

Timoshenko beam can be regarded as one dimensional shell structure. The
problem statement of an L-shape Timoshenko beam structure subjected to a
tip load f = —0.1 is given in Fig. 5.4. Pseudo discontinuous interface for
MLSA-DBF is plotted by the dashed line at the point C. MLSA-CBF and
MLSA-DBF with quadratic basis functions are used to solve this problem.
Fig. 5.5 shows the axial force and moment solutions, solved by using uniformly
distributed 61 nodes and p = 1.5h, 2.3h, 3.3h, where h is the average nodal
distance.

It can be observed that the slope discontinuity leads to a discontinuous
axial force shown in Fig. 5.5. As displayed in the figures, accurate solutions are
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Figure 5.4. Problem Statement of Numerical Example 1

achieved by using MLSA-DBF whereas the solutions solved by MLSA-CBF
show oscillations around slope discontinuous point. Results in Fig. 5.5 also
illustrate the effect of the influence domain size on the accuracy. The solutions
of MLSA-DBF do not seem to be affected by the influence domain size, and
the Type A singularity in the moment matrix (p = 1.5h) is handled properly
by the employment of Moore-Penrose Pseudoinverse. The solutions of MLSA-
CBF exhibit oscillations in all cases. Fig. 5.6 presents the L2 error norms
in the force-moment solutions, which shows a better convergence property in
MLSA-DBF than in MLSA-CBF. The relative error is defined as

e={F}" —{F}"ll,/ I{F}"[l, (5.33)

where {F}; = { F; M; }T7 {F}" is the numerical solution, and {F}° is the
exact solution.

Example 2 T-Shape Shell Structure

The problem statement is given in Fig. 5.7 with the reference lines where
the strain solutions at the top shell surfaces are compared. The thickness of
the shell is 0.1. The edge GH is fixed, and the prescribed displacements are
imposed on the edge CD as ty|qy = 0.01m, ty|,y = U.lgy =0, algy =
16 | op = 0. All the other edges are free. Material Properties are: Young’s
modulus £ = 1 x 10'° and Poisson ratio v = 0.3. The pseudo discontinuous
interface for MLSA-QDBF-3D is the gray plane shown in Fig. 5.7.

FEM with uniform 120,000 4-node elements using selective reduced inte-
gration is employed for comparison. The left figure in Fig. 5.8 compares nodal
local strain solution e, solved by MLSA-QCBF-3D and MLSA-QDBF-3D
along the reference line a-b-c. The results show a better agreement between
FEM and MLSA-QDBF-3D, and MLSA-QCBF-3D loses accuracy in vicinity
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Figure 5.5. Solutions of L-shape frame: (a) p = 1.5h; (b) p = 2.3h; (c) p = 3.3h

Figure 5.6. L2 norms of errors in force-moment solutions (Example 1)

of the slope discontinuity line. The L2 norms of the following strain error
measure are plotted in the right figure in Fig. 5.8.

e=|{e}" — {e}"lly/ I{e}"Il, (5.34)

where {€}" is the numerical strain solutions and {e}" is FEM strain reference
solutions. The superior accuracy and convergence properties n MLSA-QDBF-
3D are observed.

Example 3 Topology Optimization of Bi-Material Structure

Fig. 5.9 shows the topology optimization problem of a structure with
Mooney-Rivlin materials. The left edge is fixed, and the middle point of the
right edge is subjected to a prescribed displacement u, = 0.3H.

The following strain energy density of Mooney-Rivlin material is employed:

W=A ([ -3) + A2 (- 3) + A(J - 1)% /2 (5.35)
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Figure 5.7. Problem statement of Example 2: (a) Geometry; (b) Reference Lines

Figure 5.8. Solutions of Example 2: (a) Strain solution; (b) Convergence properties

The material properties are: Material 1) A; = 10, Ay = 1 and A =1 x
10%, and Material 2) Ay = 10 x 108, Ay =1 x 10% and A = 1 x 10'°. The
region occupied by Material 2 is fixed. The structure is discretized by 23 x 23
uniformly distributed nodes. The objective function is the strain energy of
the whole design domain. The volume constraint is the area of the domain
occupied by Material 1 is equal to 40% of the whole design domain. The
structure responses are solved by MLSA-DBF and MLSA-CBF, respectively.
The solutions are given in Fig. 5.10.

In the right figure of Fig. 5.10 the optimal designs obtained by different
schemes are compared. In the regions far from the material interface both
schemes give almost same optimal design with less influences of material in-
terface. In vicinity of the material interface, the different designs demonstrate
that the accurate treatment in the material interface is important to achieve
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Figure 5.9. Problem statement and initial design (Example 3) (See also Color Plate
on page 377)

Figure 5.10. Solutions of Example 3: (a) Optimal design; (b) convergence histories;
(c) deformation (See also Color Plate on page 377)

accurate normal velocity of the boundary movement. The superior conver-
gence rate of the scheme using MLSA-DBF can be observed in the middle
figure of Fig. 5.10. The left figure of Fig. 5.10 illustrates the node distribu-
tions in the deformed configurations of the structures with the optimal designs.
The figure reveals the capability of meshfree method to analyze the structures
under large deformations, especially, the extremely large deformations of the
nodes without materials (white points). Obviously, it is difficult for the con-
ventional FEM method to analyze such kind of problems due to the severer
element distortions.

Example 4 Topology Optimization with Moving Material Interface

The problems statement and the initial design are shown in Fig. 5.11. The
structure consists of two kinds of linear elastic materials. The points a and b
are fixed, and a vertical force is applied to the point ¢ of the left edge with
the amplitude f = 1. The objective function is the strain energy of the whole
design domain. The volume constraint is the area of material B equals to 40%
of the area of the design domain. The moving material interfaces are tracked
by the techniques proposed in section 4 and MLSA-DBF and MLSA-CBF are
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Figure 5.11. Problem statement and the initial design (Example 4)

Figure 5.12. Material interfaces at different steps of topology evolution (See also
Color Plate on page 377)

Figure 5.13. Convergence histories: (a) objective function; (b) volume ratio (See
also Color Plate on page 378)

employed to solve the structural responses. The design domain is discretized
by 41 x 41 uniformly distributed nodes.

Fig. 5.12 shows the comparisons of the material interfaces of the inter-
mediate and the optimal designs. With the treatment of moving material
interfaces, the topologies solved by using MLSA-DBF are different from the
results solved by using MLSA-CBF. The oscillations of the strain and stress
solutions solved by MLSA-CBF can not lead to smooth interfaces as MLSA-
DBF. Fig. 5.13 plots the histories of the objective function and the volume
ratio. In this figure, the superior convergence rate of the scheme using MLSA-
DBF is observed, and the objective function of the optimal design also shows
a lower value than MLSA-CBF. Obviously, the higher convergence rate and
smooth material interfaces result from the accurate structural response solu-
tions and normal velocity solved by the scheme using MLSA-DBF.
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6 Conclusions

In this work, the intrinsically enhanced meshfree method, MLSA-DBF, is
extended to three dimensions and the quadratic basis functions are proposed,
which can be used to solve the problems with various kinds of discontinuous
derivatives accurately.

Formulations of MLSA-DBF in Cartesian coordinates are proposed to solve
the shear deformable shell structures with slope discontinuities. The use of
Cartesian coordination in the construction of MLS approximation resolves the
difficulties associated with junctions in 3D shells. The numerical examples
show the less influences of size of the influence domain, and the validity,
accuracy and superior convergence properties of the proposed method.

With the technique of tracking moving interfaces based on signed distance
function, MLSA-DBF is able to solve the accurate structural response solu-
tions which yields the accurate sensitivity analysis. The numerical examples
with fixed and moving material interfaces indicate that accurate structural re-
sponses solved by MLSA-DBF lead to a higher convergence rate of the topol-
ogy evolution and smooth and reasonable boundaries or material interfaces.
The application of meshfree method removes the difficulty to cure element
distortion in FEM-based method for the problem under large deformation.
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Summary. The paper presents recent developments in the Higher Order Approxi-
mation applied to the Meshless Finite Difference Method MFDM [13]. The concept
of the Higher Order Approximation (HOA) [14] is based on considering additional
terms in the Taylor expansion of the searched function. Those terms may consist of
HO derivatives as well as their jumps and/or singularities. They are used as correc-
tion terms to the standard meshless FD operator. Among many applications of the
HOA, special emphasis is focused on a’posteriori estimation of the solution and the
residual error in both the local and global forms. Thus the HOA approach provides
results which may be also used as a high quality reference solution in global or local
error estimators. A variety of 1D and 2D tests done indicate clear superiority of such
estimation approach over those currently used in the other discrete methods [1].

Key words: Meshless Finite Difference Method, Higher order approxima-
tion, correction terms, a’posteriori error estimation

1 Introduction

The Meshless Finite Difference Method [13] belongs to a wide class of the
meshless methods. These methods are nowadays one of the more and more
popular contemporary tools for analysis of boundary value problems. In the
meshless methods approximation of unknown function is described in terms
of nodes rather than by means of any imposed structure like elements, regular
meshes etc. Therefore, the MFDM, using arbitrarily irregular clouds of nodes
and Moving Weighted Least Squares (MWLS) approximation [5,11,13], falls
into the category of the Meshless Methods (MM), being in fact the oldest and
possibly the most developed one of them.

The objective of the paper is a brief outline of the actual development of
the MFDM and presentation of some results of the current research on Higher
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Order approximation (HOA) [15-22] in the MFDM, with special emphasis laid
on a’posteriori error estimation.

In the standard MFDM differential operators are replaced by the finite
difference ones, with a prescribed approximation order. In the HOA approach
the rank of the local approximation is raised by considering relevant higher
order terms originated from the function expansion intro the Taylor series
rather than by introducing new nodes into the MFD operator.

In this paper special attention is laid upon application of the HO MFDM
solution to both the local and global a’posteriori solution error estimations
[16,18-20,22] needed in adaptive generation of new meshes.

2 Basic MFDM approach

The classical FDM was most commonly used in analysis of boundary value
problems posed in the local formulation as a set of differential equations and
appropriate boundary conditions. In the considered domain 2 C R™ with
boundary 9{2 a function u(P) is sought at each point P, satisfying equations

Lu(P)= f(P) for Pef (2.1)

Lyu(P) =g(P) for Pedf (2.2)

Global, more complex, formulations may be also analysed by the MFDM
nowadays. These may be posed either in the form of optimisation of the func-
tional

I(u) = %B(u,u) — L(u) (2.3)

satisfying boundary conditions (2) or as variational principles (e.g. the prin-
ciple of virtual work)

B(u,v) = L(v) for v & Vagm (2.4)

In terms of mechanics the first term B in the energy functional (3) represents
internal energy of the system, while the second one, L, is the work done
by external forces. In the case of variational principle (4), v = v(P) is a
test function from the admissible space V,4m,. The global approach involves
integration over the domain §2. Mixed, global / local formulations may be also
considered. In fact, any formulation of the boundary value problem, which
involves the unknown function and its derivatives, can be used here.

When use of arbitrarily irregular cloud of nodes is admitted in the MEDM,
a variety of problems arise, that have to be solved [11,13]. Some of them,
constituting so called basic MEDM solution approach, will be briefly discussed
below.
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Nodes generation and mesh topology determination

The MFDM solution approach needs generation of clouds of nodes (arbitrar-
ily irregular mesh). Any mesh generator built for the FEM analysis could
be used. However, nodes generator taking advantage of the features specific
to the MFDM analysis may better serve this purpose. Therefore, here nodes
x; = (x4,9i), ©=1,2,...,N are generated using the Liszka type mesh gen-
erator [11,12,13], based on the mesh density control. Nodes are not bounded
by any type of imposed structure, like element or regular mesh. However, it
is convenient to determine afterwards mesh topology information, based on
the already generated cloud of nodes. In 2D domain such information includes
domain partition into the Voronoi polygons and Delaunay triangles, their in-
terrelations, as well as their neighbourhood determination [12,13]. Without
mesh structure imposed, any node can be easily removed, shifted or a new
node inserted with only small local changes of the mesh topology. Voronoi tes-
sellation and Delaunay triangulation of the cloud of generated nodes, followed
by their topology determination, is needed for analysis of the b.v. problems
(e.g. to MFD star selection, numerical integration) posed either in the local
(1)-(2) or the global formulation (3)-(4).

MFD star selection and classification

A group of nodes used together as a base for a local FD approximation is
called the MFD star. FD stars play similar role in the MFDM as the elements
in the FEM, i.e. they are used for spanning a local approximation of the
searched function. When dealing with irregular cloud of nodes, both MFD
stars and formulas usually differ from node to node. The most important
feature of any selection criteria then is to avoid ill conditioned and singular
MFD stars. Therefore not only the distance from the central node counts, but
also the nodes distribution. MFD star selection at any arbitrary node, and
stars classification in a considered domain are based on topology information.
The general principles and two criteria of star selection, “cross” and “Voronoi
neighbours”, considered as the best one, are discussed in [13]. Classification
of MFD stars is introduced, based on the notion of “equivalence class” of star
configuration. For each class the FDM formulas are generated only once.

MWLS approximation and MFD schemes generation

The Moving Weighted Least Squares approximation [5,11,13], spanned over
approximated local MFD stars, is widely used in the MFDM in order to
generate MFD formulae as well as in the postprocessing. Consider any of the
formulations of a given boundary value problem outlined before (1)-(4). Let us
consider a n-th order differential operator £. For each MFD star consisting of
arbitrarily distributed nodes, the complete set of derivatives up to the assumed
p-th (p > n) order is sought. When the MFD formulae are generated, point x
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Figure 2.1. Arbitrarily distributed nodes, FD star

is represented either by a mesh node z; = (x;,v;), ¢ =1,2,..., N (for the local
formulation (1)) or by an integration point, when using a global formulation
(3)-(4). The MFD star at point x; consists of rstar nodes j = 1,2, ...r (Fig. 1).

Local approximation @ of the sought function u(z) may be written in two
equivalent notations. The MFDM approximation [13] is based mainly on the
Taylor series expansion of the unknown function at the central point (i) of a
MFD star (in 2D)

u(z,y) = (z,y) +e=p" - Du") +e (2.5)
where
P J
1 0 h=x—u
p’ - Dult Z—' < Jrka) U(Z,y”(%%)a {k;:y—yi (2.6)
0’

whereas the other meshless methods [2,5] use the equivalent polynomial appro-
ximation (written here in the incremental form)

u(z,y) ~ a(z,y) =bo+bi(x—x;) +b2(y—yi) + ... +bm(y—yi)? = p" b (2.7)

However, the MFDM notation (5)-(6) seems to be more practical, because it
offers also information about approximation error e, caused by a truncated
part of the Taylor series, as well as providing a simple interpretation of the
approximation coefficients considered as function derivatives (local type). De-
pending on the space dimension we have

1,h,h%, ... h? w, P in 1D
pl =< Lk, .., 1,/671’ , (Dwgff)) =< u, %7 g—z, .[..,ugﬁ/) y in2D
(e 17h’k7l”. 7P'lp u%7%7%7.. u(zg) - in 3D

(2.8)
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where m denotes the number of unknown approximation coefficients (e.g.
m = (p+1)(p+ 2)/2 for 2D case), p — the local approximation order, p —
vector of the local interpolants (8), and DuF) — vector of all derivatives up to
the p-th (low) order. Index () is assigned to each quantity corresponding to
the standard solution i.e. using the low approximation order p. Interpolation
conditions imposed at all nodes of the MFD star lead to the overdetermined
set of algebraic equations

w(xg,y) =u,y, fori=1,2,..,r — PDuM) =g (2.9)

For 2D domain we have

1 hy ki 103 haky 3KT .. I%k‘f w
1 1

B RS T R 1 N ) R

(TXm) cee eee ses eee (rx1)

U hy ke 302 hoky 5h7 o SiRE Uy
Here hy =x—x;, ki=vy—y;, P denotesthe matrix of local interpolants

(rxm)

(m<r),and ¢ - vector of nodal values of a sought function u(x,y). Mini-

(rx1)
mization of the weighted error functional

J = (PDu®) — )TW2(PDu) — ¢) (2.11)
yields
9y L pu® - M. g, M =(PTW?2P)"'PTW? (2.12)
0Du(l) T (mxr)

@ =pMq (2.13)

namely the complete set of the derivatives Du™) up to the p-th order, ex-
pressed in terms of the MFD formulae matrix M providing the required
MWLS approximation @. Similar results may be obtain when using notation

(7).

J = (Pb—q)"W?(Pb— q) (2.14)

g—‘; =0—b=A"1Bq, A=P'WP, B=P'W, a=p'A'Bq
(2.15)
However, only more convenient notation (12) is used in the following sec-
tions.In the above formulas W = diag (w1, ws, ..., w,) is a diagonal weight

(rxr)
matrix. For the weight functions

1 .
wj = pi= k202, =121 (2.16)
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the matrix W may be singular. It assures, in this way, the delta Kronecker
property w;(x;) = d;; , and consequently enforces interpolation @(z;) = u, at
the central node of each MFD star.

MWLS extensions

One may consider various extensions of the MWLS approximation [13]
including
- generalised degrees of freedom (e.g. derivatives, operator values, ....),
- singularities and discontinuities of the function and/or its derivatives,
- equality and inequality constraints (global-local approximation [7]),
- Higher Order approximation by means of the correction terms; such approach
will be described in the following chapters.

Generation of MFD equations

The following strategy of generation of the MFD operators is adopted. As
opposed to the classic FDM approach where the FD operators are developed
directly in the final form required, in the MEFDM the MFD operators are gen-
erated first for the complete set of derivatives Du'®) (zero-th, first, second.,...
up to p-th order) needed. Each point, chosen for generation of derivatives Du,
may represent either an arbitrary point or a node in the considered domain.
The local MWLS approximation, based on development of searched function
into the Taylor series is spanned over an appropriate MFD star with a suffi-
cient number of m nodes. Evaluation of the derivatives Du is based on the
formulas (9)-(13), (16), and is described in details in [13].

Having found the MFD operators for the derivatives one may compose any
MFD operator required either for a MFD equation, and boundary conditions
or for an integrand (global MFD formulation).

Consider e.g. a class of linear differential operators of the second order

2 2 2
LU:COU+Cl%+CQ%+C3%+C4%+C5%%CTDU/ (2.17)
where ¢ = {cg,...,c5} are coefficients. A required MFD operator is formed
here by a linear combination of derivatives Du.

MFD discretization of boundary conditions

MFDM discretization of boundary conditions may be done in a similar way
as described before, or using some other ways presented in [13]. Quality of
the MFDM solutions usually depends on the quality of discretization of the
boundary conditions.

Solution of simultaneous FD equations (linear or non-linear)

The MFDM approach yields simultaneous algebraic MFD equations (SAE).
These SAE may be non-symmetric equations (for local b.v. formulation) or
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symmetric ones (for global formulations). In the last case they might be solved
by means of similar procedures like those for the FEM discretization. Non-
symmetric equations may use solvers developed e.g. for the CFD. However,
the best approach seams to be development of solvers specific for the MFDM
taking advantage of this method’s nature. Especially, the adaptive solution
approach seems to be effective [12,13].

Postprocessing

The MWLS approximation is a powerful tool in postprocessing because it may
provide us with values of a considered function, and its derivatives at any
point, based on discrete data (function values or other, generalised d.o.f.).
These results may be directly obtained using at each point of interest the
approximation approach defined in formulas (5)-(16). It uses the same basis
as generation of MFD operators discussed above. Though it may be pre-
cise, the MWLS approach is time consuming as solution of the local SLAE
equations (12) is needed at each point where approximation is required. Its
precision depends on many parameters involved. There are several techniques
(extensions) already mentioned before that may essentially raise the quality
of the MWLS approximation [23].

General remarks

The basic solution MFDM approach [13], outlined above, has been extended
in many ways so far, and is still under development. Among many extensions
of the basic MFD solution approach one may mention here

Various Petrov-Galerkin formulations,

Higher Order approximation [15-22],

A’posteriori error analysis [16,18-20,22],

MFDM oriented node generator,

Mesh refinement and adaptive (multigrid) solution approach [9,18-20],
MFDM on the differential manifold,

MFDM/FEM combinations and unification [8],
Experimental and numerical data smoothing [7],

Hybrid experimental / theoretical / numerical approach,
Software development,

Engineering applications.

The second and third problems from the above list will be considered here.
One of important problems in the contemporary numerical solution ap-
proach is error analysis including effective a’posteriori error estimation [16,18-
20,22]. In the MFDM mesh refinement (h-type adaptive approach) is based
on estimation of a’posteriori residual error and a’posteriori solution error. In
the most common cases estimation of solution error needs a reference solution
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good enough for using it instead of the true analytical solution. Thus high
quality numerical solution has to be found first in order to find a sufficiently
good error estimate. Such solutions are obtained here mainly by means of the
HOA approach raising approximation order from p to 2p. Various tests done
indicate that its quality is clearly superior to the other reference solutions
used so far.

3 Higher Order approximation solution approach

There are several possible ways to improve MFD solutions. Increasing the
number of nodes is the most obvious one. This may be done by considering
either the regular meshes or arbitrarily irregular clouds of nodes. In the last
case they may be generated using a’posteriori error estimation (h-adaptive
approach). The number of nodes may be rapidly increased then, whereas the
order of the approximation remains unchanged. The other way to improve
the MFD solution quality is to raise the approximation order. The concept
of the HOA MFD operators, used here together with a multigrid iterative
procedure, is somehow different than the one presented in [6]. It presents the
HO approximation, proposed in [14], and is still under development [15-22].
It uses the same (low order) MFD operator, but with a modified right hand
side of the MFD equations.

Consider boundary value problem of the n-th order, given in any of for-
mulations (1)-(4). The local MFD p-th (p > n) order approximation Lu; of
the differential operator value Lu; is assumed in the form

Lu; =Lu; — A; — R, = fi —A; — R;, i€l (3.18)

Here L is a MFD operator, corresponding to differential operator £, R; is the
truncated part of the Taylor series. The correction term

A= AW W g0 e g0 g (3.19)

includes (higher order) derivatives of the s-th order, where p < s < 2p. It may
also contain discontinuities J*) and singularities S*) of the function and/or
its k-th derivatives. These may be either known a’priori or could be treated as
additional unknowns. Higher order derivatives may be calculated by the com-
position of appropriate formulae and the use of low order (without correction)
MFD solution inside the domain. However, they may need a special treatment
near the domain boundary. Several other techniques for the boundary MFD
operators may be also considered:

e using only internal nodes; the approximation is of low quality then,
e using internal nodes with both the boundary conditions and domain equa-
tion specified on the boundary,
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using internal nodes and generalized degrees of freedom,
using specific or general multipoint approach (presented in [5], and further
developed in [17,21]),
e using internal and additional external fictitious nodes,
combinations of the above techniques.

Correction terms may be used for

e improving MFD approximation inside the domain,
e improving MFD approximation on the boudnary,
e generation of a high quality reference solution,
e estimation of the a’posteriori solution and residual errors in both the local
and global forms,
modification of the new nodes generation criteria in the adaptation process,
e improved HO multigrid approach.

Two step solution procedure is applied, when using HO approximation
terms in the solution process. In both steps the basic MFD operator does not
change. At first the standard procedure is applied yielding solution u(%) of
low approximation order. In the second step the correction terms modify only
the right hand side of the MFD equations. The final HO MFD solution u )
does not depend on the quality of the MFD operator. It depends only on the
truncation error of the Taylor series used.

Here, and in the following sections, the upper index () is referred to
a quantity related to the low order approximation, (/) to the higher order
one, and (T) - to the true analytical solution. The MFD equations for the
formulations (1)-(4) including HO terms are:

e local
Lu; = f; (L) Lu; = fi = 4; (H)

{Lbu]' = gj - ui - Lb’LLj = gj — Abﬂ' - ui (320)

e global functional I minimisation

Ng Ng
I(w) ~ Ty 2 FluLous) = J Y Qi - Flug,Lu; + A) (3.21)
AL

%J; ;- F(ug,Lu; + {Agw }) =0,— ulP), {u§H>} (3.22)

e global (variational principle), e.g. Galerkin type or equivalent

J(Lyu-Lyv— f-v)dR~
19

~J- %wi . {(Luul + {AEL)}) Lyv; — fi - v,} =0 — uz(-L), {uEH)}
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Here uEL) and ugH) denote MFD solutions based on the lower, p-th (no cor-
rection terms) and higher, 2p-th order (including correction terms up to the
order 2p for the MFD operators inside the domain AEL), and on its boundary
AEG)) approximation respectively. Symbols J, Ny, w;, {2; denote quantities in-
volved in the Gaussian integration procedure, J is the transformation matrix
(Jacobian matrix), N, - number of Gauss points, and w;, {2; are integration
weights.

The idea of using higher order terms in the MWLS approximation is based
on correction of the local approximation by providing higher order derivatives
Du™) up to the order p+s. Usually we have s = p; derivatives are calculated
in the most accurate manner then. We have

T
u(z) = p" - DuP) + (p(H)> - Du™) (3.24)
where
p) — | L _pper 1k”“r Duf) = [ o) Ll " (3.25)
[m’x1] (p +1)! 2p! T (X1 e

and m’ = w. By assuming conditions (10) one gets system of equations

P-Dul) 4 pH) . DyH) —y, (3.26)
where 1
p 4
<p+1> hY . 2{,, k2
p P
pO7 G e gk (3.27)
rxm’ e

(p+1) G %kjp

Substituting (12) into (26) yields the improved values of the low order deriva-
tives

Du) =M-u—-A — A =M. -PH.py#H (3.28)

(mxr)

where A is the vector of correction terms. Derivatives of higher order than p
may be calculated inside the domain using formulae composition, e.g.

uIII _ (u/)// or UIII _ (u/l)/ ’ uIV _ (u//)’/ (329)

Iteration procedure may be also performed in order to calculate the final
corrected value of (12)

(0 y(D) for b — 1
Oy - M-, or
Du'™ = {M L) (k=D A for k> 1 (3.30)

where correction terms *~1 A are built in an iterative way on more and more
accurate values of derivatives ®)Du(®),
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The proposed HO MWLS approach may be applied to generation of the
MFD formulae, and solution of Eqns (20)-(23) with HO terms included, as
well as to postprocessing, mainly in a’posteriori residual error estimation.

4 A’posteriori error estimation

For regular meshes some a’priori estimations can be made using the local
approximation order s and mesh modulus h, where 0 < s < p, and k is the
highest order of the differential operator

HU(L) _ u(T)H < hp+1—k’ Hu(L) _ u(H)H < hp+17k7 HU(H) _ u(T)H < pptsti-k

(4.31)
Formulas (31) do suggest high quality of the HO MFDM solutions due to
approximation order (p+s) higher than the one provided by the other solution
techniques. A’posteriori error estimation, based on the MFD solutions, will
be discussed for the arbitrarily irregularly distributed cloud of nodes, and for
any formulation of boundary value problem.

Considered are both the solution and residual errors. Correction terms
may improve the a’posteriori error estimates, especially the residual error
estimation, often used for adaptive mesh generation [2,9,12,13,16,18]. Such
estimation is usually done locally at the points located somewhere between
nodes, especially when the Liszka type node generator ([11,12,13]) is used,
where mesh density is controlled. Error is checked at the points which belong
only to the mesh one level denser than the current one.

When a numerical solution is found, and the exact analytical solution is
known like in benchmark problems, one may solve appropriate MFD equations
for any required point P; in the domain, and examine solution errors there

e(LT) — (L) _ o (T) (4.32)
G(HT) _  (H) _, (T) (4.33)

The exact low order solution error (32) can be estimated as follows
(LT oy o(LH) _ (L) _, (H) (4.34)

Let u denotes an approximate smoothed solution based on the nodal function
values. The true residual error is defined then as

rM =La—f (4.35)

In the MFDM Lu is obtained by expansion of an unknown function # at any
arbitrary point P; in the domain into the Taylor series, and use of the MWLS
approximation. The residual error may be presented in one of the following
formulas:
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r = L™ f, (4.36)
Tl(T) _ LUEH) n AEH) TR~ f; (4.38)

depending on the approximation order required. Here Lu; denotes a basic low
order MF'D operator, AEH)— considered HO correction term, and R;- neglected
truncation error. It is worth stressing that improved HO residuum form (37)
involves only the truncation error of the Taylor series, while the low order one
(36) is influenced by both the quality of the FD operator itself, and truncation
of the Taylor series.

The MFDM global error analysis may be specially designed for the ap-
proach developed earlier [1] for the FEM. The FEM most commonly uses
global integral estimators 7 of the solution error of the variational principle
(4), where, in the case of Galerkin formulation

B(u,v) = [ Lyu- LyvdS2

L(v) =f1?'fd(2+ [ v-gdon (4.39)
2 o9

Solution of (39), due to Cea lemma, is the optimal approximation of u”(z),
when the bilinear form B(u,v) is continuos and coercive, and the linear form
L(v)is continuos. The choice of reference solution @ ~ u”'(x) determines the
type of estimator.

Hierarchic estimators

The global solution hierarchic estimators are based on the local distribution
of the solution error
e(z) = e(x) = a(x) — u(x) (4.40)

where @(z) denotes reference solution. Thus the main task is to find good
quality @(x). The global indicator

m = llelg = v B(ee) (4.41)

is calculated either on the level of the whole mesh or on the single element
using energy norm defined by a Galerkin type variational form. Reference
solution u(x) may be calculated in several ways. The most common ones
used in the FEM are h- and p- hierarchic. They use solutions @(z) either
with number of nodes of doubled density (h — h/2) or with the increased
approximation order (p — p+ 1) respectively, where h and p denote mesh
modulus and approximation order of the estimated solution w(z). The HO

MFDM solution may be successfully applied in the estimators of hierarchic
type developed for the FEM. In that case
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w=u a=ut) (4.42)

which means that approximation order raises from p to 2p, without the neces-
sity of considering completely different discretization of the boundary value
problem.

Smoothing estimators

Local distribution of the solution error (40) may also be presented in other
manners. One of them is based on the difference between an improved ¢ and
the rough (basic) oderivatives of the solution u(z). Such is e.g. the well-known
Zienkiewicz-Zhue error estimator based on the difference

e(z) e’ (x) =a(x) — o(x) (4.43)

where & is a smoothed derivative. Higher order terms may be used here to
estimate values of the first derivative of u

o — (u[)(H) -~ (UI)(L) (4.44)

In the case of smoothing estimators, the Euclidean integral norm Ly is applied

ns = lelly, = / (e 2 (4.45)
0

Residual estimators

The last of the commonly used type of global estimators mentioned here, are
the residual ones, of explicit and implicit character. They are based on the
true residual error (35) or, in the MFDM, on one of its finite representations
(36)-(38). The explicit residual estimator

n=h / P22 (4.46)
(]

uses residual error (35) as a measure of the true solution error. The implicit
type residual error needs solution of the boundary value problem (4) with the
modified right hand side

B(e,e) =7 (4.47)

The error estimator 7, is defined in the same way as in (41).
The quality of the global estimators may be controlled by the effectivity

index 7 defined as

o
¢=1+”|'|'6H”' . n=lel (4.48)
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and tested on chosen benchmark problems.

Hierarchic, smoothing, residual and interpolating (designed for regular
meshes and not discussed here) estimators belong to the group of global en-
ergy estimators. They give information about quality of the solution treated
as a whole. The other concept is presented by the goal-oriented estimators
which give estimation of selected, discrete or integral, values.

The main task of the estimators, both local and global kind, is to pro-
vide information about the quality of the solution and approximation. These
estimators may be applied in particular for mesh refinement in the adaptive
solution approach.

5 Mesh adaptation

Analysis of the a’posteriori error, especially the residual error estimation (37)
is widely used in the h-adaptive mesh refinement technique. It is especially
effective when using mesh density based node generator. The MFDM local
residuals are checked then at points [11,12,13], which belong to the one level
denser mesh (e.g. midpoints between subsequent nodes in 1D) only. The gen-
eration criterion, providing the mesh density control, uses residuals

i) > o i

a.

‘ L 0<t<1 (5.49)

evaluated at each of those points. Here ¢ denotes an imposed threshold value
representing the admissible level of the residual error. New nodes are inserted
at those points only, where the condition (45) is satisfied. In practical calcula-
tions also additional criteria may be applied, e.g. the upper limit for percent-
age number of new nodes among all possible node locations. Other refinement
techniques are also possible, e.g. shifting, inserting or eliminating nodes, if
necessary. Criterion (49) may be also used in order to remove nodes located
in zones, where the residual error is small enough.

In the adaptive solution approach new nodes are generated in each sub-
sequent mesh, until an admissible error level e,4,,, appropriate for actual
considered mesh, is reached for all residuals

]
M| (5.50)
Hfmax” d
examined in the whole domain and for all solution errors (32), (33)
e+ - e
e < €adm (5.51)

le+]

checked in every node, common for each of two subsequent meshes, k£ and
k+1. Afterwards mesh smoothness is also examined. Wherever the smooth
transition criterion
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lpi — pj

< Nadm (552)
i — ;|

(pi, p; - local mesh densities of the neighbour nodes x;, z;, Nadm - admissible
level of mesh density change) is violated, new nodes are added.

Beyond the FEM based global error criteria discussed above when used
in the MFDM based error analysis, several other, possibly more subtle er-
ror measures were developed and applied, especially for arbitrarily irregular
meshes. These are so called error indicators proposed and examined in [16].
They determine a pair (h, &) of a local mesh modulus h, and a local solution
or residual error é representing the cloud of all (N) examined points in the
whole mesh. As it was shown in the previous works [16,18-20], the best results
are obtained for the following pairs of the discrete indicators

= (3 M = (5 e (553)

1 1
hzﬁzi:hi ,e:N¥|ei| (5.54)

Thus in adaptation process each mesh has its own representative pair of (h, €).
Distribution of (h, &) provides estimation of the convergence rate of the con-
sidered quantity, and tests quality of the error indicators as well.

The HO approximation technique, combined with the h-adaptive mesh
generation is expected to work effectively with the multigrid solution approach
[4,12,13,16], reducing computational time spent on analysis of large boundary
value problems. In the multigrid approach, one deals with the set of meshes,
varying from coarse to fine. Usually, each finer mesh includes all nodes of
the previous one. Multigrid approach, which was applied in the present work,
uses original concepts of prolongation and restriction [12,13,16]. Prolongation
procedure extends the solution obtained for a coarse mesh to a finer one.
Residuum calculated for the finer mesh is reduced then to a coarser mesh by

means of the restriction. The whole solution process needs to be used twice.
L) _
7 - 9

¢ = 0.

At first for the low order solution, corresponding to the error (36) r
and later on for the higher order one, relevant to the HO error (37) r

6 Numerical examples

A variety of benchmark tests of 1D and 2D boundary value problems were
solved so far, using higher order approximation technique. Many aspects of
the proposed approach were tested. The most interesting were:

e application of the approach using higher order terms, to the local solution
error and residual error estimation,
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Figure 6.2. HOA multigrid adaptive solution approach - flow chart (See also Color
Plate on page 379)

e application of the approach using higher order terms to estimation of the
global solution and residual errors,

e application of the higher order estimators to appropriate adaptive mesh
generation,

e examination of the error indicators, convergence rate, and improvement of
solution quality for those meshes.

Results obtained so far are very encouraging and show potential power of the
approach. Recent tests concentrate on solving non-linear tasks, as well as on
using the approach in the fuzzy sets analysis. The flow chart of the whole
solution algorithm is presented below (Fig. 2).

6.1 1D test

Consider the local form of the b.v. problem

w(z) +a-w'(@) = f@), @€ (0,4)
w(0) = w(4) = 0 (6.55)
Assumed is the right hand side function f(z) corresponding to the exact ana-
lytical solution (see Fig. 3) given below for a = 1
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Figure 6.3. Analytical solution and right hand side of 1D test (See also Color Plate
on page 379)

Figure 6.4. Local solution error estimation (See also Color Plate on page 380)

sin(ZE) + pio(z), 0<z <2

w(@) = {smgﬁwg, 2 <( ) <4 (6.56)
Regular mesh with 33 nodes was used for calculations. Fig. 3 shows the
exact low order solution error (32), its higher order estimation (33), and the
exact higher order solution error (34), calculated in all nodes for three different
formulations (1)-(4) of the b.v. problem (55). In Fig. 4 presented are residual
errors evaluated between the nodes, namely the exact residual error (35), and
its estimations: the low order (36), as well as the higher order (37) one. A set
of adaptive, strongly irregular meshes was generated using criteria (49),(52),
starting from a regular mesh. Convergence rates of the MFD solutions (Fig. 6)
were estimated using simple error indicator (54). Final observations were done
for an irregular mesh with 35 nodes. In Fig. 7 presented are results obtained
for the global low order solution error estimators (42) of hierarchic type. The
exact low order solution error is presented in the background. In the left
column local error distributions are shown, whereas in the right one the global,
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Figure 6.5. Local residual error estimation (See also Color Plate on page 380)

Figure 6.6. Solution convergence rates on the set of adaptive irregular meshes (See
also Color Plate on page 381)

Figure 6.7. Hierarchic estimators on irregular mesh (See also Color Plate on
page 381)
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Figure 6.8. Smoothing and residual explicit estimator on irregular mesh (See also
Color Plate on page 382)

integral forms are given. Figure 8 presents the results obtained for smoothing
(45) and residual explicit (46) global estimators.

Quality of the estimator was examined each time using the effectivity index
(48). The best results were obtained for the estimators which used higher
order solution as a reference one: hierarchic (42) (¢ = 1.02), and smoothing
estimator (44) (i = 1.14).

6.2 2D test

The Laplace equation with the essential boundary conditions was analysed.

V2u = f(z) in 2
{u =u on Of2 (6.57)

2=A{(z,y), 0<z<1, 0<y<1}

The exact solution

w(x) = 23 — y3 + 67(%)27(%)2, (6 58)
0<z<1, 0<y<l1 ’
The right hand side function f(z) results from the true analytical solution
(58). Fine, regular mesh with 400 nodes and local formulation (57) were used
for calculations. In Fig. 9 the low order solution error, and its estimation as
well as a higher order solution error are presented. True residual error and its
estimations are shown in Fig. 10.

The same mesh was used for comparison of the chosen global estimators
of the low order solution error. In Fig. 11 hierarchic estimators and in Fig. 12
smoothing and residual estimators are presented in two manners. The left
column is for 3D wire-frame view, and the right one shows a contour map. For
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Figure 6.9. Solution error estimation (See also Color Plate on page 382)

Figure 6.10. Residual error estimation (See also Color Plate on page 382)

Figure 6.11. Hierarchic estimators (See also Color Plate on page 383)

better comparison the global exact low order solution error is presented always
in the first row. The lowest values of the effectivity index (48) come from
the higher order estimators: hierarchic (i = 1.09) and smoothing estimator
(i = 1.34). In addition, the true analytical solution (58) is presented on the
right side of Fig. 11 and Fig. 12.
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Figure 6.12. Smoothing and residual estimators (See also Color Plate on page 383)

Figure 6.13. Solution and residual convergence on the set of regular meshes (See
also Color Plate on page 384)

Convergence test was performed on the set of regular meshes at first. The
basic, coarsest mesh, consisted of 16 nodes whereas the finest one consisted of
529 nodes. Figure 13 presents the low order and higher order solution conver-
gence in terms of the mesh modulus & (on the left), and the low order as well as
higher order residual convergence (on the right), both in the logarithmic scale.
The mean values, calculated using (49), and the maximum values are shown.
Solution convergence rates are respectively a%) = 2.39 and o#) = 4.57 which
gives the following solution improvement rate a() / a(*) = 1.91. Convergence
rate for higher order residuum (37) is over 2 times better than for the low
order one (36).
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Figure 6.14. Adaptation process, the first regular and last irregular mesh (See also
Color Plate on page 384)

Figure 6.15. Solution and residual convergence on the set of adaptive irregular
meshes (See also Color Plate on page 384)

Further tests concerned application of the higher order estimators to ap-
propriate adaptive mesh generation. The initial coarse regular mesh with 16
nodes was considered. The subsequent meshes were generated using the cri-
teria (49) and (52) as well as the local estimation of the residual error (37).
The adaptation process was stopped after 200 adaptive iterations, when the
break off criterion (50) was satisfied.

The final finest, strongly irregular mesh consisted of 179 nodes. During
adaptation process, representative pairs (h,€) have been calculated on each
mesh separately, using simple (centre of gravity) error indicator (54). Those
quantities were used in order to examine the convergence of the solution and
residuals on the set of irregular adaptive meshes (Fig. 15). The convergence
rates for the low order solution (mean values (54) and maximum values),
a™) = 2.04 and for the higher order one a*!) = 4.23 give the final solution
improvement rate o) /a(®) = 2.07. In Fig. 15 on the right, residuum based
convergence is presented, mean and maximum values of the low order (36), and
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Figure 6.16. Comparison with the other HO techniques (See also Color Plate on
page 385)

higher order residual errors (37). The last one was used in the error criterion
(49) in order to generate new nodes. In order to examine convergence rates,
the mean values were additionally subjected to linear approximation, using
MWLS technique.

The proposed approach uses the higher order terms in the Taylor series ex-
pansion, in order to raise the rank of the local approximation. It was compared
with the other higher order techniques, especially with the multipoint ap-
proach [17,21]. A comparison was performed first on the set of regular meshes
for the considered 2D boundary value problem (57). Examined and compared
were solution convergence rates. The results are presented in Fig. 16. The
classic MFD low order and higher order solutions, based on the correction
terms (20), are compared with two different types of the multipoint solutions,
and solution based on the HO MFD operator [6]. HO solution, based on the
correction terms, is slightly better in this case than the other HO solutions.

7 Final remarks

An adaptive HO solution approach to analysis of boundary value problems,
based on the meshless FDM [13] is presented. Solution process includes origi-
nal concepts of higher order approximation, a’posteriori error estimation, solu-
tion smoothing, nodes generation, and mesh modification, as well as an adap-
tive multigrid solution procedure. Moving Weighted Least Squares (MWLS)
approach [13] is used for local approximation.

The approach is based on the Taylor series expansion and use of relevant
correction terms, rather than on adding new nodes into the MFD operators.
The approach is very effective — it needs two steps, both using the same basic
MFD operator. Quality of the final MFD solution depends only on the trunca-
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tion error of the Taylor series. It does not depend on the quality of the MFD
operator itself. HO approximation terms may be used not only to improve
the solution quality, but also to refine, in this way, the estimation of solutions
and residuals. Those estimates may be used in the adaptive mesh genera-
tion. Specially developed (for irregular cloud of nodes) local error indicators
are proposed and used to examine the convergence rate of both the solutions
and residuals. Moreover, global criteria developed for error estimation in the
FEM analysis may be applied here. When including the local HO MFD error
estimates, they provide especially high quality (2p-th order) estimation for
solution and residual errors, if compared with those obtained by means of the
existing smoothing procedures of the p+1 order. It is worth stressing here
that these error estimates, though developed for the MFDM analysis, may be
also used in the other meshless methods or in the FEM.

Many 1D and 2D benchmark tests executed so far indicate the potential
power of the approach in fast solving (high convergence rate) of b.v problems,
as well as in the error analysis and adaptivity. The total number of nodes
in a considered mesh may be reduced, without compromising the quality of
the MFD solution improved by raising the rank of the local approximation.
However, a lot of work has to be done yet. Besides further testing and solution
of b.v. problems and error analysis, future plans include combinations of the
approach with the other discrete methods, especially with the Finite Element
Method, as well as development of a special MFD node generator, based on
mesh density control, higher order approximation technique, and multigrid so-
lution procedure. Considered is also application of the HO MFDM approach
to analysis of b.v. problem given in the local Petrov-Galerkin formulation.
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Summary. The Flux-free approach is a promising alternative to standard implicit
residual error estimators that require the equilibration of hybrid fluxes. The idea is
to solve local error problems in patches of elements surrounding one node (stars) in-
stead of in single elements [1]. The resulting local problems are flux-free, that is the
boundary conditions are natural and hence their implementation is straightforward.
This allows precluding the computation and the equilibration of fluxes along the
element edges. The domain decomposition is performed using a partition of unity
strategy. The resulting estimates are much simpler from the implementation view-
point, especially in the 3D cases, and provide upper bounds of the energy norm of
the error (as well as the standard implicit residual estimators with equilibration of
hybrid fluxes).

In the past, the local flux-free problems have been solved using a finite el-
ement mesh inside each local subdomain. Consequently, the resulting estimates
were asymptotic upper bounds (w.r.t. a reference solution) rather than exact upper
bounds (w.r.t. the exact solution). Some effort has been devoted to recover exact
upper bounds using the equilibrated hybrid fluxes approach. The idea is to solve
the local problem using a dual formulation and to minimize the complementary
energy [2]. In this work, the same idea is employed to obtain exact upper bounds
using the flux-free approach. The resulting estimates have similar features as their
asymptotic version, while providing a guaranteed upper bound. This strategy is ap-
plied both to the primal and adjoint problem to recover guaranteed bounds for the
quantity of interest.

Key words: Linear-functional outputs; Exact/guaranteed /strict bounds; Er-
ror estimation; Goal-oriented adaptivity

1 Problem statement

Consider the steady convection-reaction-diffusion equation posed on a polyg-
onal domain {2. The weak solution of the problem is u € V verifying
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a(u,v) =L(v) Yv eV, (1.1)

a(u,v) = / [uVu -Vu+ (e Vu)v + ouv| d2 and L(v) := / fo df.

2 0
For the sake of simplicity, the presentation concerns only Dirichlet homo-
geneous boundary conditions, but the methodology is general and it is also
applicable to other type of boundary conditions. In this case, the solution and
test spaces coincide and are V := {v € H*(£2), v|, = 0} where H' is the stan-
dard Sobolev space of square integrable functions whose first derivative is also
square integrable. The data are assumed to be smooth, that is, f € H~1(£2),
geH 2(Ix), up € H2(ID), v € LX(R), o € L>(£2) is a non-negative real
coefficient and the prescribed vector field e € H(div;2) which is assumed for
simplicity to be incompressible, V - a = 0.

The goal of the vast majority of finite element simulations is to determine
specific quantities (outputs) which depend on the solution of the partial differ-
ential equations governing the problem. In most cases, moreover, it is crucial
to be able to certify the precision of the approximations of these quantities
given by the numerical simulations. Therefore the final goal of most simula-
tions is to provide upper and lower bounds for the exact value of the quantity
of interest, or equivalently, to provide a range where the exact value of the
output lies.

Here, the quantities of interest are restricted to depend linearly on u and
to be of the form

Ow):= [ fOud, (1.2)
0
where f© € H~1(£2). The goal is then to provide upper and lower bounds for
s = (9 (u), namely,
s < 5 < gub

and at the same time derive an adaptive refinement procedure to be able to
improve the precision of the desired output (i.e. narrow the gap between the
bounds s%* — s't).

2 Energy reformulation: representation of the output
bounds

Most existing techniques to obtain upper and lower bounds for a quantity
of interest ¢©(u) are based on the fact that bounds for the output may be
obtained using available techniques for estimating the error measured in the
energy norm [3,4,10,11]. The key point of these strategies is to recover an alter-
native representation for the output ¢ (u) (or in the case of non-selfadjoint
problems for its bounds) in terms of the energy norms of some continuous
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functions. This alternative representation does not directly yield a computable
expression for the bounds of the output since the energy norms appearing in
the expression are non-computable. However, bounds may be easily recovered
using existing strategies to bound the error measured in the energy norm.

This section is devoted to detail the representation of bounds for £€(u) in
terms of energy norms, for the case of the convection-reaction-diffusion equa-
tion which is a non-selfadjoint problem, see [3]. That is, the key ingredients
of the methods to obtain bounds for s = ¢ (u) from upper bounds for the
energy norm are briefly summarized.

The non-computable expressions for the upper and lower bounds for £© (u)
are recovered from the following steps. First, the finite element approximation
of u, up, is computed. This approximation is associated to a finite element
mesh of the domain 2 and to a finite element interpolation space V" C V),
that is uj, € V". Second, an adjoint problem associated to the selected output
is introduced, along with its finite element approximation, 1, € VP C V.
Finally, the error equations for wj and 1, are modified (symmetrizing the
Lh.s.) such that bounds of s = £©(u) are obtained from linear combinations
of the resulting modified errors.

Indeed, let V* € V be the finite element interpolation space associated with
a finite element mesh of characteristic size h and degree p for the complete
polynomial base. Then, the bounding procedure may be sketched as:

1. Compute the finite element approximation of the primal problem: find
up, € V" such that
alup,v) = (v) Yve V"

2. Introduce the adjoint problem associated to the selected output: find ¢ €
V such that
a(v,) = L9 (v) Vv e V.

3. Compute the finite element approximation of the adjoint problem: find
Yy, € V" such that

a(v, ) =19 (v) Yo eV

4. Consider the errors in the approximations uy, and ¥y, € ;== u — up € V
and € := ¥ — ¢y, € V, satisfying the residual equations

ale,v) = £(v) — a(up,v) = R (v) Vv eV, (2.3)

and
a(v,e) = £°(v) — a(v,4n) =: RP(v) Yo eV, (2.4)

where RY(-) and RP(-) stand for the weak primal and adjoint residuals
associated to the approximations u; and vy, respectively.
5. Introduce the symmetric versions of the residual problems: find e and
e® € V such that
a(e,v) = R (v) Vv eV, (2.5)



218 Nuria Parés et al.

and
a®(e%,v) = RP(v) Yw eV, (2.6)

where a®(+, ) is the symmetric counterpart of a(-,-)
a®(w,v) = / [qu - Vv + owv| df2. (2.7)
Q
6. Compute the upper and lower bounds for s as

1 1 1 1
09 (un) — L EESllib <09(w) <9 (up) + 7lse + ;ESHQ

ub»
where ||-|| is the energy norm induced by the bilinear form a*(-,-), ||v||? =
a®(v,v) = a(v,v), ||||up represents an upper bound for the value of the

norm and x € R is an arbitrary scalar non-zero parameter.

The following theorem shows that indeed bounds for s may be obtained
determining upper bounds for the energy norm of the linear combinations of
the errors e® and &°.

Theorem 1. Let €® and €% € V be such that for any v €V
a*(e,v) = RP(v)  and  a®(c%,v) = RP(v).
Then,
1 S 1 o1
€9 (up) — 7lee” = ;EbH2 < 9(u) < €9 (up) + 7l + ;55”27
and therefore
O 1 s 1 s|12 O O 1 s 1 s|12
(un) = 7 llwe® = =&y < €7 (u) < €7 (un) + 7 llre® + =l (2.8)
4 K 4 K
Proof. Combining the definition of the adjoint residual, equation (2.4) with
v = e, the Galerkin orthogonality property, the primal error e is orthogonal to

the finite element space V", and the linearity of the functional £°(-) induces
the following relation between RP(e) and the output

RP(e) = 19(e) — ale,1bp) = £9(e) = €O (u — up,) = £°(u) — £°(up).  (2.9)
Also, taking v = e € V in equation (2.3) yields
RP(e) = ale,e) = ||e|®. (2.10)

The proof now follows from a simple algebraic manipulation. Indeed, let
k be a nonzero scalar parameter and consider the obvious inequality

1 1
||§(/£es + Ess) — kel > 0. (2.11)
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Expanding the norm, using v = e in the definition of the primal and adjoint
errors e® and &%, i.e. equations (2.5) and (2.6), and equations (2.9) and (2.10)
yields

1 1 1 1 1
||§(nes + ;55) — kel? = Z”’%S + EesHQ + K2[|e||* — ka®(ke® + Ess, e)
1 1
= Z||.‘£eS + ;5S||2 + 12|e]|? — K%a®(e%, e) F a®(e%, e)
1 1
= ke £ LI 4 k2l — 2RP () 3 RO (e)
1 o1
= llre* ;EbH2 + w2 lel|* — &2 [le||?
F (0O (u) — £ (up))
1 1
= +09(up) + ZH’%S + EESHz T 09 (u).
Finally, joining equation (2.11) along with the previous manipulation yields
0% I ne* £ %) — el = %0 (un) +  lne® + =2 5 €O (w)
—(ke® + =&°) — ke||” = —||re® + =
<l € un) + 7llx —°I7F £ (w),
that is ! 1
+09 (1) < £0°(up) + Z||/<ceS + ;55”2-

The proof is concluded by noting that the + sign in the previous equality
yields the expression for the upper bound of £©(u), whereas the — sign yields
the expression for the lower bound of € (u).

Next section introduces a methodology to obtain strict upper bounds for
the energy norm. This approach is then used to compute ||rke® £ 1/k%||?,.

3 Upper bounds for the energy norm: complementary
energy relaxation

Consider the auxiliary function z € V solution of
a*(z,v) = R*(v) Yve, (3.12)

where R*(v) = aRF (v)+ B3RP (v) for a, 3 € R. Note that for « = 1 and 8 = 0,
R*(v) = RP(v) and problem (3.12) is the residual problem for e®. Therefore
in this case z = e®. Analogously, the choice of @« = 0 and = 1, produces
R*(v) = RP(v) and the residual problem for & is recovered yielding 2z = €.
In particular, & = k and 3 = +1/k will be used later to obtain the required
upper bounds for ||xe® + 1/ke%||2.

The purpose of this section is to establish a procedure to compute upper
bounds of ||z||%. Recently, a lot of effort has been focused on the obtainment
of exact bounds, that is, bounds guaranteed with respect to the exact solution
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independently of any underlying mesh (see the series of references [2,5-9]). All
these strategies derive strict bounds for ||z|| using the standard complementary
energy approach. The key idea is to relax the continuous problem of finding
z € V fulfilling equation (3.12) into a discrete problem. The relaxed problem
consists in obtaining a pair of dual estimates p € [£2(£2)]? and 7 € L2(02)
such that

/(Z [vb Vot oiv] 42 = a*(z,0) = R'(v) Yo eV, (3.13)

The dual estimates p and 7 are then combined to build an upper bound for
|lz]|. This is stated in the following theorem.

Theorem 1. Let p € [L%(2)]? and 7 € L2(£2) be two dual estimates fulfilling
equation (3.13). Then, an upper bound for the energy norm of the solution z
of (3.12) is computed as

1212 S/ [Vf)'ﬁwLafZ] 0. (3.14)
0
Proof. The result follows after the following algebraic manipulation
0< / [u(f} —V2) - (p—V2)+ (i — z)ﬂ a0
0

:/ {eri)—i-mﬂ] dQ—i—/ [I/VZ'VZ-I-UZﬂ dsf?
0 0

9 / [yp Vit Jf’z} a0
0

= / [1/15 P+ an] dR2 + a’(z,2) — 2a°(z, 2)
7}

/Q [vb-p+ 0] 42— 2|1

where both equation (3.13) with v = z and the definition of the bilinear form
a®(-,-), equation (2.7) with w = v = z, are used.

Theorem 1 allows to compute strict upper bounds for ||z|| recovering two
globally equilibrated dual estimates p and 7, i.e. verifying equation (3.13).
However, the essential feature of the method is that if the fields f, g, f© and
g© are piecewise polynomial fields, it is possible to determine — amongst
all the dual estimates p € [£2(£2)]? and 7 € L£2(2) verifying equation (3.13)
— two piecewise polynomial fields verifying equation (3.13). That is, for a
given suitable interpolation degree ¢, it is possible to find p € []IA”‘Z(Q)]2 and
7 e I/EB‘I(Q) verifying equation (3.13) where

PU(02) = {v € L2(2), v|,, € PU(2)}.
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Here a triangulation of the computational domain {2 into ne triangles is con-
sidered where (25 denote a general triangle, k = 1,..., nq.

Therefore, the computation of strict upper bounds for ||z|| is reduced to
a discrete problem: determine p € []IA"‘J(Q)]2 and 7 € @q(ﬂ) verifying equa-
tion (3.13). This problem is a discrete problem posed over the whole domain
(2. Luckily, proper domain decomposition techniques allow to decompose the
global discrete problem into local problems. That is, the piecewise polynomial
fields p and 7 may be computed solving local discrete problems.

In [2,5-9], the dual estimates p and # are computed solving local inde-
pendent problems in each element of the mesh. However, they require the
use of flux-equilibration techniques (hybrid-flur techniques) to properly set
the boundary conditions for the local elementary problems. First, the equi-
librated residual method is used to compute the equilibrated fluxes at the
interelementary edges of the mesh. These fluxes are then used as local bound-
ary conditions to compute the dual estimates p and 7 in each triangle of the
mesh.

The next section presents a new approach to compute the dual estimates
p and 7. The idea is to avoid the use of flux-equilibration techniques and,
instead, use the flux-free estimator proposed in [1]. This domain decomposition
technique exploits the partition-of-unity property to reduce the problems from
{2 to subdomains different than elements. The local problems for the dual
estimates p and 7 are posed over patches of elements. The advantage of this
approach is that the local problems are naturally equilibrated and do not
require enforcing equilibrium.

4 Local computation of the dual estimates p and 7 using
a flux-free approach

This section is devoted to detail the computation of the piecewise polynomial
dual estimates p and 7 using the flux-free approach proposed in [1]. After
introducing some notation, the domain decomposition strategy used to localize
the computation of p and 7 is presented. The solvability of the local problems
is discussed along with the verification that the dual estimates p and 7 verify
equation (3.13). Finally some computational aspects are discussed.

4.1 Domain decomposition

Let ' i = 1,...,ny,, denote the vertices of the elements (triangles) in the
computational mesh (thus linked to V") and ¢’ denote the corresponding
linear shape functions, which are such that ¢*(z?) = d;;. The support of ¢
is denoted by w’ and is called the star centered in/associated with vertex ‘.
It is important to recall that the linear shape functions based on the vertices
are a partition of unity, namely
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d¢i=1. (4.15)

Let also V(w') and @q(wi) denote the local restrictions of the spaces V
and P(£2) to the star w'. Formally, any function v € V(w') or v € P9(w?) is
not defined on the whole domain (2 but only on the star w'. However, here
any v € V(w') or v € P4(w?) is naturally extended to 2 by setting the values
outside w’ to zero. Thus, functions in V(w?) are continuous in w’ but generally
discontinuous across the boundary of the star w?, whereas functions in e (w?)
are piecewise polynomial functions in the triangles contained in w’ vanishing
on the elements outside w'.

The dual estimates p and 7 are computed as

Mnp TMinp
p=>_p and F=> i (4.16)
=1 1=1

where the local estimates p° € [P(w')]? and # € P4(w'), defined inside the
star w’, verify the local equation

/‘ {uf)i -Vou+ ofiv} dR = R*(¢'v) Yov € V(w'). (4.17)

Remark 1 It is tacitly assumed that the problems given in equation (4.17)
have at least one solution. A strictly positive reaction term in the Lh.s., o > 0,
ensures the solvability of local equation (4.17). For o|, = 0, the kernel of the
bilinear operator appearing in the l.h.s. is the one dimensional space of con-
stants, PY(w?). Then, equation (4.17) is solvable if and only if the compatibility
condition holds, namely

R*(¢'c) = cR*(¢') =0 Ve e PO(u),

which follows from the orthogonality of the primal and adjoint residuals to the
finite element space V' (i.e. R*(v) = 0Yv € V"), since ¢ € V",

Nnp

Theorem 1. The dual estimates p =), "} P’ and # = St where P’ and
7 werify the local problems given in (4.17), verify the hypothesis of theorem 1
and therefore

B g/ b+ 0% de
9]

Proof. The dual estimates p and 7 verify equation (3.13) and therefore theo-
rem 1 is a straightforward particularization of theorem 1. Indeed, let v € V,
then using the definition of the dual estimates, equation (4.16), and the local
equations (4.17) — note that if v € V then v|_; € V(w’) — then,
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Mnp

/Q[ufg.Vv—i—mﬁv} dn = ;/w |:1/f)i.V’U+0"Iqu} dn

Nnp Nnp

= ZR*(W@) = R*(Z o) = R*(v) = a®(z,v),

where in the final equalities the linearity of the residual R*(-), the partition-
of-unity property, equation (4.15), and the definition of z, equation (3.12),
have also been used.

5 Bounds for the quantity of interest s = £°(u): an
algorithmic summary

According to theorem 1 upper and lower bounds of s = £©(u) are available
once upper bounds of the energy norm ||z|| are obtained for the two combina-~
tions (a, 8) = (k,1/k) and (o, 8) = (k, —1/k). The general strategy to obtain
these upper bounds is described in the previous section. Due to the linearity
of the problem, obtaining the estimates for the two values z = ke® £ 1/ke® is
equivalent to obtain the estimates for z = €® and z = &%, that is for the two
combinations («, 3) = (1,0) and («, 3) = (0,1).

The main steps of the procedure to compute bounds for ¢ (u) are the
following:

1. Compute the primal and adjoint solutions u; and v, respectively.
2. For each star w® (associated to the node x' of the mesh) compute the

primal and adjoint dual estimates p, phy € [P?(w?)]? and 7, 7, € P7(w?)
such that

/v |:l/f)§3 -Vov+ of}v} dR = RY(¢'v) Yu € V(wh),
and
/_ |:Vi)7b - Vo + O"I‘AiD’Ui| dR = RP(¢'v) Vv e V().

3. Recover the global estimates

Nnp Nnp Nnp Nnp

L i s i L i o i
Pp = E Pp, Tp= E *p and pp = E Pp, Tp= E Tp.
i=1 i=1 i=1 i=1

4. Compute the three scalar quantities

el el

=3l =3 [ e b otin?] a0,
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W= Sl = [ [vbo-po+otin?] a2,
k=1 k=1"%%

el el

W= S outP =Y [ [vbeebo +oiein] as
k=1 k=1" 1%

5. Recover the bounds for the output s < s < s* as

1 1 1 1
=g, — 577P77D + 577PD <s<sp+ inPnD + inPD = 5" (5.18)

where s;, = (9 (uy,).

6 Numerical examples

In the following, the bound average s*V¢ := (s%* + s'*)/2 is taken as a new
approximation of the quantity of interest and the half bound gap A = (s%* —
5'%)/2 is seen as an error indicator. The relative counterpart of the bound gap
Ayl = A/s*€ is also used in the presentation.

The meshes are adapted to reduce the half bound gap A. In the examples
a simple adaptive strategy is used based on the decomposition of A into local
positive contributions from the elements:

el

A=) Ay,
k=1

where the element contribution to the bound gap Ay is

12P D
Ay = i/ﬁ up -‘r@??k-

Note that this decomposition is valid because

1 el

Nel 1

_ 15 p pl| _

—E {4"6 up +74H277k]_2 A
k=1 k=1

The remeshing strategy consists in subdividing the elements with the larger
values of A at each step of the adaptive procedure.

The behavior of the bounds is compared with the three different strategies
presented in [1,3,5]. The strategy presented in [1] also solves local problems in
subdomains (therefore avoiding the computation of equilibrated fluxes), but
the local problems are solved using a local fine submesh. This yields bounds
which are only guaranteed in the asymptotic regime. The strategy presented
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in [3] is the classical equilibrated method where first the (linear) equilibrated
fluxes are computed and then the local elementary problems are solved using a
local fine submesh. Finally the results are compared to the strategy presented
in [5] which also provides strict bounds for the output. This method only
differs from [3] in the solution of the local elementary problems. Instead of
using a local submesh, dual estimates are computed to recover strict bounds
for the output.

The bounds computed using the strategies presented in [1], [3] and [5]
will be denoted in the following as asymptotic flux-free bounds, asymptotic
equilibrated bounds and strict equilibrated bounds respectively.

6.1 Example 1: uniformly forced square domain

The pure diffusion equation (v =1, 0 = 0, & = 0 in (1.1)) is solved in the
squared domain 2 = [0,1] x [0,1]. A constant source term f = /10 and
homogeneous Dirichlet boundary conditions are considered.

The quantity of interest is an average of the solution,

©(u) = /Q V10 u(z,y) d,

that is f© = /10 in equation (1.2). In this case, the solution ¢ of the adjoint
problem coincides with the primal solution, v = u. It is well known that in
this case, the finite element approximation of the output is a lower bound for
s, £9(uy,) < s. The present methodology, as well as the strategies presented
in [1,3,5], yields s = £©(up,).

Linear triangular elements are used for the computation of the primal
and adjoint finite element approximations, and the local dual approximations
p' € [P3(w")]? and 7 € P3(w') are piecewise third order polynomials, i.e.
q=3.

The convergence of the bounds is analyzed for a uniform mesh refinement
in a series of structured meshes. The initial mesh is composed of 8 triangular
elements (half squares) and in each refinement step every triangle is divided
into four similar triangles. The results are displayed in tables 6.1 and in figure
6.1. Since for this particular case all the methodologies yield s!* = s, =
€ (up), only the upper bounds are compared. For this problem the exact
solution s = 0.3514425 is known, and the effectiveness of the bounds are

computed as
EREREN

0*

bl

s
where the symbol * stands for ub, (b or ave.
As expected, the upper bounds provided by the asymptotic strategies are
lower than the corresponding upper bounds obtained using strict strategies.
However, this behavior is non desirable, as can be seen in the asymptotic flux-
free results, since for the first three meshes, the upper bound underestimates
the exact value s.
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Table 6.1. Example 1: series of uniformly h-refined linear triangular meshes.

asymp. flux-free|| strict equil. | asymp. equil.

sub eub ub eub sub eub sub eub

Nel | Sh 0" s
8 10.1563 55.54%](0.3582 1.92% 10.3467 1.36% ||0.6302 79.33%0.5774 64.29%

32 ]0.2881 18.03%]|0.3529 0.40% [0.3500 0.42% |{|0.4457 26.81%0.4290 22.08%
128 |0.3342 4.90% {|0.3521 0.18% |0.3514 0.01% {|0.3775 7.40% |0.3730 6.13%
51210.3470 1.26% |[0.3516 0.06% |0.3515 0.01% ||0.3581 1.90% |0.3570 1.58%
2048(0.3503 0.32% ||0.3515 0.02% [0.3513 0.05% |{|0.3531 0.48% [0.3518 0.10%
8192(0.3512 0.08% {|0.3515 0.004%| — — 0.3519 0.12% | -— —

Figure 6.1. Example 1: series of uniformly h-refined linear triangular meshes.
Bounds (left) and their convergence (right). (See also Color Plate on page 385)

The evolution of the strict bounds (both for the equilibrated and for the
flux-free strategies) shows the optimal finite element asymptotic convergence
rate of O(h?), see figure 6.1. However, the bounds obtained by the flux-free

strategy provide much better effectivities.

6.2 Example 2: quasi-2D transport

This example is the quasi-2D transport problem introduced in [5] with known
analytical solution. The effect of including the convective term is analyzed in
this simple problem for different values of the velocity a. Equation (1.1) is
solved in the unit square 2 = [0, 1] x [0, 1], for » = 1 and a uniform horizontal
velocity field & = («,0). The performance of the introduced estimates is
tested for different values of . The boundary conditions are of Dirichlet type
on the lateral sides, homogeneous on the right u(1,y) = 0 and set to 1 on
the left «(0,y) = 1. The boundary condition on both the top and bottom
are Neumann homogeneous and the source term is f = 0. The degrees of the

interpolation spaces are p =1 and ¢ = 3.
The quantity of interest is an overall average of the solution, that is
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Table 6.2. Example 2: results in a series of uniformly h-refined meshes for o = 1.

a=0
s =0.462117

a=1
s =0.536142

a=5
s = 0.755101

a =10
s = 0.862436

Sa'ue A

Sa'ue A

Save A

Save A

128
512
2048
8192

0.466353 0.005475
0.463163 0.001384
0.462380 0.000345
0.462183 0.000086
0.462134 0.000022
0.462121 0.000005

0.532597 0.006295
0.535319 0.001635
0.535939 0.000411
0.536092 0.000103
0.536130 0.000026
0.536139 0.000006

0.730433 0.107897
0.753057 0.028447
0.754647 0.007166
0.754991 0.001785
0.755074 0.000445
0.755094 0.000111

0.662229 0.539482
0.862177 0.123866
0.862363 0.031168
0.862418 0.007714
0.862432 0.001911
0.862435 0.000475

32
128
512

2048
8192

0.462675 0.009420
0.462317 0.002347
0.462173 0.000586
0.462132 0.000146
0.462121 0.000037
0.462118 0.000009

0.535946 0.010560
0.536002 0.002749
0.536099 0.000696
0.536131 0.000174
0.536139 0.000044
0.536142 0.000011

0.741465 0.164952
0.754246 0.046232
0.754911 0.012078
0.755053 0.003060
0.755089 0.000767
0.755098 0.000192

0.585866 0.782647
0.861651 0.193798
0.862180 0.051359
0.862370 0.013105
0.862419 0.003297
0.862432 0.000826

©) = [ uay) a2,

which corresponds to f€ = 1.

The error estimation strategies and the computation of bounds are per-
formed for a series of uniformly h-refined meshes for ¢ = 1 and different
values of a.. The results are displayed in table 6.2 and figure 6.2. For all the
values of «, the rate of convergence of the bound gap is found to be equal
to the expected one for the error, that is O(h?). It is worth noting that the
bound gap is larger as « increases. For a = 100 the bound gap is 4 orders of
magnitude larger than for a = 0, being the quantity of interest of the same
order.

This increment in the bound gap does not correspond to the actual er-
ror increment and therefore it has to be concluded that the efficiency of the
computed error bounds deteriorate if the convection parameter is large.

Table 6.3 and 6.4 summarize the influence of the Peclet number « on
the effectivity of the bounds in the context of the simple adaptive method
with a tolerance of Ay, = 0.001s and for ¢ = 10. Although the method is
valid for nonnegative «, the sharpness of the bound degrades significantly
with increasing Peclet number, but the bounding property is retained. Since
we know the exact output for this example, we can calculate the effective-
ness of the bounds as an indicator of the error in the finite element solution
using

b

Ub,S

S

A

C2ls—sul [s—sn|

eub + glb

n 20"
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Figure 6.2. Example 2: bounds and convergence of the bound gap for different
values of the convection parameter, a = 0, 1,5, 10 and 100 for ¢ = 1. (See also Color
Plate on page 386)

Table 6.3. Example 2: Adaptive mesh refinement results for a final tolerance Ay =
0.001s and various values of a and o = 10 using strict flux-free error estimators.

b ub

eh

0“:7 eub

Tel s Sh s s n
a=0 31210.2905436 0.291503|0.290315 0.291667|| 0.33% 0.08% 0.39%| 70.39%
734 0.290899(0.290446 0.290969|| 0.12% 0.03% 0.15%| 73.54%
a=1 3121/0.3281819 0.329054|0.328050 0.329127|| 0.27% 0.04% 0.29%| 61.77%
473 0.328640(0.328081 0.328705|| 0.14% 0.03% 0.16%| 68.15%
a=>5 3121/0.4789324 0.479329|0.478407 0.479826/| 0.08% 0.11% 0.19%| 178.89%
402 0.479203|0.478642 0.479473| 0.06% 0.06% 0.11%| 153.56%
a =10 312 |[0.6182269 0.618311(0.613727 0.622804(/0.014% 0.73% 0.74%5383.16%
1076 0.618258/0.617690 0.618793([0.005% 0.09% 0.09%|1768.07%

Table 6.4. Example 2: Adaptive mesh refinement results for a final tolerance Ay, =
0.001s and various values of o and o = 10 using strict equilibrated error estimators.
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a=0 312 |[0.2905436 0.291503|0.289512 0.291779( 0.33% 0.36% 0.43%| 118.08%
1114 0.290753( 0.290298 0.290823|| 0.07% 0.08% 0.10%| 125.26%
a=1 312 |[0.3281819 0.329054|0.327359 0.329188|| 0.27% 0.25% 0.31%| 104.79%
853 0.328418(0.327907 0.328493| 0.07% 0.08% 0.09%| 124.00%
a=05 312 [|0.4789324 0.479329|0.477642 0.480297| 0.08% 0.27% 0.28%| 334.65%
1036 0.479038(0.478474 0.479415|| 0.02% 0.10% 0.10%| 445.34%
a=10 312 [[0.6182269 0.618311|0.609617 0.626863(|0.0136% 1.39% 1.40%|10227.14%
10619 0.618237|0.617644 0.618812|[ 0.0016% 0.09% 0.09%| 5976.13%
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7 Concluding remarks

This paper introduces a new technique to compute strict upper and lower
bounds for functional outputs. The bounds are guaranteed regardless of the
size of the underlying coarse discretization and do not involve uncertain ingre-
dients (in some cases, the bounds may depend on continuity or interpolation
constants which are non-computable and have to be approximated, or they
may depend on the evaluation of integrals involving analytic functions which
have to be numerically integrated ... ).

The proposed strategy is an extension of the flux-free technique presented
in [1]. In [1], the resulting estimates yield upper bounds of a reference solution
associated with a finer reference mesh. This bounds are only strict provided
that the error associated to the reference solution is negligible in front of the
error associated with the coarse solution. In the present work, this assumption
is removed, and the bounds are strict without any further assumption.

As previously proposed flux-free approaches, the implementation of the
proposed method is less cumbersome compared to hybrid-flux estimators
where flux equilibration algorithms must be implemented. Moreover, the ob-
served accuracy is much better than in the hybrid-flux methods. Also, the new
flux-free technique yield much sharper bounds than other previously proposed
flux-free techniques.

It is worth noting that although the strategy may be applied to convection-
dominated problems, the effectivities of the bounds deteriorate as the convec-
tion term becomes dominant. This phenomenon is due to the expression of
the bounds of the output given in theorem 1, and is also observed in all the
previous works which compute strict or asymptotic bounds for quantities of
interest for the convection-reaction-diffusion equation.

Finally, the distribution of the local contributions to the error are well
suited to guide goal-oriented adaptive procedures.
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Summary. Raw CAD and molecular data need to be prepared before they can be
used in meshfree numerical solvers. After quickly summarizing the different steps
required for that processing, we will focus on the practical realization of global conti-
nuity. In particular, we will examine error bounds about chord length approximation
in which two procedures can yield errors: sample interpolation, length estimation.
We will report eventually on some practical results where the initial data are ac-
quired from IGES files for CAD models and from PDB files for molecular ones.

Key words: NURBS, molecule, CAD, IGES, PDB.

1 Introduction and Problem Setting

Many physical phenomena can be formulated in terms of PDE or integral
equations [4,6] which can be efficiently solved numerically. Usually, the initial
equation [2,11] to be solved is valid on a surface I" bounding a 3D domain {2.
For CAD models, the surface I" is generated by a design software or a CAD
system whose output is stored in a CAD standard like IGES (Initial Graphics
Exchange Specification). As for molecular surfaces [4], the surface I" represents
the solute-solvent boundary. It bounds a cavity {2 containing a distribution of
electric charge which interacts with the solvent represented by a continuous
dielectric medium. Nowadays, the PDB (Protein Data Bank) format is the
standard which is used to digitally store molecular information. Over the last
decade, meshfree approaches demonstrated themselves to be very effective. In
particular, the capability of the Wavelet Galerkin scheme has been completely
proved [2,11] theoretically. Yet, its implementation has not been successfully
applied to real geometry data as opposed to mesh-based approaches. In this
paper, our purpose is to process raw geometry data into a form acceptable by
some meshfree solvers. Note that although the presented preparation of the
geometry data is mainly devised for Wavelet Galerkin solvers, we do believe
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Figure 1.1. CAD and molecular surfaces: before and after decomposition (See also
Color Plate on page 386)

-
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@

that it is general enough to treat some other approaches. Since the whole
preparation of the geometry data is very long, we cannot describe it in full
detail here. Therefore, we sketch only the parts which have been thoroughly
investigated previously [5,9].

Let us suppose that the closed surface I" which bounds a connected region
£2 C R3 is the union of several parametric surfaces St, ..., Sy. Each surface S;
can be trimmed or untrimmed [1]. For untrimmed surfaces, there are several
representations [3] including B-splines, NURBS, surfaces of revolution and
tabulated cylinders defined on rectangular domains which will be supposed
to be the unit square. For each trimmed surface S;, we assume that there is
a rectangle R; := [a;, b;] X [¢;,d;] containing a multiply connected region D;.
The external and internal (when relevant) boundary curves of the domain D;
are supposed to be composite curves. That is, there are univariate smooth
functions k! defined on [e], f/] such that

0D; = | JIm(k?). (1.1)

We have a parametric function 1, : R; — R?® which is bijective, smooth and
regular in the sense that its Jacobian has maximal rank such that ¥, (D;) = S;.
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Furthermore, we suppose that the bounding curves k] are sufficiently smooth
and that they do not have any cusps [9].

Our objective is to tessellate the surface I' into a collection of four-sided
patches I3, i.e., I' = U;I;, where the splitting is conforming [5]. We need also
some regular functions v; such that I; = v;([0,1]?). Additionally, we require
global continuity meaning that for two adjacent patches I; and I, there is a
bijective, affine mapping = : [0,1]? — [0, 1]? such that for all x = v,(s) on a

common edge of I; and I'; it holds that

Yi(s) = (vj 0 5)(s). (1.2)

That is, v, and -; coincide pointwise at common edges up to some reorien-
tation. The whole geometry processing is graphically summarized in Fig. 1.1
where the grids represent the images by -, of a uniform grid on the unit
square. For real CAD data, we are not able to achieve the exact global con-
tinuity (1.2). As a consequence, we will have only matching condition with
certain accuracy e > 0 such that dist[vy,(s),v;(Z(s))] < € for all s € 9]0, 1],

2 Decomposition Procedure

This section will summarize the process of obtaining a conforming decompo-
sition from a set of parametric surfaces. In order to have a unified description,
we will define D; := [0,1]? for each untrimmed surface S;. First, we approxi-
mate the whole model by a polyhedral one with nodes A = {x;} C R3. This
is performed by finding polygonal approximations of the planar domains D;
as follows. For each surface S;, we generate a polygon P(Y) whose nodes xfj)
are taken from the curved boundary of D;. In order to ensure conformity at
an interface curve C between two adjacent surfaces S; and S;, we have to

consider that for each vertex x,(f) € PU with wi(xg)) € C, there must exist a

vertex xl(j) € PY guch that

P, (x) = o (x\7). (2.3)

Using too few vertices will result in polygons with possibly some imperfections
such as intersecting edges. But if the polygonal approximation is too fine,
this results in too many four-sided patches. Therefore, one has to split the
curved edges adaptively while trying to maintain relation (2.3) which requires
preimage computations: for a given point z € Im(t, o k}), find some w =
k! (t) € OD; such that 1, (w) = z. Let us emphasize that only polygons having
an even number of boundary vertices can be decomposed into quadrilaterals.
In order to convert odd faces into even ones while inserting only few nodes,
we assemble the adjacency graph and we use Dijkstra algorithm to search for
the shortest path connecting two odd polygons. One can show [9] that the
number of odd faces is always even for a closed model and the odd faces can
thus be converted to even ones pairwise.
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In order to obtain the four-sided patches embedded in space, we split the 2D
regions D; into four-sided regions Qi ; as D; = |J,, Qk,;- The final four-sided
patches I}, are therefore the images by 1), of the 2D domains @, ;. To this
end, we decompose each polygon P into convex quadrilaterals Qr,i- We have
developed in [9] an approach that performs a quadrilateral decomposition of
a polygon with n boundary vertices into O(n) convex quadrilaterals. Alterna-
tively, one can use advancing front or other techniques based on triangulation
conversion [7, 8] such as those in the Q-morph software. During that quad-
rangulation, we do not use any boundary vertices other than the preimages
P, 1(xk) of some xj, € A. The four-sided domains @, ; are obtained from gy ;
by replacing the straight boundary edges of g ; by the corresponding curve
portion of D;. Let us note that the process of curve replacement may give rise
to three serious problems. First, the boundary curve may intersect an internal
edge. Second, sharp corners might be smoothened out by such a replacement.
Third, it is possible that the Coons patch is not regular as discussed in the
next section. In such cases, we have to make a polygonal refinement. We de-
veloped in [9] a method for making only a local rectification while keeping the
large part of the quadrangulation in which we guarantee relation (2.3) when
inserting new nodes.

3 Transfinite Interpolation and Global Continuity

In this section, we want to use the notion of Coons patches defined on four-
sided regions. The mapping ~, from relation (1.2) will be the composition of
the base surface v; from Section 1 and the Coons map of each 2D four sided
domain. Let us consider four sufficiently smooth curves «,3,7v,6 : R —
R2. We are interested in their restriction on [0, 1] and we suppose that they
fulfill the compatibility conditions at the corners: a(0) = §(0), a(1) = 3(0),
~(0) = d(1), v(1) = B(1). We assume that besides those four corner points,
there are no further intersection points. A transfinite interpolation consists in
generating a bivariate function x defined on [0, 1] such that

x(u,0) = a(u), x(u, 1) = v(u) Vu e [0,1],
x(0,v) = d(v), x(1,v) = B(v) Vv el0,1].

Such an interpolation will be solved by a first order Coons patch which is
defined in matrix form as

11 o x(u,0)  x(u,1)] [ -1
X(U,U) = FO(U) X(O,U) (070) (07 1) FO(U) )
Fi(u) x(L,v)  x(1,0) x(1,1) Fi(v)

where Fy and F denote two arbitrary smooth functions satisfying: F;(j) = d;;
for i,7 = 0,1 and Fy(t) + Fi(t) = 1 for all ¢t € [0, 1].
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Since the decomposition process from Section 2 requires frequent regularity
checks, we summarize now some efficient method for quickly verifying if a
Coons patch is regular. We will examine only different conditions that guar-
antee the regularity of a planar Coons map with Bézier boundaries while
the general case can be treated by using polynomial approximation [5]. That
is, we suppose that the boundary curves a, 3,7, 9 are expressed in terms of
their respective control points «;, 3;,7;,0; (i = 0,...,n) and the Bernstein
polynomials B*(t) as follows

alt) =Y a;Brt),  Bt)=>_ B;Brt),
=0 1=0

WO =D vBIO, 8= > 8By,

The polynomial blending function Fj is also expressed in Bézier form Fi(t) =
Yoo @Bl (t) = 1 — Fy(t). Furthermore, we suppose that the range of Fyy and
Fy is [0,1] and we define p := max{|F](t)| : t € [0,1]}. We let 7 denote the
minimum of the following expressions over i, =0, -+ ,n

Aij = n2 det[aiﬂ — Oy, 6j+1 — 6j], Bij = n2 det[aiﬂ — ai,ﬂj+1 — ,@j],

n’ det['yiJrl — Y ,3j+1 - /BJ}

Cij i=n’detly;yy =i, 8,41 — 5], Dij:

We introduce also G := max{Gj, G2} where

Gy = max{u][(8; — 8:) + ¢i(vo — Yy + otn — @x0) + (a0 — e[|},

G = max{p|(v; — @) + di(¥o = Vi + @0 — o) + (@0 = 7o)[|}-
Theorem 1. Let M be a constant such that

nl|d; (Vi1 — v + i — ai1) e — )| < M, (3.4)
nlé;(Biv1 — Bi + i — dip1) +(dip1 —64)|| < M,

foralli=0,....n—1andj=0,...,n. If2MG +G? <71 and 7 > 0, then x
18 reqular.

Proof
We can express [5,9] the partial derivatives of x as x,(u,v) = F{(u)S1(v) +
Ci(u,v) and x,(u,v) = F{(v)Sa(u) + Ca(u,v) where Sq(v) := D1 [(8; —
1)+ 01(~0 — A+ Cn — ) (0 — )| BI(v) and Sa(u) == 31 o[, - i)+
Di(Yo — Y + n — o) + (a0 — ()] B (u) while C; and C; are expressions
which verify ||Cy(u,v)|| < M and ||Ca(u,v)|| < M for each (u,v) € [0,1]?.
We deduce the result from the fact that the Bernstein polynomials form a
partition of unity and that o/ (u) = E?:_Ol n(ay1 — ;) B! (u) with similar
relations for 3, v, §.

]
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In order to employ the technique of adaptive subdivision, let us introduce two
notions. First, one can show [9] that a Bézier surface Zl =0 Eiy B} (u) B} (v)
has as Jacobian a Bézier function of degree 2n with the next control coeffi-
cients:

Z C(i,j,k,1) <()()) (27(:;), p,q=0,...,2n,

J+l q
where
|3 1
i, ] =—|=-D(—-1,9 —1 1—— ) D(i, 4 -1
Cliq bl i= & | 2D~ 1giki =) + (1= 1) Dl bt - )
l 1 . . 7 .
+<1_) [D(Z_lvjakvl)+(l_> D(lvjukvl)]
n n n
and

D(i,j, k1) :=n*det[E;11; — Eij, EBr g1 — Epl.

On the other hand, a Bézier surface F defined on [a, b] X [¢, d] can be subdivided
into four Bézier surfaces F4, FB, FC FP which are respectively defined on

I*:=la,(a+b)/2] x [c,(c+d)/2],  I":=][a,(a+b)/2] x [(c+d)/2,d],
I9:=[(a+b)/2,b] X [c, (c+d)/2), TP :=[(a+1b)/2,b] x [(c+ d)/2,d],

by using the following recursions. Suppose the control points of F' are Fjj,
z',j =0,...,n. We define

and F[ = 0.5(F" ]+ FE)
ﬂ) ~_F“ and Pﬁ“] _05(P}’; 11+P[]k N =00 k>L
[10] — F[jn i1 and Q[?k 05(Qk 1]+Q[7k 1)

7,j—1

The control points of FA, FB FC¢ and FP are respectively Ay = PZ[JJ]7
B;j = Pi[gfj], Cij = QU] D;j = anfj]. We have in particular

ij 7 n
F(u,v) = F"(u,v) for (u,v)€lI", where r=A,B,C,D.
We can apply the same subdivision technique to each of the resulting 4 Bézier

surfaces. A recursive application of that subdivision on the unit square gen-
erates a uniform grid consisting of o2 little squares.

Theorem 2. Suppose that the Coons patch x defined with o, 3,7, d is reqular.
Suppose that its Jacobian function J has been subdivided into o2 functions J“
defined on

I :=[(i —1)/o,i/o] x [(j — 1)/a,7/0], ij=1,...,0,

and with Bézier cogﬁficients Jih, p,q=0,...,2n. Then, for a sufficiently large
o all coefficients J,, have the same sign.
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Proof
We apply [5,9] the multivariate Taylor expansion to the blossom of J%, in
order to obtain

i =J9(ap, cq) + O(h?) (3.5)

where h :=1/(2n0), a, := a + ph, ¢4 := ¢+ ¢gh in which [a, b] X [c, d] denotes
the rectangular domain I*7. As a consequence, we have

J]g = JY(ap,cq) + J;é — JY(ay,cq) > J(ay,cq) — Ch*.

We deduce the result by letting Ch? tends to 0 as o tends to infinity.

|
We omit the proof of the following results which can be proved in a very
similar fashion.

Theorem 3. Let x be a Coons patch that is not reqular. Then, in the situation
of Theorem 2 and for sufficiently large o, there must exist (i1,71) and (iz,J2)
such that o

JM:J1 > ()

Jgg,jz < 0} Vp,q=0,...,2n

In practice, we do not need to subdivide the Jacobian uniformly because we
can perform adaptive subdivision. We start from a single Jacobian function
written in Bézier form defined on the unit square. Then, we split it recursively
by adaptively using the former subdivision techniques. That is, we subdivide
only those Bézier functions that have Bézier coefficients Jj} with different
signs. The preceding two theorems serve as abortion conditions for that re-
cursion. .

An arbitrary parametrization of the curves k! from (1.1) does not guarantee
the global continuity in (1.2). Since we cannot modify the base surfaces 1p,, we
want to replace the 2D curves &’ ! by K such that they have the same shapes
(im(k?) = im(&?)) but they have different parametrizations. Let us introduce
the length func‘mon

X1 (t) =

J ) .
d(Zi (9)”(19 where p! =1, oK.

On account of the properties of mg and 1;, let us observe that

o=|%a|zo werd (5.5)

~1 and our method consists in

Hence, there is an inverse function ¢/ := (x7)
replacing the function n] by the chord length parametrization h:J =K} o ¢].
We have shown [5] that it we use that reparametrization then we have global

continuity.
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4 Practical Realization

In the following section, we show how to approximate the reparametrization
function ¢ = y~! which we met in (3.6). Additionally, we will examine the
accuracy of the approximation. In the description of the method, we suppose
that we have a fast method of evaluating the arc length £(x,y) between two
points x, y belonging to the curve C.

Let {s;}i=o0,...n. C [e, f] be some samples such that s; < s;41 and so = e and
sp = f. Let {x;}i=0,....n be their images by 9 o k and define L; := L£(x;, Xi+1)
for i = 0,...,n — 1. We introduce now ¢; :== Y, _, Ly, € [0, L] where L is the
length of the whole curve. Afterwards, we consider the samples {(¢;,s;), i =
0,...,n} and we interpolate them by a composite cubic Bézier curve ¢y,:

gbh(ti) = S; Vi= 0, ., n, (47)
3

= Z b3i+jB?(t) Vit € [ti, ti—&-l}- (48)

Lemma 1. [3] Let fy be the cubic spline interpolating the samples [t;, f(t;)]
which are obtained from a function f. By defining h := max|t; — t;11]|, we
have the approzimation accuracy ||f — fulloo < Ch*.

Since it is practically infeasible to compute the lengths exactly, we want to
examine the influence of the length error to the function approximation. More
precisely, on account of length evaluation inexactness, let us suppose that
we have evaluated {r;} instead of {¢;}. Let ¢y, be the cubic spline which is
computed with the help of {;}. The following results expressing the accuracy
| — 1|0 is proven from the former lemma.

Theorem 1. Suppose that the error in length computation is max;—o,... n |t; —
7| = O(h®) where o > 1 is some fized integer and h := max [t; —t;11]. Then,
we have the approzimation accuracy ||¢ — dplso = O(R™n{H0Y),

Proof

Since the proof is easy but lengthy [9], we will sketch only the main points.
Consider the piecewise polynomial interpolant o of degree seven satisfying the
following boundary conditions (use higher order Hermite interpolants):

o(r)=t;, o(r)=1, o®(r)=0 k=23 (4.9)

A Taylor development reveals that for 7 € [7;, 7;41], we have:
o(r) =1 =0(n)—Ti+ Z (e (1) = 61.1) + O(|Ti = Tig1[Y). (4.10)

As a consequence, we have o(7) — 7 = O(h™*{%4e}h) Since ¢ is uniformly
bounded, we obtain from a second application of a Taylor development that
6 - Bnlloo = O(mintdel),

a
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5 Chord Length Estimation

Since the formerly developed method invokes many evaluations of the length
function, our next objective is to design an algorithm for estimating the length
of a curve x inside an interval [a, b]:

b
L= / %/ (1))t (5.11)

We would like also to investigate the rate of convergence of the approximation.
Without loss of generality, we suppose that the curve is defined on [0, 1] and
we compute the whole length i.e. a = 0, b = 1. Without loss of generality, we
suppose that the curve is a rational Bézier curve

2 i—owibi By (t)
Simowi B (t)
where we have in mind that m is small (say m < 4). Other curves like NURBS

can be converted to piecewise rational Bézier curve. Besides, we assume that
the weights w; are uniformly bounded:

x(t) := (5.12)

> wiBMt)

=0

dRy >0,Ry >0 suchthat R; < < Ry vVt e [0,1].

(5.13)
Let us first introduce some notations related to the successive subdivi-
sion of an arbitrary Bézier function S(t) = Y."s;B"(t). Let s( 7 be the
points which are found by using the de Casteljau algorithm at ¢ = 0.5, i.e.
sVt = 0.5(s) (])1) and s{” :='s;. The function S0 := S can be split
mto two Bézier functlons S and S92 which have respectively the control
points s[ o ( ) and sgl’z] = ng—i) and which are defined on [0,0.5] and
[0.5,1]. We can apply that process successively in order to obtain from each
Bézier function SP~14 two Bézier functions SP:2i~1 and SP-2i, That is, after
applying subdivisions n times, we have 2" Bézier curves S!"* whose control
points are denoted by sgn H for k= 1,...,2" and i = 0, ..., m. Each function
Sk is defined on the interval [Pk—1, pr] where py := k/2™.
Now, we want to apply the above subdivision technique to the numerator
x(-) and the denominator w(:) of the function in (5.12). Let us denote the
control points of X by b; := byw;. The functions X(-) and w(-) will be sub-

divided into functions x/"*! and w!™* having the control points Bgn’k] and
[n Kl . On each subinterval [pg, pr+1], we introduce the rational Bézier curve
x[” k= x[mk k] Thus, by defining b[” M b[" Kl /w[” k], we have for

each 7 € [pk, pr+1]:

m [n k]b[n k]B o
Lizo¥ () where §=—— 2% (5.14)

EZ”O [, k]Bm( ) Drk+1 — Pk

x[mk] (1) =
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Figure 5.2. Decomposition of simple CAD models (See also Color Plate on
page 387)

Furthermore, we have the restriction property: x™* = X o By consid-
ering the interval [px_1, px], we can introduce 0, i := (i/m)p + (1 —i/m)pr_1
for ¢ = 0,...,m. We have the following convergence result for the subdivision
of a rational Bézier curve.

Theorem 1. Suppose that the rational Bézier curve in (5.12) has been subdi-
vided n times. Then, we have the following accuracy order for all k =1,...,2"
and i =0,...,m:

n n,k —2n
I8 (0:) = B = 0(272). (5.15)

s

Proof
Since the function w is uniformly bounded as specified in (5.13), there exist
constants K1, Ko such that
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Figure 5.3. Decomposition of realistic CAD models (See also Color Plate on
page 388)
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w[n,k]b[n,k’] X X
X[n,k] (ei,k) _ 1k7 < K, Hi[n,k] (gzk) _ wl[nv ]bEW ]H , (516)
w[”a ](sz) ’
[n,k]y [, K]
k] _ Wi b ‘ Ky Y\ _ [n,k]’
b; ST (6or) < Ko |w!™™(0; 1) — w; . (5.17)

As a consequence, we obtain
Hx[n,k:] (gi,k) - bl[in,k] H <K, Hi[mk] (ez,k) N w@[n,k]bgn,k] H

+ K5 ’w[”’k] (927]@) — (.L)Z[n’k} .

(5.18)

On the other hand, let us consider the blossom function P of the polynomial
%"kl We have the relation with the control points:

Bgn)k] :P(pk—la"'apk—lapka"'apk)' (519)
————— ——
m—i i

Thus, we have the following Taylor development:

0

0, s ;
8901,7)( & &)+

Bl["’k] =POi s b +Z Pk—1 —
p=1

m

0
> (k- ei,k)877)(9i,ka o 0i) + O(lpr — pr—11?).

p=m—i+1 P

Since P is symmetric, all partial derivatives in the above relation are the
same. Due to the fact that (m —i)(px — 6; k) + i(px—1 — 0;,x) = 0, we obtain
BE"’H =POik,-0i k) +O(pk—pr—1]?). As a consequence, we deduce BE"’M =
x["#(6; 1) + O(272"). The same analysis can be repeated to the blossom of
the polynomial w in order to obtain w,l["’k] = w(; ) +O(272"). Therefore, we

can deduce from (5.18) that [|x["*(6; ;) — bI™*| = O(2-2).

O
Corollary 1. Let L be the length of x. Define
m—1
A=Y X Gig) = XM (B104) |, and (5.20)
m—1
By=Y_ b —b  vEk=0,..2"-1. (5.21)
i=0

We claim that L, := Y, (Mg + (1 — X\)By) converges to the true length L in
dyadic order:
| —L,|=027"). (5.22)
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Proof

Let I;, be the length of the curve xI™*/(7). Due to the convex hull property [3],
we obtain Ay <[, < Bj. On the other hand, the difference of the bounds can
be estimated as follows

m—1
1Br— Akl < [ = < (@0]] | + Bt = < (00,0)]]| - (5.23)
=0

By using the previous theorem with the last inequality, we deduce | By — Ay | =
O(272"). As a consequence, we obtain |By, — l| = O(272") and |4y — lx| =
O(272"). Hence, the accuracy of the length estimation is given as |[£ — L, | <

S0 AU — AR) + (1= N)(Is — By)| = O27™).
O

Figure 5.4. Molecules: pentane, fullerene, propane, ice. (See also Color Plate on
page 389)
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6 Similarities and Differences for Molecular Surfaces

Most properties that are valid for CAD surfaces hold true for molecular ones.
Still, there are some differences [10] which we want to summarize below. Each
constituting atom in a molecule is represented as an imaginary sphere whose
radius corresponds to the Van der Walls radius of the atom. The molecular
surface which represents a closed surface is the boundary of the union of those
spheres. Since a boundary representation structure using parametrizations for
the faces is more convenient for the surface decompositions, we have to con-
vert that CSG representation into a boundary representation. That is, we need
to find the set of edges, vertices and faces whose parametrization serves as a
lifting from planar decompositions. For that, we first perform sphere-sphere in-
tersections and circle-circle intersections. Then, we detect and discard useless
geometric entities. Note that all edges can be represented in form of ratio-
nal Bézier curves because they are circular arcs. As for the parametrization,
projective geometry is useful for linearizations. For instance, suppose that a ra-
tional Bézier curve x is given in homogeneous coordinates as x(t) = > [w;
Wiy @ wiy;  wiz| BR(E). The following curve maps to x by the stereographic
projection y(t) := [0, @i B (t) + 3L widi B (t) 307 @il BY(¢) : 0]
where @; := w;(1 — z;) and (Z;,9;,0) := (2;/1 — 2;,y:/1 — 2;,0). Interestingly,
the preceding reparametrization is not required for molecules so as to obtain
global continuity. The most complicated process [10] is the creation of the
four-sided patches by means of rational Bézier surfaces while achieving an
ezact matching condition.

7 Software Packages and Practical Results

In order to apply the former methods, we have developed a software whose im-
plementation is written in C/C++ and MFC while the visualization is done
in OpenGL. We have used two sets of CAD models whose results are dis-
played in Fig. 5.2 and Fig. 5.3 respectively. The first set consists of simple
CAD objects which have relatively few initial surfaces: 136, 40, 18, 28 respec-
tively. The second set is devoted to objects which are already mechanically
realistic for complex CAD models without assemblies. The respective num-
bers of initial surfaces are 243 and 593. Apart from the decomposition, we
have also evaluated points on the surfaces where we need 4225 = 652 points
per patch. The results are gathered in Table 7.1. As for molecular models,
we have implemented a software which accepts PDB files as input. We have
applied the geometry preparation method to four molecular surfaces: pentane
(17 atoms), fullerene (60 atoms), propane (11 atoms), ice (84 atoms). The fi-
nal tessellations consist respectively of 388, 360, 231, 1284 four-sided patches
as illustrated in Fig. 5.4. Molecular decompositions take longer than CAD
ones because of the conversion into boundary representation. The decompo-
sition durations for the four molecules are 11.77 sec, 2.45 sec, 9.65 sec and
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Table 7.1. Runtime and point evaluation.

Model Nb initial surf  Nb patches Decomposition Evaluation
Set 1-Object 1 136 352 2.981 sec. 16.456 sec.

Set 1-Object 2 40 96 1.030 sec. 4.456 sec.

Set 1-Object 3 18 46 0.345 sec. 2.898 sec.

Set 1-Object 4 28 212 0.686 sec. 10.124 sec.

Set 2-Object 1 243 727 3.245 sec. 40.987 sec.

Set 2-Object 2 593 2081 16.816 sec. 98.975 sec.

.97 sec. In the opposite, the point evaluation is faster because we need much

fewer control points in molecular surfaces: the point evaluations for the four
molecules take 0.361 sec, 0.354 sec, 0.256 sec and 1.345 sec. The results were
obtained from a machine with processor Intel Core 2.16GHz having Windows
Vista.
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Summary. We describe a new method to include magnetic fields into smooth par-
ticle hydrodynamics. The derivation of the self-gravitating hydrodynamics equations
from a variational principle is discussed in some detail. The non-dissipative magnetic
field evolution is instantiated by advecting so-called Euler potentials. This approach
enforces the crucial V- B = 0-constraint by construction. These recent developments
are implemented in our three-dimensional, self-gravitating magnetohydrodynamics
code MAGMA. A suite of tests is presented that demonstrates the superiority of
this new approach in comparison to previous implementations.

Key words: astrophysics, magnetohydrodynamics, smoothed particle hydro-
dynamics, magnetic fields, Euler potentials

1 Specific astrophysical requirements

Astrophysical simulations have their specific requirements which differ in
many respects from those of other branches of computationally intense re-
search fields. The dynamics of self-gravitating gas masses plays a prominent
role throughout astrophysics, but it is usually only one of several ingredients
and it is often necessary to account for additional physical processes such
as radiative transfer, nuclear burning or the evolution of magnetic fields to
address questions of astrophysical interest. These additional processes often
involve intrinsic length and time scales that are dramatically different from
those of the gas dynamical processes making astrophysical problems prime
examples of multi-scale and multi-physics challenges.

Since fixed boundaries are usually absent, flow geometries are determined
by the interplay between different physical processes such as gas dynamics
and (self-)gravity which often leads to complicated, dynamically changing flow
geometries. Therefore, many problems require flexible numerical schemes such
as adaptive mesh refinement or completely meshfree, Lagrangian methods.
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Figure 1.1. Two snapshots from the simulation of the tidal disruption of a white
dwarf by a black hole. (See also Color Plate on page 389)

Each of these methods has its stengths and weaknesses and the choice of the
best-suited method can usually save a tremendous amount of effort.

An astrophysical example of such an intrinsic multi-scale and multi-physics
problem is shown in Fig. 1.13. It shows two snapshots from a simulation of the
tidal disruption of a white dwarf star by a black hole. The initially spherical
star becomes strongly distorted while passing the black hole (left panel), it
is heavily compressed compressed and shock-heated which triggers very rapid
nuclear reactions whose energy release leads to the thermonuclear explosion of
the white dwarf. In order to follow this process for each of the computational
fluid particles a nuclear network [24] is evolved on-the-fly together with the
hydrodynamics.

In many astrophysical problems the numerical conservation of physically
conserved quantities determines the success and the reliability of a numerical
simulation. Consider, for example, a molecular gas cloud that collapses under
the influence of its own gravity to form stars. If in the simulation angular mo-
mentum is artificially dissipated, say due to too coarse a mesh discretization, a
collapsing, self-gravitating portion of gas may form just a single stellar object
instead of a multiple system of stars and it will thus produce a qualitatively
wrong result. The “exact”? conservation of mass, energy, linear and angu-
lar momentum is —besides its natural adaptivity— one of the main strengths
of the smoothed particle hydrodynamics (SPH) method. This exact conser-
vation can be “hardwired” into SPH’s evolution equations via symmetries in
the fluid particle indices. Originally this was done —successfully, but somewhat
arbitrarily— by hand [6,23,32], but more recently it was shown [34, 36,62, 64]

3 Astrophysical implications of this topic are discussed in [52,54], details of the
numerics can be found in [53].

4 “Exact” means up to possible effects from the numerical integration of the re-
sulting ODEs or from using approximative forces, say from a tree or some other
Poisson-solver.
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how the correct symmetries follow elegantly and stringently from a discretized
fluid Lagrangian and the Euler-Lagrange variational principle.

In the following, we will review the derivation of the self-gravitating SPH
equations from a Lagrangian, see Sect. 2.1. We will also discuss in detail
how to implement magnetic fields via so-called Euler potentials, see Sect. 2.2.
This approach is similar to evolving a vector potential and enforces the cru-
cial V - B = 0-constraint which otherwise poses a severe challenge for parti-
cle methods. These new develoments are implemented in our self-gravitating,
three-dimensional magnetohydrodynamics code MAGMA, which is described
in Sect. 3.

2 Guiding principles
2.1 Ideal smoothed particle hydrodynamics (SPH)

The smoothed particle hydrodynamics method (SPH) had originally been
developed in the astrophysical context to simulate the formation of stellar
binary systems via fission [29] and the structure of non-sperical stars [19].
While the initial 3D simulations used 80 (Gingold and Monaghan) and 100
SPH particles (Lucy) today’s state of the art cosmological SPH simulations
have reached particle numbers in excess 10?, see e.g. [20]. This is only in part
due to the increase in hardware performance, also the simulation techniques
(in particular the treatment of self-gravity) have become continuously more
sophisticated and much effort has been invested to parallelize 3D codes on
various computing platforms. Also the formulation of the SPH equations has
come a very long way from the initial straight-forward discretisation of the
Lagrangian gas dynamics equations to its most recent formulation that follows
stringently from a discretized ideal fluid Lagrangian.

Here we will give a brief overview over an older SPH-formulation, but
we will mainly focus on an approach that is based on a derivation from a
discretised Lagrangian. This latter approach naturally introduces so-called
“grad-h” terms that result from changes in the smoothing lengths of the SPH
particles.

“Vanilla Ice” SPH

The approximation of function values and derivatives via a kernel summation
is at the heart of SPH. If the values of a function f are known at a set
of discrete points (“particles”) labelled by b, the SPH approximation of the
function f at position 7 is given by [6,32,35]°

5 Note that we do not specify at this point which A is used. For this “vanilla ice”
SPH the h that enters the kernel should be a symmetric combination of the
smoothing lengths of the involved particles. This will be explained in more detail
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=Y %fbwu« — 74, h), (2.1)
b

where my, is the (usually constant) particle mass, py, is the mass density and
W is a kernel function whose width is determined by the smoothing length h.
Essentially all astrophysical SPH codes use the cubic spline kernel suggested
in [31]. Kernel functions with compact support are preferable since they re-
strict the SPH-summations to a local set of neighbours. For the conservation
properties it is convenient to have “radial” kernels,

W(r —ry,h) = W(|[r —m|], ), (2.2)
so that
VWi = VWi (0ba — Oka), (2.3)
and oW
ab A
aWa = 5 €ab, 24
\Y b= B €ab (2.4)
where Tab = Tq — Thy Tab = HrabH, Wab = W(’I‘ab, h) and éab = rab/rab. This
immediately leads to
VaWap = =V Wy (25)
and I
ab
= Uab * VaVVab, 2.
o = var VaWap (2.6)

with v,y = v, — vy being the velocity difference between particle a and b.
Eq. (2.1) can be applied in particular to the mass density itself which then
reads

p(r) = ZmbW(r — 7, h). (2.7)
b

The gradient of a function is approximated in SPH by taking the exact deriva-
tive of the approximant:

Vi =Y %fbVW(r — 1y, h). (2.8)
b

The most straightforward and historically first taken approch is to apply this
set of rules to the Lagrangian form of the ideal hydrodynamics equations:

dp

— . 2.
7 pV - v, (2.9)
dv VP

- 2.1
= PREA (2.10)
du _Pdp _ fEV -, (2.11)

dt  p2dt p

below. For simplicity, we are omitting the subscript h in what follows. We also
drop the distinction between the function to be interpolated and the interpolant,
i.e. we use the same symbol f on both sides of the following equation.
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which express the conservation of mass, momentum and energy. Here, P is
the thermodynamic pressure, f abbreviates body forces and u is the thermal
energy per mass.

To briefly illustrate the dependence of conservation on the symmetry of the
particle indices let us apply Eq. (2.8) straightforward to the pressure gradient
in Eq. (2.10) (and assume vanishing body forces) to obtain

dva

== Z —va Wap (2.12)

for the acceleration of particle a. This form solves the Euler equation to the
order of the method, but it does not conserve the total momentum. Consider
the force that particle b exerts on particle a

dv, Mg My
Fy, = a =—-———PRV, W, 2.13
’ <m dt ) Pa Pb b b ( )
and similarly, the force from particle a on b
Fo="22"p v, Wa, (2.14)
Pa  Po

where we have used Eq. (2.5). Since in general P, # P,, the sum over all
the momentum derivatives, ), d(myvy)/dt, does not vanish and therefore the
total momentum is not conserved.

This deficiency can be easily cured by expressing the pressure gradient

term as vp P P

—==5Vp+V ( ) (2.15)
p PP p

If the gradient formula, Eq. (2.8), is applied to Eq. (2.15), the momentum

equation reads

dva ” P
- _Z ( ;’) VaWas. (2.16)
Pb

Because the pressure part of the equations is now manifestly symmetric in a

and b and VW, = =V, Wy, the forces are now equal and opposite (“actio=
reactio”) and therefore the total momentum is conserved by construction, i.e.
Z me % d‘U =0.

Slmllarly, the total angular momentum is conserved since the sum of all
torques vanishes:

% Z%XFW:% Zr“XFb“+Zr“XFba
a,b

% D (ra—75) X Fiq | =0. (2.17)

a,b

s
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Here the summation indices were relabeled and F',, = —F, was used. The
expression finally vanishes, because the forces between particles act along the
line joining them, see Eq. (2.4).

A suitable energy equation can be constructed from Eq. (2.11) in a straight
forward way. Start from the (adiabatic) first law of thermodynamics

dug P, dp,
= — 2.18
dt p2 dt (2.18)
and insert
dpa:i ZmW :va VoW, (2.19)
di di - bVVab : bUab aVVabs .
where we have used Eq. (2.6), to find
du, P,
dt = ?3 zb: MpUab * vaVVab- (220)

Together with an equation of state the equations (2.7), (2.16) and (2.20) form
a complete set of SPH equations.

In the previous derivation it was implicitely assumed that derivatives of
the smoothing lengths can be ignored. In a simulation with strongly changing
geometry, however, it is advisable to locally adapt the smoothing length. This
introduces, in principle, additional terms in the SPH equations. The impor-
tance of these extra terms depends very much on the exact application [56,64].

The SPH-equations from a Lagrangian, “grad-h” terms

The Lagrangian and the Euler-Lagrange equations

The SPH equations can be derived by using nothing more than a suitable
Lagrangian, the first law of thermodynamics and a prescription on how to
obtain the density via summation. The Lagrangian of a perfect fluid [16]

L= /p (U; —u(p, S)) v, (2.21)

with s being the specific entropy, can be SPH-discretized in a straightforward
way:

,U2
Lspun = Y _my (2b = u(py, Sb)) : (2.22)
b

The discretized equations for the fluid are then found by applying the Euler-
Lagrange equations
d (0L oL
— — =0. 2.2
dt (ava> or, 0 (2:23)

The term in brackets yields the canonical particle momentum
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oL

67 = MzUq, (224)

the potential-type second term in the Lagrangian becomes

oL ou(py, 5p) Oup
or, == m ore Xb:mb dps |

b

) Ips
or,

(2.25)

The first derivative can be expressed using the first law of thermodynamics,
du = P/p*dp, and therefore

dv, P
ma = =3 e P (2.26)

The density, its derivatives and the “grad-h”-terms

We will now address the aditional terms resulting from variable smoothing
lengths. For a density estimate as “local” as possible we use the smoothing
length h, in

=>_ W (rap, ha)- (2.27)

Adaptivity can be reached by evolving the smoothing length according to

e 1/3
ho=n(—) | (2.28)

Pa

where 7 is a parameter typically in a range between 1.2 and 1.5 [42]. Since p,
and h, mutually depend on each other, see Egs. (2.27) and (2.28), an iteration
is required for consistency.

If we take the changes of h into account, the Lagrangian time derivative
of the density is given by

dpa _ awab(ha) drab aWab(ha) dha
di _Zmb{ Oray  dt | Oh, dt

Ohg dpg 0
= ab * aWa ha 7Wa ha ;
Eb:mbv v: VaWarlha) + 505 Eb:mbaha b(fa)

where we have used dr,p,/dt = é4p - vap and Eq. (2.5). If the dp, /dt-terms are
collected into the quantity

Qa5< 8'% zb:mb )>, (2.29)

the time derivative of the density reads
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dpa _
dt

1
o > mpvan - VaWap(ha).- (2.30)
¢ p

This is the generalization of the standard SPH expression, Eq. (2.19).
In a similar way the spatial derivatives can be calculated

: OWyi.(hs) Oh
Pb:ka{Vaka(hb)+M b}
k

or, oh, Or,

ahb 6pb 8ka(hb)
= zk: mkvaka(hb) + 67;);,87 Z kahba

or,

0 1
8£b =0 > eV aWer (h). (2.31)
e k

The SPH equations with “grad-h”-terms
Inserting Eq. (2.30) into Eq. (2.18) yields the “grad-h” energy equation

dug 1 P,
dt*h =0 > myvay - VaWas(ha). (2.32)
a Ma b

With the derivative Eq. (2.31) one can write Eq. (2.26) as

“— = — mp— Vapp = — mpy— | — me VoW (h (2.33
o ; o7 Vaby ; e (szk: 1 VaWor( b))( )
With Eq. (2.3), the above equation becomes
1
— = Z b 2 o kavkab(hb) (ba — Oka)
- _mazmb vaWab(h ) P V Wab(h‘b) (234)
23 ’
i.e. the final momentum equation reads
%——Zm VW( o)+ =V W () (2.35)
- b aVVab -Qb ab\!tb .

Together with the density equation, Eq. (2.7), and an equation of state,
Egs. (2.32) and (2.35) form a complete set of “grad-h” SPH-equations.

Self-gravity and gravitational softening
The variational concept can also be applied to derive the gravitational forces
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including softening in a self-consistent way [43]. If gravity is taken into ac-
count, a gravitational part has to be added to the Lagrangian, Lgpy =
Lspun + Lspu,g with

Lspu,g = — Z mpPy, (2.36)
b

where @, is the potential at the particle position b, @(r,). The potential @
can be written as a sum over particle contributions

)= =G> myd(lr — el h), (2.37)
b

and it is related to the matter density by Poisson’s equation
V2@ = 47Gp. (2.38)

If we insert the sum representations of both the potential, Eq. (2.37), and the
density, Eq. (2.7), into the Poisson equation, Eq. (2.38), we obtain a relation-
ship between the gravitational softening kernel, ¢, and the SPH-smoothing
kernel W:

1 0 0
Wilr =l =~ 2 (ol =l 1)) (2.39)

Here we have used that both ¢ and W depend only radially on the position
coordinate.

Applying the Euler-Lagrange equations, Eq. (2.23), to Lgrav,s yields the
particle acceleration due to gravity [43]

dva,g _ GZ { "‘%b(hb)} oo

2

_*Z { VaWap(ha) + CbV Wab(hb)] (2.40)

where ¢/, = 0¢/0|r, — 7|. The first term in Eq. (2.40) is the gravitational
force term usually used in SPH. The second term is due to gradients in the
smoothing lengths and contains the quantities

3hk 0brp(hi)

=5 2.41
Cr b T (2.41)

and the 2 defined in Eq. (2.29). Formally, it looks very similar to the pressure
gradient terms in Eq. (2.35) with G(;/2 corresponding to Py/p3. As (i is a
negative definite quantity, these adaptive softening terms act against the gas
pressure and therefore tend to increase the gravitational forces. The explicit
forms of ¢, ¢’ and 9¢/Ih for the cubic spline kernel an be found in Appendix
A of [43].
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2.2 Ideal magnetohydrodynamics

Magnetic fields pervade the Universe in substantial strengths on all scales [57].
They are observed in intra-cluster media in galaxy clusters [13] as well as in
individual galaxies [69]. They are thought to be important for the birth of
stars [30], they influence the life of stars e.g. via Sun spots or via controlling
the angular momentum evolution during a stellar lifetime [21]. Stellar corpses
such as neutron stars make themselves known via their magnetic field as
pulsars, in a particular breed of neutron stars, so-called “magnetars” [68], the
field reaches gigantic field strengths of the order ~ 10'® Gauss. On the scale
of planets, magnetic fields controle the magnetospheres that can shield the
planet from the lethal cosmic rays, a fact that has certainly facilitated the
evolution of life on our planet.

Basic equations of ideal MHD

Magnetohydrodynamics is a one-fluid model for a highly conducting plasma.
It assumes that electromagnetic fields are highly coupled to the electron-ion
component so that if the fields have a typical frequency w and wave num-
ber k, they fulfill wm, ~ 1 and kA\y ~ 1, where 7, and A, are the typical
hydrodynamic time and length scales. If

! (TL‘>2 < <mi>1/2 (T> <1 (2.42)
ﬁplas )\h Me Th ’ .

where Bp1as is the ratio between gas and magnetic pressure, rr; the Larmor
radius of the ions, m; and m, the ion and electron masses and 7; is the typical
ion collision time, is fulfilled, the plasma can be described by the equations of
ideal magnetohydrodynamics [8]:

dp
- . 2.43
o= PV (2.43)
dvt 1089
== 2.44
dt p O0xJ ( )
du P
= _1V. 2.45
o SV (2.45)
dB
where the magnetic stress tensor is given by
y 1 1 g
S = _p§i 4 — (B’BJ - B26”> (2.47)
Ho 2

and the B¥ are the components of the magnetic field strength. Note that for
ideal magnetohydrodynamics only the momentum equation has to be modi-
fied, the energy and the continuity equation are identical to the case of van-
ishing magnetic field. The form of the momentum equation employed here
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formally accounts for B(V - B) terms which are needed for momentum con-
servation in shocks but on the other hand can be the cause of numerical
instabilities, see [47] for a detailed discussion.

Due to its relative simplicity in comparison to a more sophisticated
plasma treatment magnetohydrodynamics and in particular ideal magneto-
hydrodynamics has been employed throughout a broad range of applications
with sometimes not sufficient consideration about its range of applicability.
Whether the conditions of applicabilty [8,27] really hold needs to be checked
for each problem individually.

Euler potentials

Being dissipationless the ideal MHD equations are conservative which leads
to some important implications, the most powerful of which is probably the
frozen fluz theorem [2] which states that the magnetic field is carried around
by the plasma. This kinematic effect is due to the evolution equation of the
magnetic field, Eq. (2.46), and represents the conservation of magnetic flux
through a fluid element. In reality, i.e. in the presence of dissipative terms,
some slippage between the magnetic field and the plasma will occur.

The idea that the magnetic field lines are carried around by the flow is
closely related to the concepts of Euler potentials [17] which are sometimes
also referred to as Clebsch variables. For a review on Euler potentials we
refer to [65,66]. The basic idea is to present the magnetic field by two scalar
variables, o and 3 such that

B =Va x V. (2.48)
From this definition it is obvious that
B -Va=0=B-Vg, (2.49)

in other words: o and 3 are constant along each field line and can therefore
be used as field line labels. This is graphically represented in Fig. 2.2. The
frozen flux property of ideal MHD the simply translates into advecting o and
B with a Lagrangian fluid element:

dog dBa
dt 0 and dt

=0. (2.50)

The Euler potentials naturally relate to the magnetic vector potential via
A=aVi3+ V¢ (2.51)
or
A =—-pVa+ Vi, (2.52)

where £ and ¢ are arbitrary smooth functions. It is straightforward to check
that both of the above forms of the vector potential yield the magnetic field
via
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B=const.

o=const.

Figure 2.2. The intersection of a plane of constant o with a plane of constant g
labels a magnetic field line.

VxA=VaxVg=B. (2.53)

Thus, the V-B = 0-constraint that is otherwise very hard to fulfill in a particle
method [38,42,48] can be hard-wired into the numerical scheme by using the
advected quantities o and (3 to construct the magnetic field via Eq. (2.48).
This approach has the additional ease that, as long as the magnetic field
is not strong enough to substantially influence the dynamics of the plasma,
i.e. in the high-f,1.s-case, the evolution of different initial field configurations
can be explored by just re-processing an existing simulation with different
initial values for o and (. To find Euler potential pairs for a given magnetic
field configuration is however usually a non-trivial task due to the non-linear
nature of Eq. (2.48). The Euler potentials for a dipole field are known, but for
more complicated field geometries its usually a challenge to find an analytical
expression for the Euler potentials. There are however numerical procedures
to find suitable pairs of Euler potentials, see e.g. [25,40].
In two dimensions, a magnetic field can be represented by

a=A, [B=z (2.54)

where A, is the z-component of a vector potential.

Limitations of the Euler potential approach

While the Euler potential approach makes some otherwise rather challenging
problems such as magnetic field advection (see below) a trivial task, they have
their own difficulties and limitations.

First, the Euler potentials for a given field configuration are not uniquely
determined [65]. Assume, for example, that one particular set of Euler
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potentials, a; and (1, is known. Then for a second set that is a function
of the known ones, as = as(ay, 1) and B = Ba(a, 1), one finds

_ (022062 0Bz 9oz
Vas X VBQ = <8O¢1 6ﬂ1 6041 661) Va; x Vﬂl (255)

and therefore ap and [y will also be a set of Euler potentials for the same
field as long as the term in brackets is equal to unity.

Second, by their very nature the Fuler potentials are restricted to the
purely non-disspative case and thus they are not immediately suited to treat
the case of dissipative effects in a plasma.

Third, there are restrictions with respect to the magnetic field geometries
that can be represented by Euler potentials. It is, for example, impossible to
represent a linked ploidal and toroidal field. Nevertheless, as will be demon-
strated in Sec. 3.3, on a large set of standard MHD-test problems the Euler
potential approach yields excellent results.

From a numerical point of view they involve higher-order derivatives, see
Egs. (2.44) and (2.48) which is usually numerically challenging. However, as
will be shown below, this not necessarily has to degrade the accuracy of the
solution.

2.3 Dissipative terms

In both hydrodynamics and magnetohydrodynamics we are interested in prin-
ciple in the non-dissipative cases, see Sects. 2.1 and 2.2. The corresponding
equations, however, allow for discontinuous shock solutions which need to be
captured in order to allow for a physically correct and numerically stable
solution. This can be done by either making use of the analytical solution
by locally solving a Riemann-type problem or by artificially spreading the
discontinuities to a numerically resolvable width which means making them
continuous. This latter artificial viscosity approach is most often used in the
context of smooth particle hydrodynamics, although Riemann-solver-type ap-
proaches also do exist [11,26].

A careful design of artificial dissipation terms is essential to capture phys-
ically correct solutions. This was recently demonstrated at the example of
Kelvin-Helmholtz instabilities [45]. In the design of artificial dissipation terms
we are guided by two principles: a) we want to use a form of the artificial
dissipation equations that is oriented at Riemann-solvers [33] and b) we aim
at applying dissipative terms only where they are necessary, i.e. near discon-
tinuities, and follow in this respect Morris and Monaghan [37] who suggested
to use time dependent dissipation parameters.

Based on the analogy with Riemann solvers Monaghan [33] presented
a general formulation of dissipative terms. It was noted that the evolution
equations of every conservative quantity should contain dissipative terms to
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controle discontinuities. This approach has been applied to ultra-relativistic
[12] and magnetohydrodynamic shocks [48]. The “discontinuity capturing”
term for a variable A is of the form

dA

() =Y A (A~ Ay VW, (256)
dt a,diss b Pab

where a4 is a number of order unity that specifies the exact amount of dissipa-
tion, vsig 4 is an appropriate signal velocity and pq; the average mass density
of particles a and b.

A comparison with the SPH expression for Laplacians [10] shows that the
above equation is really an expression for [45]

dA )
e = A 2.
( dt >a,diss nv ( 57)

with 1 o¢ a4 Vsig|Tab|-

Following [37] the parameter that determines the exact values of the dis-
sipative parameters, a4, is made time-dependent. This is put into effect by
integrating an additional differential equation containing both a source term,
Sa, that indicates the necessity of artificial dissipation and a decay term that
contains the typical time scale, 74, it takes a particle to pass the discontinuity.
The evolution equation of the dissipation parameter is given by

d — Ymin
QA a _ _ QAa — @ 4 Suas (258)
dt TAa ’

where apiy is the minimum value to which we allow a4 to decay. The decay
time scale is given by
hq

= )
C(Usig,A

TAa (2.59)
where C' is a constant of order unity that is chosen after careful numerical
experiments at problems with analytically known solutions.

3 The MAGMA code

Collisions between stars are very rare events in the solar neighbourhood. Close
to centres of galaxies and globular clusters, however, the number densities of
stars are higher by up to a factor of 10° [22] and therefore stellar collisions are
very common events. In fact, the innermost 0.3 lightyears of our Galaxy can
be considered an efficient “stellar collider” [1]. A different type of encounter
can occur for stellar binary systems that contain compact stellar objects. If
born at close enough separations such systems can be driven towards merger
by the emission of gravitional waves. Although rare per space volume these
types of encounters release tremendous amounts of gravitational energy and
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are therefore potentially visibly out to cosmological distances thereby making
huge volumes observationally accessible and producing a substantial observa-
tional rate.

Some of the most exciting astrophysical objects are thought to form in
such encounters and since both neutron stars and white dwarfs are known
to be threaded by very large magnetic fields, a careful study of such mergers
requires the inclusion of magnetic fields and their evolution.

3.1 Scope and physics modules

The acronym MAGMA stands for a magnetohydrodynamics code for merger
applications and this code has originally been developed for the study of mag-
netized neutron stars [44,49]. A very detailed description of this code can be
found in [56].

For astrophysical studies the code contains several physics modules that
go beyong the scope of this article and shall only be briefly sketched here. The
interested reader is referred to the astrophysical literature.

FEquation of state

For the thermodynamic properties of neutron star matter we use a temperature-
dependent relativistic mean-field equation of state [59,60]. It can handle tem-
peratures from 0 to 100 MeV®, electron fractions from Y, = 0 (pure neutron
matter) up to 0.56 and densities from about 10 to more than 10 g cm™3.
No attempt is made to include matter constituents that are more exotic than
neutrons and protons at high densities. For more details we refer to [50].

Neutrino emission

The code contains a detailed multi-flavor neutrino leakage scheme. An addi-
tional mesh is used to calculate the neutrino opacities that are needed for the
neutrino emission rates at each particle position. The neutrino emission rates
are used to account for the local cooling and the compositional changes due
to weak interactions such as electron captures. A detailed description of the
neutrino treatment can be found in [55].

Self-gravity

The self-gravity of the fluid is treated in a Newtonian fashion. Both the grav-
itational forces and the search for the particle neighbors are performed with
a binary tree that is based on the one described in [7]. These tasks are the
computationally most expensive part of the simulations and in practice they
completely dominate the CPU-time usage. Forces emerging from the emission
of gravitational waves are treated in a simple approximation. For more details,
we refer to the literature [50,51].

61 MeV corresponds to 1.16 - 10'° K.
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3.2 The MAGMA equations

Here, we will only briefly summarize the implemented equations, the explicit
forms of all the equations can be found in [56].

Instead of explicitely integrating the continuity equation, we calculate the
density via summation as in Eq. (2.7). The momentum equation is used in
the form

dv, MHD dv, dv, n diss dva.g dv, mag dv, mag,diss
) j— ) Rt} 3 k) k) 3y 3.60
dt dt + dt * dt + dt + dt ( )

where d(v,n)/dt is given in Eq. (2.35), d(v,,q)/dt is given in Eq. (2.40), and
the explicit forms of the dissipative terms,d(vq n,diss)/dt and d(vVq, mag,aiss)/dt,
can be found in [56]. The magnetic force term is used in the form

AV ma B2/2 Bj/2
M:_Zmb{ af VoWas(ha) + b/2 VaWab(hb)}

dt 7 Ho 2402 2p;
_‘_Z@ {Ba(Ba'vaWab) _Bb(-Bb'vaI/Vab)}7 (3.61)
o Mo PaPb
where the symmetrized kernel gradient is given by
- 11 1
War = = | =—VoWar(he) + =—VaWar(hp)| - 3.62
VoWt = 5 | - VaWanllo) + 15 ValWanlin)| (3.62)

The magnetic field is calculated from the Euler potentials”. Note that another
form of the magnetic force term is also possible [48,56]. The gradients of the
Euler potentials are calculated in a way that gradients of linear functions are
reproduced exactly [42,56]. To handle magnetic shocks artificial dissipation
terms were constructed according to the ideas outlined in Sect. 2.3. They are
also applied to the evolution of a, and ,. They are not meant to mimic phys-
ical dissipation in any way, their exclusive aim is to keep gradients numerically
treatable.
The MAGMA energy equation is of the form

dua,MHD o dua,h dua,AV dumC

a  a o dat ar

where d(ug,n)/dt is given in Eq. (2.32), the explicit form of the artificial vis-

cosity term d(uq av)/dt and the thermal conductivity term d(u,,c)/dt can be
found in [56].

(3.63)

3.3 Tests and benchmarks

We present here a selection of standard tests used in the hydro- and mag-
netohydrodynamics community to validate numerical schemes. For a more
exhaustive set of benchmarks we refer to [56].

" Note that the code also allows to evolve magnetic fields according to a more
straightforward SPH discretisation [48].
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Hydrodynamics

1D: Sod’s shock tube

As a standard test of the shock capturing capability we show the results of
Sod’s shock tube test [61]. To the left of the origin, the initial state of the fluid
is given by [p, P, v,]r, = [1.0,1.0,0.0] whilst to the right of the origin the initial
state is [p, P, v.|r = [0.125,0.1,0.0] with v = 1.4. The problem is setup using
900 equal mass particles in one spatial dimension. Rather than adopting the
usual practice of smoothing the initial conditions across the discontinuity, we
follow [42] in using unsmoothed initial conditions but applying a small amount
of artificial thermal conductivity. The results are shown in Figure 3.3, where
the points represent the SPH particles. For comparison the exact solution
computed using a Riemann solver is given by the solid line.

The shock itself is smoothed by the artificial viscosity term, which in this
case can be seen to spread the discontinuity over about 6 particles. The contact
discontinuity is smoothed by the application of artificial thermal conductiv-
ity which (in particular) eliminates the “wall heating” effect often visible in
numerical solutions to this problem. The exact distribution of particle sepa-

Figure 3.3. Results of the Sod shock tube test in one dimension using 900 SPH
particles setup using unsmoothed initial conditions. Artificial viscosity and thermal
conductivity are applied to appropriately smooth the shock and contact discontinu-
ity respectively. The exact solution is given by the solid line. The upper row displays
the velocity (left) and the density (right), the bottom row shows specific internal
energy (left) and the pressure (right).
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rations in the contact discontinuity seen in Figure 3.3 is related to the initial
particle placement across the discontinuity.

For this test, applying artificial viscosity and thermal conductivity as de-
scribed, we do not find a large difference between the “grad-h” formulation
and other variants of SPH based on averages of the smoothing length. If any-
thing, the “grad-h”-terms tend to increase the order of the method, which,
as in any higher order scheme, tends to enhance oscillations which may oth-
erwise be damped, visible in Figure 3.3 as small “bumps” at the head of the
rarefaction wave (in the absence of artificial viscosity these bumps appear as
small but regular oscillations with a wavelength of a few particle spacings).

3D: Sedov blast wave test

In order to demonstrate that our scheme is capable of handling strong shocks
in three dimensions, we have also tested the code on a Sedov blast wave prob-
lem both with, see Sect. 3.3, and without magnetic fields. Without magnetic
fields the explosion is spherically symmetric, however for a strong mag-
netic field the blast wave is significantly inhibited perpendicular to the mag-
netic field lines, resulting in a compression along one spatial dimension. Similar
tests for both hydrodynamics and MHD have been used by many authors —
for example by [4] in order to benchmark an Adaptive Mesh Refinement

E T
04 F 4 50° particles, t=0.09
02 4 St
> o F B Q o [
—0.2 | g
.
-0.4 B
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02 F g Sr
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Figure 3.4. Results of the hydrodynamic Sedov blast wave test in 3D at ¢ = 0.09
at resolutions of 125,000 (top) and 1 million (bottom) particles respectively. The
density and radial position of each SPH particle are shown in each case, which may
be compared to the exact solution given by the solid line. (See also Color Plate on
page 390)
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(AMR) code for MHD and by [63] in benchmarking the cosmological SPH
code GADGET.

The hydrodynamic version is set up as follows: The particles are placed
in a cubic lattice configuration in a three dimensional domain [—0.5,0.5] x
[—0.5,0.5] x [-0.5,0.5] with uniform density p = 1 and zero pressure and tem-
perature apart from a small region r < R near the origin, where we initialize
the pressure using the total blast wave energy E = 1,ie. P = (y—1)E/(37R%).
We set the initial blast radius to the size of a single particle’s smoothing sphere
R = 2nAx (where 2 is the kernel radius, n(= 1.5) is the smoothing length in
units of the average particle spacing as in Eq. (2.28) and Az is the initial
particle spacing on the cubic lattice) such that the explosion is as close to
point-like as resolution allows. Boundaries are not important for this prob-
lem, however we use periodic boundary conditions to ensure that the particle
distribution remains smooth at the edges of the domain.

The results shown in Figure 3.4 at ¢ = 0.09 have been obtained with a
resolution of 50 and 100 particles® (ie. 125,000 and 1 million particles respec-
tively), where we have plotted (left panels) the density in a z = 0 cross section
slice and (right panels) the density and radial position of each particle (dots)
together with the exact self-similar Sedov solution (solid line).

We found that the key to an accurate simulation of this problem in SPH is
to incorporate an artificial thermal conductivity term due to the huge initial
discontinuity in thermal energy. The importance of such a term for shock
problems in SPH has been discussed recently by [42,45]. In the absence of this
term the particle distribution quickly becomes disordered around the shock
front and the radial profile appears to be noisy. From Figure 3.4 we see that at
a resolution of 1 million particles the highest density in the shock at ¢t = 0.09
iS Pmax = 2.67 whereas for the lower resolution run pmax = 2.1, consistent
with a factor of 2 change in smoothing length. Using this we can estimate
that a resolution of ~ 3453 = 41 million particles is required to fully resolve
the density jump in this problem in three dimensions. Note that the minimum
density obtained in the post-shock rarefaction also decreases with resolution.
Some small-amplitude post-shock oscillations are visible in the solution which
we attribute to interaction of the spherical blast wave with particles in the
surrounding medium initially placed on a regular (Cartesian) cubic lattice.

Magnetohydrodynamics

1D: Brio-Wu shock tube test

The magnetic shock tube test of [9] has become a standard test case for numer-
ical MHD schemes that has been widely used by many authors to benchmark
(mainly grid-based) MHD codes [3,15,58,67]. The Brio-Wu shock test is the
MHD analogon to Sod’s shock tube problem that was described earlier, but
here no analytical solution is known. The MHD Riemann problem allows for
much more complex solutions than the hydrodynamic case which can occur
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because of the three different types of waves (i.e. slow, fast and Alfvén, com-
pared to just the sound waves in hydrodynamics). In the Brio-Wu shock test
the solution contains the following components (from left to right in Fig. 3.5):
a fast rarefaction fan and a slow compound wave consisting of a slow rarefac-
tion attached to a slow shock (moving to the left) and a contact discontinuity,
a slow shock and a fast rarefaction fan (moving to the right). It has been
pointed out, however, that the stability of the unusual compound wave may
be an artifact of the restriction of the symmetry to one spatial dimension
whilst allowing the magnetic field to vary in two dimensions, [5].

The shown results are obtained using Euler potential formulation. Results
of this problem using Smoothed Particle Magnetohydrodynamics (SPMHD)
have been presented elsewhere [42,47]. The Euler potentials show a distinct
improvement over the standard SPMHD results. The initial conditions on
the left side of the discontinuity are [p, P,vs, vy, Bylr, = [1,1,0,0,1] and
[0, P, vy, vy, Bylr = [0.125,0.1,0,0, —1] on the right side. The x—component
of the magnetic field is B, = 0.75 everywhere and a polytropic exponent
of v = 2.0 is used. Using the Euler potentials the components are given by
a = —Byx (equivalent to the vector potential A;) and 8 = z (or more specif-
ically V3 = z) and the B, component is treated as an external field which
requires adding a source term to the evolution equation for «. Particles are
restricted to move in one spatial dimension only, whilst the magnetic field is
allowed to vary in two dimensions (that is, we compute a v, but do not use
it to move the particles).

We setup the problem using 631 equal mass particles in the domain
x € [—0.5,0.5] using, as in the hydrodynamic case, purely discontinuous ini-
tial conditions. Artificial viscosity, thermal conductivity and resistivity are
applied. The results are shown at ¢ = 0.1 in Figure 3.5. For comparison the
numerical solution from [3] is given by the solid line (no exact solution exists
for this problem). The solution is generally well captured by our numeri-
cal scheme. Two small defects are worth noting. The first is that a small
offset is visible in the thermal energy — this is a result of the small non-
conservation introduced by use of the Morris formulation [38] of the magnetic
force, Eq. (3.61). Secondly, the rightmost discontinuity is somewhat over-
smoothed by the artificial resistivity term. We attribute this to the fact that
the dissipative terms involve simply the maximum signal velocity vy, (that
is the maximum of all the wave types). Ideally each discontinuity should be
smoothed taking account of it’s individual characteristic and corresponding
Usig (as would occur in a Godunov-MHD scheme). Increasing the total number
of particles also decreases the smoothing applied to this wave.

2D: Current loop advection problem
A simple test problem for MHD is to compute the advection of a weak mag-
netic field loop. This test, introduced by [18] in the development of the Athena
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Figure 3.5. Results of the Brio & Wu MHD shock tube test at ¢ = 0.1 using 631
particles and the Euler potential formulation. For comparison the numerical solution
taken from [3] is given by the solid line. The solution illustrates the complex shock
structures which can be formed due to the different wave types in MHD, including
in this case a compound wave consisting of a slow shock attached to a rarefaction
wave.

MHD code®, presents a challenging problem for grid-based MHD schemes
requiring careful formulation of the advection terms in the MHD equations.
For our Lagrangian scheme, this test is straightforward to solve which strongly
highlights the advantage of using a particle method for MHD in problems
where there is significant motion with respect to a fixed reference frame.

We setup the problem following [18]: the computational domain is two di-
mensional with z € [-1,1], y € [-0.5, 0.5] using periodic boundary conditions.
Density and pressure are uniform with p = 1 and P = 1. The particles are
laid down in a cubic lattice configuration with velocity initialized according
to v = (vgcosf, vgsinf) with cosf = 2//5, sinf = 1/4/5 and vy = 1 such
that by t = 1 the field loop will have been advected around the computational
domain once. The magnetic field is two dimensional, initialized using a vector
potential given by

[ A(R—-7)r <R,
A, = {O r> R (3.64)

where Ag = 1073, R = 0.3 and » = /22 + 2. The ratio of thermal to
magnetic pressure is thus given by SBplas = P/(3B?) = 2 x 10° (for r < R)
such that the magnetic field is passively advected. [18] show the results of this
problem after two crossings of the computational domain, by which time the

8 http://www.astro.princeton.edu/~jstone/athena.html
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t=1000

Figure 3.6. Magnetic field lines in the current loop advection test, plotted at t = 0
(top) and after 1000 crossings of the computational domain (bottom).

loop has either been significantly diffused or has disintegrated into oscillations
depending on details of their particular choice of scheme. The advantages of
a Lagrangian scheme are that advection is computed exactly, and using our
Euler potential formulation for the magnetic field (which in two dimensions is
equivalent to a vector potential formulation with & = A, and 8 = z), this is
also true for the evolution of the magnetic field. The result is that the field loop
is advected without change by our code for as long as one may care to compute
it. This is demonstrated in Fig. 3.6 which shows the magnetic field lines at
t = 0 (top) and after 1000 (!) crossings of the computational domain (bottom),
in which the field configuration can be seen to be identical to the top figure.
The magnetic energy (not shown) is also maintained exactly, whereas [18] find
of order a 10% reduction in magnetic energy after two crossings of the domain.

In a realistic simulation involving MHD shocks there will be some diffusion
of the magnetic field introduced by the addition of artificial diffusion terms,
which are required to resolve discontinuities in the magnetic field. However
the point is that these terms are explicitly added to the SPH calculation and
can be turned off where they are not necessary whereas the diffusion present
in a grid-based code is intrinsic and always present.

2D: Orszag-Tang test

The evolution of the compressible Orszag-Tang vortex system [39] involves
the interaction of several shock waves traveling at different speeds. Originally
studied in the context of incompressible MHD turbulence, it has later been
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extended to the compressible case [14,41]. It is generally considered a good test
to validate the robustness of numerical MHD schemes. In the SPH context,
this test has been discussed in detail by [42] and [48].

The problem is two dimensional with periodic boundary conditions on the
domain [0, 1] x [0, 1]. The setup counsists of an initially uniform state perturbed
by periodic vortices in the velocity field, which, combined with a doubly peri-
odic field geometry, results in a complex interaction between the shocks and
the magnetic field.

The velocity field is given by v = vo[—sin (27y), sin (27x)] where vy =
1. The magnetic field is given by B = DBy[—sin(27y),sin (47z)] where
By = 1/V/4n. Using the Euler potentials this corresponds to o = A, =
By/(2m)[cos (2my) + 4 cos (47z)]. The flow has an initial average Mach num-
ber of unity, a ratio of magnetic to thermal pressure of 10/3 and we use a
polytropic exponent v = 5/3. The initial gas state is therefore P = 5/3B2 =
5/(127) and p = yP/vy = 25/(367). Note that the choice of length and time
scales differs slightly between various implementations in the literature. The
setup used above follows that of [58] and [28].

We compute the problem using 512 x 590 particles initially placed on a uni-
form, close-packed lattice. The density at ¢ = 0.5 is shown in Figure 3.7 using
both the SPMHD formalism of [48] (left), and the Euler potential approach
(right) outlined in Sect. 2.2. The Euler potential formulation is clearly supe-
rior to the standard SPMHD method. This is largely a result of the relative

Figure 3.7. Density distribution in the two dimensional Orzsag-Tang vortex prob-
lem at ¢ = 0.5. The initial vortices in the velocity field combined with a doubly
periodic field geometry lead to a complex interaction between propagating shocks
and the magnetic field. Results are shown using 512 x 590 particles using a SPMHD
formalism of [48] (left) and using the Euler potentials (right). The reduced artifi-
cial resistivity required in the Euler potential formalism leads to a much improved
effective resolution. (See also Color Plate on page 391)
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requirements for artificial resistivity in each case. In the standard SPMHD
method the application of artificial resistivity is crucial for this problem (that
is, in the absence of artificial resistivity the density and magnetic field distri-
butions are significantly in error). Using the Euler potentials we find that the
solution can be computed using zero artificial resistivity, relying only on the
“implicit smoothing” present in the computation of the magnetic field using
SPH operators. This means that topological features in the magnetic field
are much better preserved, which is reflected in the density distribution. For
example the filament near the center of the figure is well resolved using the
FEuler potentials but completely washed out by the artificial resistivity in the
standard SPMHD formalism. Also the high density features near the top and
bottom of the figure (coincident to a reversal in the magnetic field) are much
better resolved using the Euler potentials.

3D: MHD blast wave

The MHD version of the Sedov test is identical to the hydrodynamic test
with the addition of a uniform magnetic field in the z—direction, that is B =
[By, 0,0] with By = 3.0. Initially the surrounding material has zero thermal
pressure, meaning that the plasma (1,5 is zero (ie. magnetic pressure infinitely
strong compared to thermal pressure). However, this choice of field strength
gives a mean plasma [plas in the post-shock material of Bpas ~ 1.3, such
that the magnetic pressure plays an equal or dominant role in the evolution
of the shock. The results of this problem at ¢ = 0.05 are shown in Fig. 3.8,

Figure 3.8. Results of the 3D MHD blast wave test at ¢ = 0.05 at a resolution of 1
million (100%) particles. Plots show (left to right, top to bottom) density, pressure,
magnitude of velocity and magnetic field strength (with overlaid field lines), plotted
in a cross-section slice through the z = 0 plane. (See also Color Plate on page 391)
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where plots show density, pressure, magnitude of velocity and magnetic field
strength in a cross section slice taken at z = 0. In addition the magnetic field
lines are plotted on the magnetic field strength plot.

In this strong-field regime, the magnetic field lines are not significantly
bent by the propagating blast wave but rather strongly constrain the blast
wave into an oblate spheroidal shape. The density (and likewise pressure)
enhancement in the shock is significantly reduced in the y—direction (left and
top right panels) due to the additional pressure provided by the magnetic field
which is compressed in this direction (bottom right panel).

4 Summary and conclusion

We have outlined several recent developments in smooth particle hydrody-
namics. The equations of self-gravitating, ideal hydrodynamics were derived
explicitely from a Lagrangian thereby yielding the correct particle index sym-
metries that ensure that the physical conservation laws are hard-wired into
the discrete set of SPH equations without any arbitrariness. We have further
described the implementation of ideal MHD via so-called Euler potentials.
This approach enforces the crucial V - B = 0-constraint by construction. All
dissipative terms required to capture discontinuities were carefully designed
so that they a) have a form suggested in analogy with Riemann-solvers and
b) are only active near discontinuities. These principles are implemented in
our three-dimensional, Lagrangian magnetohydrodynamics code MAGMA. In
a large set of standard test problems that is often used to benchmark numer-
ical (magneto-)hydrodynamics schemes we have demonstrated the excellent
performance of the code.
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Summary. This paper is concerned with automatic enrichment in the particle-
partition of unity method (PPUM). The goal of our automatic enrichment is to
recover the optimal convergence rate of the uniform h-version independent of the
regularity of the solution. Hence, we employ enrichment not only for modeling pur-
poses but rather to improve the approximation properties of the numerical scheme.
To this end we enrich our PPUM function space in an automatically determined
enrichment zone hierarchically near the singularities of the solution. To overcome
the ill-conditioning of the enriched shape functions we present an appropriate lo-
cal preconditioner. The results of our numerical experiments clearly show that the
hierarchically enriched PPUM recovers the optimal convergence rate globally and
even shows a kind of superconvergence within the enrichment zone. The condition
number of the stiffness matrix is independent of the employed enrichment and the
relative size of the enrichment zone.

Key words: meshfree method, partition of unity method, extrinsic enrich-
ment, preconditioning

1 Introduction

Singular and discontinuous enrichment functions are used for the model-
ing of e.g. cracks in many meshfree methods [5,20], the extended finite
element method (XFEM) [4, 6, 18], the generalized finite element method
(GFEM) [10-12] or the particle-partition of unity method (PPUM) [22]. In
most cases, the considered enrichment functions serve the purpose of modeling
only. Hence the approximation properties of the resulting numerical scheme
are limited by the regularity of the solution and no improvement in the asymp-
totic convergence rate is obtained. A naive approach to overcome this issue
is the use of a predefined constant enrichment zone [21]. This however leads
to a fast growth of the condition number of the stiffness matrix and thereby
has an adverse effect on the overall accuracy of the approximation. In [7] the
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use of an additional cut-off function which controls the enrichment zone was
suggested. This approach yields some improvement, i.e. a less severe increase
of the condition number. However, ultimately an ill-conditioned stiffness ma-
trix arises also in this approach. The observed deterioration of the condition
number can be remedied only by an appropriate basis transformation and
projection—in essence a special preconditioner.

In this paper we focus on enrichment of the PPUM, however, the presented
techniques can be applied also to other PU-based enrichment schemes. In
particular we present an hierarchical enrichment procedure which defines an
intermediate enrichment zone for the discretization. For each patch within
this intermediate enrichment zone we construct a local basis transformation
and a local projection (i.e. a special local preconditioner) which eliminates
the global ill-conditioning due to the enrichment functions completely. The
presented scheme attains a stable discretization independent of the employed
enrichment functions and an optimal global convergence rate of the uniform
h-version; i.e., the uniform h-version converges globally with a rate that is
not limited by the regularity of the solution. For instance we obtain an O(h)
convergence in the energy-norm using linear polynomials globally. Within the
enrichment zone the local convergence behavior is even O(h!'*?) with § > 0
in the energy-norm.

The remainder of this paper is organized as follows. In Section 2 we give
a short review of the essential ingredients of the multilevel PPUM. In Section
3 we introduce our hierarchical enrichment scheme and the construction of
our local preconditioner which yields a stable basis of the global PPUM space
independent of the employed enrichment. The results of our numerical exper-
iments are given in Section 4. These results clearly show that we obtain an
optimal convergence behavior of the uniform h-version of the PPUM globally
and that the condition number of the stiffness matrix does not suffer from
the employed enrichment. Within the enrichment zone we obtain an almost
quadratic convergence using linear polynomials only. Finally, we conclude with
some remarks in Section 5.

2 Particle—Partition of Unity Method

In this section let us shortly review the core ingredients of the PPUM, see
[14, 15, 21] for details. In a first step, we need to construct a PPUM space
VPU ie., we need to specify the PPUM shape functions ¢;97 where the
functions ; form a partition of unity (PU) on the domain {2 and the functions
U7 denote the associated approximation functions considered on the patch
w; = supp(y;), i.e. polynomials ¥ or enrichment functions nf. With these
shape functions, we then set up a sparse linear system of equations Au = f
via the classical Galerkin method. The linear system is then solved by our
multilevel iterative solver [15,17]. However, we need to employ a non-standard
variational formulation of the PDE to account for the fact that our PPUM
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e : :

o

Figure 2.1. Subdivision corresponding to a cover on level J = 4 with initial point
cloud (left), derived coarser subdivisions on level 3 (center), and level 2 (right) with
respective coarser point cloud.

shape functions—like most meshfree shape functions—do not satisfy essential
boundary conditions explicitly.

The fundamental construction principle employed in [14] for the con-
struction of the PU {¢;} is a d-binary tree. Based on the given point data
P ={x;|i=1,...,N}, we sub-divide a bounding-box Cq, D 2 of the domain
(2 until each cell

d
¢, = [1(ch— nl.ch + bl
=1

associated with a leaf of the tree contains at most a single point x; € P, see
Figure 2.1. We obtain an overlapping cover Cp := {w;} from this tree by
defining the cover patches w; by

d
w; = H(ci —ahl,cl +ahl), witha> 1. (2.1)
=1

Note that we define a cover patch w; for leaf-cells C; that contain a point
x; € P as well as for empty cells that do not contain any point from P. The
coarser covers CF are defined considering coarser versions of the constructed
tree, i.e., by removing a complete set of leaves of the tree, see Figure 2.1. For
details of this construction see [14,15,21].

To obtain a PU on a cover CF, with Nj := card(C%) we define a weight
function W; j, : 2 — R with supp(W; ) = w; i for each cover patch w; by

Wir(z) = {

with the affine transforms T : @; ) — [~1,1]¢ and W : [-1,1] — R the
reference d-linear B-spline. By simple averaging of these weight functions we
obtain the functions

WoT,p(z) x€wipk
0

else (22)

Ny,
pin(r) = o=, with  Sip(x) =) Wik(z). (2.3)
=1
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We refer to the collection {y;} with ¢ = 1,..., N as a partition of unity
since there hold the relations

Ny
0 g Soz,k(x) S ]_, Zwlk =1on ﬁ7
i=1 o (2.4)
i ) < COO 7 o < -~
lpikllLeray < Cooy  IV@ikll e (ray < diam(w; )

with constants 0 < C 1 < 1 and Cy > 0 so that the assumptions on the
PU for the error analysis given in [2] are satisfied by our PPUM construction.
Furthermore, the PU (2.3) based on the cover CF, obtained from the scaling
of a tree decomposition with o > 1 satisfies

p{z € wik | pik(r) =1}1) = plwik),

i.e., the PU has the flat-top property, see [17,22]. This ensures that the product
functions ; 0}, are linearly independent, provided that the employed local
approximation functions ﬁﬁk are linearly independent with respect to {z €
wik | wik(x) = 1}. Hence, we obtain global stability of the product functions
v; U}, from the local stability of the approximation functions J7',.

In general the local approximation space V; ) := span(J};) associated
with a particular patch w; ) of a PPUM space V'V consists of two parts: A
smooth approximation space, e.g. polynomials PPk (w; ) := span(}), and
an enrichment part & ,(w; ) := span(n}!), i.e.

Vik(wik) = PPi*(wi k) + & k(wi k) = span(yf, nh).

Note that for the smooth space PPi-* we employ a local basis Vi) on wi, lLe.
¥, = ps o Ti, and {ps} denotes a stable basis on [-1, 1]¢. The enrichment
functions 7} , however are often given as global functions 7' on the compu-
tational domain {2 since they are designed to capture special behavior of the
solution at a particular location. Therefore, the restrictions 77; w = 10"w,, of
the enrichment functions n' to a particular patch w; , may be ill-conditioned
or even linearly dependent on w i, even if the enrichment functions ' are
well-conditioned on a global scale. Furthermore, the coupling between the
spaces PP+ and &; ;, on the patch w; ; must be considered. The set of func-
tions {47, 7]} will also degenerate from a basis of V; to a generating
system only, if the restricted enrichment functions n!, = ﬂt|w1;,k can be well
approximated by polynomials ¢, on the patch w; k. l

Remark 1. The elimination of these linear dependencies and the selection of
an appropriate basis <~’177k> for the space V; p(w; ) is the main challenge in
an enriched PPUM computation (and any other numerical method that em-
ploys enrichment). To this end we have developed a projection operator or
preconditioner

H;k : span<02k> — span(ﬁ?f@
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that maps the ill-conditioned generating system (7 ., nj ;) = (97,,) to a stable

basis (52”,9, see Section 3.

With the help of the shape functions ¢; ;7). we then discretize a PDE in

weak form
a(u,v) = (f,v)

via the classical Galerkin method to obtain a discrete linear system of equa-
tions A% = f. Note that the PU functions (2.3) in the PPUM are in general
piecewise rational functions only. Therefore, the use of an appropriate numer-
ical integration scheme is indispensable in the PPUM as in most meshfree
approaches [1,3,8,9,15]. Moreover, the functions ¢; 97, in general do not
satisfy the Kronecker property. Thus, the coefficients @y, := (ui'),) of a discrete
function

dr),
t+dl
Z%kzumﬁzk—zwzk<zuzk¢ k+zu ’ ztk) (2.5)
Wlthd L i=dimP; g, d k =dim&; , and d; 1, 1= d; k—&—d'gk on level k do not

dlrectly correspond to functlon Valueb and a terlal mterpolatlon of essential
boundary data is not available.

2.1 Essential Boundary Conditions

The treatment of essential boundary conditions in meshfree methods is not
straightforward and a number of different approaches have been suggested. In
[16] we have presented how Nitsche’s method [19] can be applied successfully
in the meshfree context. Here, we give a short summary of this approach. To
this end, let us consider the model problem

—divo(u)=f in2CR?
o(u)-n=gn only CO0f
u-n=gpponlp=002\Iy
(o(u) - n)-t=0 onlp=0R2\IN

(2.6)

In the following we drop the level subscript & = 0,...,J for the ease of
notation.
Let us define the cover of the Dirichlet boundary

CFD = {wi € Cp |FD,i 7’5 (Z)}

where I'p; = w; N I'p and ~yp,; := diam(I'p ;). With these conventions we
define the cover-dependent functional

Jew(w) = Jotw): e(w) do=2 [ neotumn-wds+5Y 25" | () ds

Q D wiEC['D
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with some parameter 3 > 0. Minimizing .J¢,, with respect to the error u—u"Y

yields the weak formulation
ac,(w,v) =g, (v) forallve VPV (2.7)

with the cover-dependent bilinear form

ac, (u,v) := /ch(u) :e(v) do — /F(n ~o(u)n)n - v ds

D

,/(n.a(v)n)n.uderﬁZ’yB}i/ w-nv-n ds
I'p;

I'p w; €Crp,

and the corresponding linear form

(log,v) ::/va—i—/FgNU—/FgDm(n-a(v)n)—&—ﬁz 715,11'/ gDV - ds

wiEC[‘D FD*'i

There is a unique solution u"'Y of (2.7) if the regularization parameter § is
chosen large enough; i.e., the regularization parameter g = Gy ru is dependent
on the discretization space VFU. This solution u"Y satisfies optimal error
bounds if the space VPV admits the inverse estimate

—icr, =

I -o@m)? s 0. < Chrolloll = Coey /Q o(v)ev) de  (28)

for all v € VPV with respect to the cover-dependent norm

lwll2y o, = > il

w,€Crp,

2
w||L2(FD,i)

with a constant Cyru depending on the cover Cy, and the employed local bases
(97) only. If Cypu is known, the regularization parameter yru can be chosen
as [yru > 20‘2/PU to obtain a symmetric positive definite linear system [19].
Hence, the main task associated with the use of Nitsche’s approach in the
PPUM context is the efficient and automatic computation of the constant
Cyru, see [16,21]. To this end, we consider the inverse assumption (2.8) as a
generalized eigenvalue problem locally on each patch w; € Cpr, and solve for
the largest eigenvalue to obtain an approximation of C‘Q,pU.

In summary, the PPUM discretization of our model problem (2.6) using the
space VPV on the cover Cy; is carried out in two steps: First, we estimate the
regularization parameter By ru from (2.8). Then, we define the weak form (2.7)
and use Galerkin’s method to set up the respective symmetric positive definite
linear system Au = f . This linear system is then solved by our multilevel
iterative solver [15,17].
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3 Hierarchical Enrichment and Local Preconditioning

The use of smooth polynomial local approximation spaces V; j = PP#* in our
PPUM is optimal only for the approximation of a smooth or regular solution u.
In the case of a discontinuous and singular solution u there are essentially two
approaches we can pursue: First, a classical adaptive refinement process which
essentially resolves the singular behavior of the solution by geometric sub-
division, see [17,22]. Second, an algebraic approach that is very natural to the
PPUM, the explicit enrichment of the global approximation space by special
shape functions 7°. This approach is also pursued in other meshfree methods
[5,20], the XFEM [4,6, 18] or the GFEM [10-12]. Most enrichment schemes
however focus on modeling issues and not on approximation properties or the
conditioning of the resulting stiffness matrix.

In this section we introduce an automatic hierarchical enrichment scheme
for our PPUM that provides optimal convergence properties and avoids an
ill-conditioning of the resulting stiffness matrix due to enrichment. To this
end, we consider a reference problem from linear elastic fracture mechanics

—divo(u) = f in 2= (-1,1)%
o(u)-n=gyonlyCINRUC, (3.9)
U = dgp OHFD:aQ\FN.

The internal traction-free segment
C:={(z,y) € 2]z € (=0.5,0.5) and y = 0}

is referred to as a crack. The crack C' induces a discontinuous displacement
field u across the crack line C' with singularities at the crack tips ¢; :== (—0.5,0)
and ¢, := (0.5,0). Hence, the local approximation spaces V; j, employed in our
PPUM must respect these features to provide good approximation.

The commonly used enrichment strategy employs simple geometric infor-
mation only. A patch w;; (or an element) is enriched by the discontinuous
Haar function if the patch is (completely) cut by the crack C, i.e.

Eip = HYPPAr and  V,y, := PPik 4 HEPPik, (3.10)

Note that in fact most other enrichment procedures employ &; , = H g only.
If the patch w; j contains a crack tip &ip, i.e. ¢; € wj  or ¢, € w; i, then the
patch is enriched by the respective space of singular tip functions

0 0 0 0
Wiip := {\/1 cos 3 /7 sin 2 /7 sin 6 sin 2 /7 sin @ cos 5} (3.11)

given in local polar coordinates with respect to the tip &p, i.e. & 1 = Whip
This yields the local approximation space

Wik

Vik 1= PP* + W
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for a patch w;j that contains the tip &up. Let us summarize this geometric
modeling enrichment scheme in the following classifier function e : C% —
{lower_tip, upper_tip, jump,none}

lower_tip if ¢; € w; i, and ¢, & w; i,
M (wy p) = upper_tip %f ¢ € wi and ¢, € w; g,
o jump if {e;, e} Nwip =0 and C Nw;y # 0,
none else.

(3.12)

Note that the direct evaluation of e for all patches Wik € C’f) requires O(Ng)
rather expensive geometric operations such as line-line intersections.

Even though this enrichment is sufficient to model a crack and captures the
asymptotic behavior of the solution at the tip, this strategy suffers from vari-
ous drawbacks. With respect to the discontinuous enrichment the main issue
is that very small intersections of a patch with a crack cause an ill-conditioned
stiffness matrix which can compromise the stability of the discretization; e.g.
when the volumes of the sub-patches induced by the cut with the crack differ
substantially in size. This is usually circumvented by a predefined geometric
tolerance parameter which rejects such small intersections. In the case of a
one-dimensional enrichment space & j = HY this approach is sufficient—if
the tolerance parameter is chosen relative to the diameter of the patch. For a
multi-dimensional enrichment space &; , = Hf PPik this approach can be too
restrictive to obtain optimal results.

The crack tip enrichment space Wi, given in (3.11) models the essen-
tial behavior of the solution at the tip. However, the singularity at the tip
has a substantially larger zone of influence than just the containing patch.
Therefore, the simple geometric modeling enrichment (3.12) is not sufficient
to improve the asymptotic convergence behavior of the employed numerical
scheme.

These issues can be overcome with the help of our multilevel sequence of
covers C and a local preconditioner. Starting on the coarsest level k = 0 of
our cover sequence we consider the cover C% = {w; o} and define the inter-
mediate enrichment classifier Iy : C%, — {lower_tip, upper_tip, jump,none}
by the geometric/modeling enrichment scheme discussed above

Io(wi@) = €M(wi’0).

In the next step we define the associated intermediate enrichment spaces EZ{ &
for k=0

We, if lower_tip = Ij(wi k),
el We, if upper_tip = I (wi k), (3.13)
ik HYPPik if jump = Iy (w; k) and C Nw;y # 0, ’
0 else.
with df; := card({n],}) and the respective intermediate approximation

spaces
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Vily = PPs €l = span(yf i ) = span(97;)

with dXI = dfk —l—di; and d7, = dim(PPix). Using all functions 97, i.e. ¢f

7‘7

and 775 &> we setup the local mass matrix M; ; with the entries
(M 1) mon = / 97 07, dr for allm,n =1,..., dx,f (3.14)
wi,kﬂ(l

From the eigenvalue decomposition

I I
Ogj]gMi,kOi,k =D; ) with Oy, D; ) € Rd}f’ﬂ xdyy (3.15)
of the matrix M; j; where

Oz:kOivk = ]Id‘_/éa (Di,k)m,n =0 forall m # n

we can extract a stable basis (~?fk> by a simple cut-off of small eigenvalues.
To this end let us assume that the eigenvalues (D; i )m,m are given in decreas-
ing order, i.e. (Dig)m,m = (Dik)m+1,m+1- Then we can easily partition the

matrices OiTk and D; i as

or D;j 0
T = ik . = Z’k
ik (KZT)  Dik ( 0 Kik

where the mth row of the rectangular matrix OZTk is an eigenvector of M; j

that is associated with an eigenvalue (D; k)m,m = (Dik)m.m > € (Dir)o,0 and
K zT i involves all eigenvectors that are associated with small eigenvalues. Since

(Di k)m,m > € (Dix)o,0 the operator
* ~N—1/2 AT
ik T Di,k/ Oi,k

is well-defined and can be evaluated stably. Furthermore, the projection ;s
removes the near-null space of M;; due to the cut-off parameter e and we
have ~ ~ ~
I My g, (IT5,)T = D; 0T M 1,0:.4.D; % = Lys,

where df)]k = card{(Di.r)m.m > € (Dix)oo} denotes the row-dimension of
ng and II7,. Hence, the operator 17, maps the ill-conditioned generating
system (97;) = (7, i ;) to a basis (15{”,9 that is optimally conditioned —
it is an optimal preconditioner.

Assuming that the employed local basis ( i i) 1s well-conditioned and that
e is small we have PPi-# C span( ~;"k> so that if dim(PPi-+) = dfk Wwe can remove
the enrichment functions 77; . completely from the local approximation space
and use V; = PPi+. Therefore, we define our final enrichment indicator
Ej) : C% — {lower_tip, upper_tip, jump,none} on level k as
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Ik(wi7k) if dim(PPix) #£ dz{jlw

none  else.

Ek(wiyk) = { (316)
The local approximation space V; j, assigned to an enriched patch w; ;. is given
by

Vik = ka,kVi,Ik: = span(J]’},) (3.17)

7

On the next finer level k£ 4+ 1 we utilize the geometric hierarchy of our cover
patches to define our intermediate enrichment indicator I;;. Recall that for
each cover patch w; 11 there exists exactly one cover patch w; ;. such that
wi k41 C wjy, compare Figure 2.1. Hence we can define our intermediate
enrichment indicator I, on level £+ 1 as

Ei(w; ) if By (w; ) # jump,
Ik+1(wi’k+1) = jump if Ek(u};’k) = jump and C'N Wik 7é @,
none else

directly from the enrichment indicator Ej on level k£ and a minimal number of
geometric operations. With this intermediate enrichment indicator we apply
the above scheme recursively to derive the enrichment indicators E; for all

levels [ = 1,...,J. Finally, we obtain stable local basis systems (19;"I> and
the respective approximation spaces V;; = span(&ﬁ) for all cover patches

wiy € CL on all levels [ = 0,...,J. Recalling that our PU functions ¢;
satisfy the flat-top condition (see Section 2) this is sufficient to obtain the
stability of the global basis (¢; 9}7) for the PPUM space V;PU on level 1.1

Remark 1. Note that we do not need to apply the local preconditioner I,

for the evaluation of the basis <<sz1§:nk> in each quadrature point during the
assembly of the stiffness matrix. It is sufficient to transform the stiffness matrix
AS$S on level k which was assembled using the generating system (¥, 7! ,)
by the block-diagonal operator II}; with the block-entries ’ 1

., g=nh
II; = 9.k
() g.n {0 else,
for all g = 1,..., Ng; i.e., we obtain the stiffness matrix A; with respect to

the basis (golké?w on level k as the product operator
Ay = ITFAGS (117

Remark 2. Note that in the discussion above we have considered the identity
operator I on the local patch w; x, i.e. the mass matrix M; ;. However, we can
construct the respective preconditioner also for different operators e.g. the

1 Actually we need to apply the construction of the preconditioner to the operator
M} which involves integrals on {z € wik | ¢;r(z) = 1} instead of the complete
patch wj .
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operator —A + I which corresponds to the H'-norm. In exact arithmetic and
with a cut-off parameter e = 0 changing the operator in the above construction
has an impact on the constants only. However, due to our cut-off parameter

€ we may obtain a different subspace span(J}",) for different operators with
the same e.

3.1 Error Bound

Due to our hierarchical enrichment we obtain a sequence of PPUM spaces VkPU
with £ = 0,..., J that contain all polynomials up to degree py, = min; p; » on a
particular level £ and all enrichment functions n* (up to the cut-off parameter
€) in the enrichment zone E on all levels k. Hence the global convergence rate
of our enriched PPUM is not limited by the regularity of the solution u. To
confirm this assertion let us consider the splitting

U = Uy + XEUs

where u, denotes the regular part of the solution u, us the singular part,
and y g is a mollified characteristic function of the enrichment zone E which
contains all singular points of u, i.e. of us. Multiplication with 1 = Zf\;l Vi

yields
N N
u = Z Pilp + Z PiXEUs.
1=1 1=1

Let us further consider the PPUM function (we drop the level index k for the
ease of notation in the following)

ubl = Z pim; + Z pi(wi + ;)

E(w;)=none E(w;)#none

where E(w;) denotes the enrichment indicator given in (3.16), w; € PPi and
e; € &;. For the ease of notation let us assume that F(w;) = none holds for
all patches w; with i = 1,..., M — 1 and E(w;) # none holds for all patches
w; with ¢ = M, ..., N so that we can write

M-1 N
uPV = Z wiw; + Z wi(w; + €;).
i=1 i=M

With the assumption

M-1 M—-1
supp(Xp) N | J wi =0, e Xp Y i =0,

i=1 i=1

we can write the analytic solution u as
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M—1 N
U= Z piup + Z @i(up + Xpus)
i=1 i=M

and obtain the error with respect to the PPUM function "V as

N
Veu= " pi(mi —up) + Y eil(@i + ) — (up + Xpus)).  (3.18)
= i=M

By the triangle inequality we have

M—-1
lu— a0 <D pilem -
< pi(wi — )|
i=1 (3.19)
D il(wi + ) — (up + Xuu))|l
=M

The first term on the right-hand side corresponds to the error of a PPUM
approximation of a regular function with polynomial local approximation
spaces. For the ease of notation let us assume h = diam(w;) and p; = 1
for all 4 = 1,..., N, then we can bound this error term with the help of the
standard PUM error analysis [2] by O(h) in the H'-norm, i.e.

HZ@Z @i — up)||mr < O(h).

To obtain an upper bound for the second term of (3.19)

N
Jg = || Z wi((wi +ei) = (up + XEus))|l

we consider the equality
Up + >~<Eus = Up + (;(E - 1)“3 + us

and attain an upper bound of Jg again by the triangle inequality

N
To =Y eil(@i+e:) = (up + (X — Dus +uy))|

i=M
N

<l Z pi(@i = (up + (X — Dus))||
+ H Z <)0L i ua

The function u, + (Xg — 1)u, is regular since xg = 1 in the vicinity of the
singular points of us. Hence, we can bound the first term on the right-hand
side
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N
IS il — (up + (X5 — D))l < O(h)
=M

again by O(h). Assuming that the enrichment functions resolve the singular
part us of the solution u we can choose e; = us and so the second term
vanishes and we obtain the upper bound

N
I Z ei((@i +€i) = Xe(up + us)) | m < O(h)
i=M

for the error in supp(xg) C E. This yields the error bound
lu—u"" |, < O(h)

for the global error on the domain 2.

Note however that we can obtain a better estimate for the error in the
enrichment zone; i.e., the hierarchically enriched PPUM shows a kind of su-
perconvergence within the enrichment zone. To this end consider the case
us = 0, i.e., the approximation of a regular solution v = u, by an enriched
PPUM. Then, Jg becomes

N

Je = || Z pi((;i + €:) — up))|l

i=M

and the standard error bound O(h) ignores all degrees of freedom collected in
e; which are associated with the restrictions 7’|, , of the enrichment functions
to the local patches. Globally, the functions n' represent a specific (type of)
singularity. The restrictions n'|,, , however are regular functions (if the patch
does not contain the singular points of n') and can improve the local appro-
ximation substantially. Hence, a better bound for Jg for regular solutions u
can be attained.

For a singular solution ugs # 0 we can utilize this observation by considering
the splitting of the enrichment part e; on a particular patch in two local
components e; = e + e?. On each patch w; with i = M,..., N this splitting
can be chosen to balance the two error terms on the right-hand side of the

inequality
N

Je =Y eil(@i +ef +¢) = (up + Xpus))|
i=M

<Y @il + €?) — (up + (X5 — D)
i:MN
IS wiler —ul)ll.
=M

This can yield a much smaller error since the regular function u, + (xg —1)us
is now approximated by more degrees of freedom, i.e., by all polynomials and
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a number of enrichment functions restricted to the local patch w;. Hence, the
Galerkin solution which minimizes Jg (i.e. minimizes (3.18) with respect to
the energy-norm) can show a much better convergence of O(h'*?) with § > 0
in the enrichment zone than the global O(h) behavior.

The impact of this observation is that the coefficients of the asymptotic
expansion of the solution, e.g. the stress intensity factors, can be extracted
from the solution with much higher accuracy and better convergence behavior
in the enrichment zone than the global error bound implies.

Remark 3. Note that due to our cut-off parameter ¢ > 0 our local function
spaces V;  may not contain all enrichment functions 77?,1@- Especially we may
encounter the situation that a particular patch w; ;41 employs less enrichment
functions than its parent patch W;p O Wik+1; 1.e., the local approximation
spaces V; 41 and V; ) are nonnested due to the cut-off. Hence, the parameter
0 in the discussion given above may not be constant on all levels and the
measured convergence rates can jump due to the cut-off.

4 Numerical Results

In this section we present some results of our numerical experiments using
the hierarchically enriched PPUM discussed above. To this end, we introduce

some shorthand notation for various norms of the error u—uFVY, i.e., we define
_ ,PU _ . PU _ . PU

€0 = ||’LL u ||Loo ,er2 = ||U u ||L2,6H1 = ||U u ”Hl (420)
[Jul[ Lo [[ul[ 22 l[wll £

For each of these error norms we compute the respective algebraic convergence
rate p by considering the error norms of two consecutive levels [ — 1 and [
log (f:=sbert) -
p = —7371, where dofj, := Zdim(Vi,k). (4.21)
log(m) i=1
Hence the optimal rate pg1 of an uniformly h-refined sequence of spaces with
pir =pforali=1,... N, and k = 0,...,J for a regular solution v is
prr = & where d denotes the spatial dimension of £2 C R?. This corresponds
to the classical h7#* notation with vy1 = pgyi1d = p.
To assess the quality of our hierarchical enrichment scheme we consider
the simple model problem

—Au=f in 2=(-1,1)2 C R

u =g on 02, (4.22)

where we choose f and g such that the analytic solution wu is given by

u(z,y) = \/?(sing + cos g)(l +sind)+ (2 - 1)+ (2 -1)+1  (4.23)
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Table 4.1. Relative errors e (4.20) and convergence rates p (4.21) with respect to
the complete domain (2.

J dof N er oo pLoo €r2 Pr2 eyl Pyl
T 28 1 7262 5 = 5.011_» - 1.663_1 -

2 70 16 4.741_5 0.47 3.096_2 0.53 1.449_4 0.15
3 226 64 1.614_5 0.92 1.098_o 0.88 8.826_o 0.42
4 868 256 5.192_3 0.84 2.974_3 0.97 4.544 _o 0.49
5 3400 1024 1.488_3 0.92 7779 4 0.98 2.296_o 0.50
6 13456 4096 4.491_4 0.87 1.990_4 0.99 1.148_5 0.50
7 53214 16384 1.317_4 0.89 5.034_5 1.00 5.864_3 0.49
8 210036 65536 3.748 _5 0.92 1.266_5 1.01 3.010_3 0.49
9 837176 262144 1.042_5 0.93 3.173_¢ 1.00 1.405_3 0.55
10 3288341 1048576 2.942_¢ 0.92 8.078_~7 1.00 7.367_4 0.47

where r = r(z,y) and 0 = 6(z,y) denote polar coordinates, see Figure 4.2.
This solution is discontinuous along the line

C:={(z,y) € 2]z € (—-1,0) and y = 0}

and weakly singular at the point (0,0). The model problem (4.22) with the
considered data f and g is essentially a scalar analogue of a linear elastic
fracture mechanics problem such as (3.9). Hence, we employ the enrichment
functions (3.10) and (3.11) with respect to the crack C' in our computations.

We consider a sequence of uniformly refined covers C¥ with o = 1.3 in
(2.1) and local polynomial spaces PPi* = Pl on all levels k = 1,...,.J for the
discretization of (4.22). The number of patches on level k is given by N, = 22,
On the levels k < 3 we use the geometric/modeling indicator e (3.12) as
enrichment indicator, on the finer levels k > 3 we use the recursively defined
hierarchical enrichment indicator (3.16), see Section 3. Hence, the subdomain

Eip = (—0.25,0.25)2 C 2 = (—1,1)? (4.24)

denotes the initial enrichment zone with respect to the point singularity of
(4.23) at (0,0) on the levels k > 3, see Figure 4.24. The respective intermedi-
ate local enrichment spaces SI  are defined by (3.13) and the resulting local
approximation spaces V; j, by (3 17). The local preconditioner IIf ) 18 based
on the local mass matrix and employs a cut-off parameter ¢ = 10~ 12,

Since the solution is singular at (0,0) a classical uniform h-version without
enrichment (or just modeling enrichment) yields convergence rates (4.21) of
pLz =35 2 and py1 = 3 1 only. Due to our hierarchical enrlchment we anticipate
to recover the optimal convergence rates py2 = 1 and py: = globally The
convergence behavior inside Eyj, can be better, see Section 3. 1

We assess the quality of our local preconditioner II7; by studying the
convergence behavior of our multilevel solver [13,15,21] apphed to the enriched
PPUM discretization using the transformed basis 97" locally. We denote the
respective linear system on level k by ,

Ate = fr, (4.25)
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Figure 4.2. Contour plot of the solution Figure 4.3. Convergence history of the

(4.23). (See also Color Plate on page 392) measured relative errors e (4.20) with re-
spect to the complete domain (2 in the
L*°-norm, the L?*norm, the H'-norm,
and the energy-norm on the respective
level (denoted by E in the legend). (See
also Color Plate on page 392)

Figure 4.4. Contour plot of the error uf U — u for k = 5,6,7 (from left to right).
(See also Color Plate on page 392)

where @y, := (uj},) denotes the coefficient vector associated with the PPUM

function
]V)c di,k
PU __ m am
U —E %‘,ki U’i,kﬂi,k
=1 m=1

and jidenotes a moment vector with respect to the PPUM basis functions
(pik 977%,) on level k.

We employ a standard V(1,1)-cycle with block-Gaufi—Seidel smoother
[13,15,21] for the iterative solution of (4.25). We consider three choices for
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Figure 4.5. Convergence history for a V (1, 1)-cycle multilevel iteration with block-
Gauf3—Seidel smoother and nested iteration initial guess (left: convergence of residual
vector (4.27) in the 1%-norm, center: convergence of iteration update (4.26) in the
L?-norm, right: convergence of iteration update (4.26) in the energy-norm). (See
also Color Plate on page 393)

the initial guess: First, a nested iteration approach, where the solution uEU
obtained on level k is used as initial guess on level k + 1. Note that this ap-
proach avoids unphysical oscillations in the initial guess which can otherwise
spoil the convergence of the iterative solution process. Therefore, we also con-
sider the choices of a vanishing initial guess and a random valued initial guess
for the iterative solver to enforce these unphysical oscillations in the initial
guess. The condition number of the iteration matrix is bounded by a constant
if the asymptotic convergence rate of the iterative solver is independent of the
number of levels. In our context this also means that we find no deterioration
of the condition number due to the enrichment.

In Figure 4.3 we give the plots of the relative errors with respect to the L>°-
norm, the L?-norm, the H'-norm, and the energy-norm. From these plots and
the respective convergence rates pr~, pr2, and py1 given in Table 4.1 we can
clearly observe the anticipated optimal global convergence of our hierarchically
enriched PPUM with py2 =1 and py: = % On level £ = 10 we obtain 7 digits
of relative accuracy in the L?-norm and 4 digits in the H'-norm. In Figure
4.4 we have depicted contour plots of the error uEU —u for levels K = 5,6,7
using the same scaling for all plots. We can clearly see the enrichment zone
Eiip, from these plots and observe the fast reduction of the error due to the
refinement.

The convergence behavior of our multilevel solver with a nested iteration
initial value is depicted in Figure 4.5. We consider the convergence of the
iterative update cl,z}ijter associated with the coefficient vector

Ek,itcr = 7-~Lk,itcr - ﬂk,itcr—l (426)

with respect to the L?-norm and the energy-norm as well as the convergence
of the residual vector X

72iter = fk - Akﬂk,iter (427)
in the I2-norm. All depicted lines are essentially parallel with a gradient of
—0.25 indicating that the convergence rate of our multilevel solver is 0.25 and
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Figure 4.6. Convergence history for a V (1, 1)-cycle multilevel iteration with block-
GauB—Seidel smoother and zero (upper row) and random (lower row) initial guess
(left: convergence of residual vector (4.27) in the [*-norm, center: convergence of
iteration update (4.26) in the L?-norm, right: convergence of iteration update (4.26)
in the energy-norm). (See also Color Plate on page 393)

independent of the number of levels and thereby independent of the number
of enriched patches and the number of enrichment functions. In Figure 4.6 we
give the respective convergence behavior using a vanishing initial guess and a
random valued initial guess to enforce the presence of unphysical oscillations
in the (early) iterates. Again we observe that all depicted lines have essen-
tially the same gradient —0.25 which is identical to the lines given in Figure
4.5. Hence, there is no amplification of unphysical oscillations and our multi-
level solver converges with the same rate of 0.25 independent of the employed
initial value. The convergence behavior of our iterative multilevel solver is
independent of the number of patches and the number of enrichment degrees
of freedom. Therefore, the condition number of the iteration matrix is sta-
ble and independent of these parameters. Our hierarchical enrichment scheme
with local preconditioning avoids a deterioration of the condition number and
thereby a deterioration of the stability due to the enrichment completely.

Finally, let us focus on the local convergence properties of our enriched
PPUM discretization within the enrichment zone E;;, (4.24). To this end, we
define three subdomains

1 1\2 1 1\2 1 1\2
Bi=Bn=(-33) B=(-55) B=(-p5) 02
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Table 4.2. Relative errors e (4.20) and convergence rates p (4.21) with respect to
the subsets F1, F», and E3 from (4.28).

J dof N eroo prLoo €2 pr2 €l Pl
with respect to Eq
2 28 4 4.329_» 0.94 3.245_o 1.03 9.040_» 0.72
3 70 16 3.145_» 0.35 2.061_» 0.50 6.313_» 0.39
4 178 36 1.058_2 1.17 5.325_3 1.45 2.559_» 0.97
5 562 100 3.385_3 0.99 1.390_3 1.17 9.671_3 0.85
6 2002 324 1.018_3 0.95 3.534_4 1.08 3.495_3 0.80
7 7248 1156 2.965_4 0.96 8.867_5 1.07 1.272_3 0.79
8 25926 4356 8.477_5 0.98 2.217_5 1.09 4.629_4 0.79
9 100298 16900 2.387_5 0.94 5.539_¢ 1.03 1.577_4 0.80
10 340007 66564 6.648 _¢ 1.05 1.745_¢ 0.95 3.933_4 —0.75
with respect to Eo
3 28 4 1.659_5 1.23 1.178 5 1.33 3.599_» 1.00
4 112 16 4.200_3 0.99 3.707_3 0.83 1.216_»2 0.78
5 252 36 1.209_3 1.54 8.846_4 1.77 4.271_3 1.29
6 700 100 3.040_4 1.35 2.133_4 1.39 1.472_3 1.04
7 2268 324 7.329_5 1.21 5.210_5 1.20 5.182_4 0.89
8 7500 1156 1.819_5 1.17 1.287_5 1.17 1.901_4 0.84
9 26576 4356 4.555_¢ 1.09 3.202_¢ 1.10 7.596_5 0.72
10 101194 16900 1.671_¢ 0.75 1.072_¢ 0.82 6.574_5 0.11
with respect to Eg
4 28 4 3.567_3 1.69 2.447_3 1.80 1.096 2 1.35
5 112 16 9.241_4 0.97 7.710_4 0.83 4.124_3 0.70
6 252 36 2.651_4 1.54 1.803_4 1.79 1.471_3 1.27
7 700 100 6.244_5 1.42 4.338_5 1.39 5.247_4 1.01
8 2268 324 1.495_5 1.22 1.056_5 1.20 1.882_4 0.87
9 7376 1156 3.685_¢ 1.19 2.612_¢ 1.18 8.269_5 0.70
10 26470 4356 1.794_¢ 0.56 9.266_7 0.81 6.490_5 0.19

and measure the relative errors (4.20) and convergence rates (4.21) with re-
spect to Ey, Fy, and E3 of (4.28). According to Section 3.1 we anticipate to
find a faster convergence within the enrichment zone ;, than for the complete
domain (2. The plots given in Figure 4.7 and the measured rates displayed in
Table 4.2 clearly show this anticipated behavior. Note that we find about 6
digits of relative accuracy in the L?-norm and about 4 digits in the H'-norm
on F1,i.e. in the vicinity of the singularity. Up to level £ = 9 we find py1 ~ 0.8
within the subdomains F;, F5, and F3 whereas globally we have the optimal
rate py1 = 0.5. Hence, we obtain a convergence behavior better than O(h?/?)
in the enrichment zone with respect to the energy-norm using enriched linear
local approximation spaces only.

On level £ = 10 however we find a sharp jump in the measured conver-
gence rates. For the H'-norm we even find an increase in the error on level
k = 10 compared with level £ = 9. Recall from Remark 3 that we may not
expect the measured convergence rates to be constant due to the employed
cut-off in the construction of our projection 117, which can yield nonnested
local approximation spaces. The projection operators I7 Z* . employed in this
computation were based on the identity operator, i.e. on the L?-norm. Hence,
we have eliminated enrichment functions whose contribution to the approxi-
mation of the L?-norm is insubstantial. This however may not be true for the
H'-norm.
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Figure 4.7. Convergence history of the measured relative errors e (4.20) with re-
spect to the subdomains E; (left), E2 (center), and Es (right) given in (4.28) with
respect to the L°°-norm, the L?-norm, the H'-norm, and the energy-norm on the
respective level (denoted by E in the legend). The upper row refers to the enriched
PPUM using a preconditioner based on the L?-norm, i.e., the local mass matrix,
the lower row refers to the enriched PPUM using a preconditioner based on the
H'-norm, i.e., the local stiffness matrix. (See also Color Plate on page 394)

According to Remark 2 changing the operator in the construction of II7,
can impact the cut-off behavior. Constructing the projection I}, based on the
operator —A +1 yields an elimination of functions that contrlbute insubstan-
tially to the H'-norm. This can eliminate (or will at least reduce) the jumps
of the measured convergence rates for the H'-norm (and weaker norms). From
the numbers given in Table 4.3 where we employ a projection /I, based on
the H'-norm we can clearly observe this anticipated improvement, see also
Figure 4.7. Now we have pgy1 > 0.5 on all levels and pg1 ~ 0.7 on level k = 10
for ;. In Figure 4.8 we have depicted the enrichment patterns within Ey;,, for
the projections based on the L?-norm and on the H'-norm. For each patch
wix C Fip on level & = 9,10 we have plotted the dimension of the local
approximation space V; j, i.e., the number of shape functions 191”,6 after cut-
off. From these plots we can clearly observe that more enrichment functions
are present in the H'-based approach on level k = 10 than for the L?-based
projection. On level k& = 9 the enrichment patterns are almost identical and
so are the measured errors, compare Table 4.2 and Table 4.3. On level £ = 10
however we see a substantial reduction in degrees of freedom due to the cut-
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Figure 4.8. Enrichment pattern on levels k = 9 (left) and & = 10 (right) within
the enrichment zone Eii,. Color coded is the dimension of the local approximation
space dim(V; ;) = card({@’fh ) (denoted as ’resolution’ in the legend). The upper
row refers to the enriched PPUM using a preconditioner based on the L2-norm,
i.e., the local mass matrix, the lower row refers to the enriched PPUM using a
preconditioner based on the H'-norm, i.e., the local stiffness matrix. In both cases
we used a cut-off parameter of ¢ = 107'2. (See also Color Plate on page 395)

off for the L?-based projection and almost no reduction in degrees of freedom
for the H'-based projection. Hence, the nonnestedness of the respective local
approximation spaces is as expected more severe for the L2-based projection
than for the H'-based projection.

In summary, the presented hierarchical enrichment scheme yields a globally
optimal convergence behavior of O(h) in the energy-norm for the uniform h-
version of the enriched PPUM without compromising the condition number
of the resulting stiffness matrix. This is achieved by a local preconditioner
which eliminates the near-null space of an arbitrary local operator. Within
the enrichment zone the hierarchically enriched PPUM yields a convergence
rate of O(h'*) in the energy-norm with § > 0.

5 Concluding Remarks

We presented an automatic hierarchical enrichment scheme for the PPUM
which yields a stable discretization with optimal convergence properties glob-
ally and a kind of superconvergence within the employed enrichment zone.
The core ingredients of the presented approach are a geometric hierarchy of
the cover patches and a special local preconditioner. The construction of the
presented preconditioner relies on the flat-top property of the employed PU.
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Table 4.3. Relative errors e (4.20) and convergence rates p (4.21) with respect to

the subsets E1, E», and E3 from (4.28). The local projections II;; are based on the
H'-norm.
J dof N eroo proo er2 P2 el Pyl
with respect to Ey
2 28 4 4.329_5 0.94 3.245_5 1.03 9.040_» 0.72
3 70 16 3.145_» 0.35 2.061_» 0.50 6.313_2> 0.39
4 178 36 1.058 _» 1.17 5.325_3 1.45 2.559_» 0.97
5 562 100 3.385_3 0.99 1.390_3 1.17 9.671_3 0.85
6 2002 324 1.018_3 0.95 3.534_4 1.08 3.495_3 0.80
7 7570 1156 2.974_4 0.93 8.867_5 1.04 1.270_3 0.76
8 27516 4356 8.477_5 0.97 2.217_5 1.07 4.613_4 0.78
9 101490 16900 2.387_5 0.97 5.539_¢ 1.06 1.548 4 0.84
10 397538 66564 6.632_¢ 0.94 1.384_¢ 1.02 5.701_5 0.73
with respect to Eso
3 28 4 1.659_» 1.23 1.178 5 1.33 3.599_»> 1.00
4 112 16 4.200_3 0.99 3.707_3 0.83 1.216_2 0.78
5 252 36 1.209_3 1.54 8.846_4 1.77 4.271_3 1.29
6 700 100 3.040_4 1.35 2.133_4 1.39 1.472_3 1.04
7 2268 324 7.327_5 1.21 5.209_5 1.20 5.182_4 0.89
8 8092 1156 1.819_5 1.10 1.287_5 1.10 1.849_4 0.81
9 27768 4356 4.556 _¢ 1.12 3.200_¢ 1.13 6.193_5 0.89
10 102632 16900 1.142_¢ 1.06 7.982_~ 1.06 2.702_5 0.63
with respect to Es3
4 28 4 3.567_3 1.69 2.447_3 1.80 1.096 _2 1.35
5 112 16 9.241_4 0.97 7.710_4 0.83 4.124_3 0.70
6 252 36 2.651_4 1.54 1.803_4 1.79 1.471_3 1.27
7 700 100 6.244_5 1.42 4.337_5 1.39 5.247_4 1.01
8 2268 324 1.495_5 1.22 1.056_5 1.20 1.882_4 0.87
9 8092 1156 3.685_¢ 1.10 2.606_¢ 1.10 6.133_5 0.88
10 27368 4356 9.081_~ 1.15 6.484_~ 1.14 3.038_5 0.58
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Summary. The application of engineering analysis to new areas, such as nanome-
chanics and the life sciences, often involves geometric problem domains defined by
discrete point sets as measured from diagnostic equipment. The development of a
suitable mesh for finite element analysis can be a tedious task. One approach to
simplifying the geometric description is to use a parametrized set of basis func-
tions, and fit the parameters to the data set. In this paper, we discuss the problem
of determining suitable parameters for the Reproducing Kernel Element Method
representation of discrete point sets, and in particular the solution of the inverse
problem of determining pre-image evaluation points in the parametric space that
correspond to a given input point. We justify our solution by posing a theoretical
framework and an error indicator.

Key words: RKEM, geometry representation, discrete point sets.

1 Introduction

A topic of recent research has been in improving the representation of the ge-
ometric domain for engineering analyses. The motivation for this arises from
several sources. First, the polygonal or polyhedral representation of smooth
geometries used by finite elements leads to errors inherent in the approxima-
tion of the domain. Secondly, the process of converting computer aided design
(CAD) geometries based on NURBS into FEM meshes can be time consum-
ing. A unified and improved representation would facilitate the interaction
and data exchange between analysis and design. A similar, but substantially
different problem arises in other areas of research, e.g. nanomechanics and the
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life sciences. In these areas, the problem domain often comes in the form of a
discrete point set obtained from experimental equipment, e.g. atomic force mi-
croscopes (AFM), computed tomography (CT), or magnetic resonance imag-
ing (MRI). The development of suitable FEM meshes is still troublesome, but
there is an additional difficulty. This difficulty is that, unlike in CAD, where
the geometry is created in terms of a known basis set, the discrete point set has
no such existing definition and can not be interrogated for additional informa-
tion, e.g. derivatives. The absence of an underlying known basis representation
introduces a new problem to parametric formulations. In a parametric formu-
lation, the basis functions are defined in terms of coordinates in a parametric
space, and when a weighted sum of these functions are evaluated at a point
in the parametric space, one yields a point in the problem domain. We call
this the forward problem. In the case of an input point set, one must first solve
the inverse problem of determining the parametric coordinates that are the
pre-image of the input. This paper is organized as follows: in §1.1 we layout
the motivating problem; in §2 we review the highlights of the RKEM method,
in §3 we summarize geometry representation using RKEM, in §4 we introduce
the theoretical framework for studying the method with an error indicator
and examples.

1.1 Motivating Problem

The motivation for this research is to reduce the effort and complexity of
performing engineering analysis on problems whose geometry is defined by a
discrete point set. One of the authors (Whitenack) is studying the mechan-
ical behavior of shark teeth. The geometry is defined by performing CT or
micro CT scans of a tooth. These scans consist of a sequence of 2D slices of
greyscale pixel images. These slices are processed into a mesh for finite el-
ement (FEM) analysis, in this case using the commercial program Strand7.
In Table 1.1, we list the various steps performed, the time range rquired and
indicate whether it is machine or human time for processing a single tooth.
The total time ranges from 8 - 32 hours, and we see that human time accounts
for 72% in the worst case. We believe that human time is much more valuable
than machine time, hence our goal of reducing the amount of human effort to
perform an analysis. Our research focuses on steps 4,5,6 which are geometry
representation, and step 8, analysis. The method we pursue falls into the gen-
eral area now known as isogeometric analysis, [2], which intimately couples
the analysis and geometry representation. In this paper, we will only focus on
the geometry representation aspects.

2 Overview of RKEM

The Reproducing Kernel Element Method was introduced in a series of four
papers, [4], [3], [5] and [9]. Further developments are presented in the PhD
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Table 1.1. Shark tooth analysis process

Step  Activity Time range (min)  Human/Machine
1 CT scan 15-30 machine

2 micro CT scan up to 180 machine

3 Segmentation 30-60 human

4 Geometry cleanup 120-360 human

5 Meshing 120-960 human

6 Meshing 120-180 machine

7 Loads, boundary cond. etc. ~ 60-120 human

8 Analysis & post processing  15-60 machine

dissertation [7], including an initial exploration of the use of RKEM for geom-
etry representation. Here, we review the basics of RKEM paying particular
attention to the properties that prove useful in the present context. For full
details, the reader is referred to the above references.

We will denote the RKEM domain by {2 throughout this article.
The RKEM is a hybrid of finite element shape functions and a meshfree

kernel in such a way that the following properties hold for the RKEM shape
functions:

1.

The shape functions are Generalized Hermite interpolants. By this we
mean that at each node the primary variable and various of its derivatives
are interpolated, in analogy to Hermite polynomial interpolation, [10]. We
use the notation for the shape functions at node I: ¥, where « is a multi-
index indicating the derivative being interpolated. For example, see Eqn.
2.3.

The shape functions possess the Higher-order Kronecker-§ property:

Dowf | =81s0ag, X1, Xs €2, Jal Bl <m, (21
X=X
The shape functions form a Partition of Unity: ) ,¥f(z) = 1 Vz €
2; |laj=0
The shape functions possess the global reproducing property:

> {Z LDﬂx)(Daxﬁnxzxf} —xf, VxeR Bl<P  (22)
I a

where P is the highest degree complete polynomial in the so-called global
partition polynomials used to construct the element. See [9] for complete
details.

Each shape function has compact support with fixed size, regardless of
reproducing order. The support size is dependent solely on the topology
of the RKEM mesh.
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6. Smoothness: Given a kernel function that is C™ continuous, the resulting
RKEM shape functions are also C™ ([7]).

To guarantee the above properties, RKEM meshes must satisfy a quasi-
uniformity condition as discussed in [3]. In simple terms, this condition places
some restriction on the aspect ratio of individual elements and the gradation
of element sizes within the mesh.

Throughout this article, we will focus on problems in two dimensions using
the the T9P2I1 element. The complete derivation and implementation details
of the T9P2I1 triangular element has been published in [7]. The T9P2I1 el-
ement globally reproduces quadratic fields and interpolates the first order
derivatives. At a node I there are three shape functions,

00 . 7710 . 7,01
LDI 7LDI vwl'

A function f(u,v) can be interpolated as

N
Fluyo) =Y 0P (u,0) f1 4+ 071 (u,0) 1, + 97 (u,0) 1 (2.3)
I=1

where N is the number of nodes in the mesh and f, f,, f. are the nodal
data. The compact support of the RKEM shape functions limits the number of
nodes that will actually contribute at a point, but for notational convenience,
we sum over all nodes.

3 Geometry Representation

The shape functions computed via RKEM can be viewed simply as inter-
polants for use in any problem of interpolation. One such problem is the
representation of geometry within a computer. In this section, we discuss our
approach to using RKEM shape functions for geometry representation, for
complete details, see [8].

3.1 The Abstract Problem

A geometric body can be viewed as a point set B C R™. To represent it
in a computer, we select a finite set of functions F : {2 — R and a finite
set of weights W such that an approximation to the body B is obtained by
interpolating the points W with the functions in F. In the present work, the
functions in F consist of RKEM generalized Hermite shape functions. In other
representations, the function space B will consist of other functions. See Eqn.
3.4 below. For convenience, we define the following symbols:

e 1 is the spatial dimension.
B C R™ represents the body
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B C R™ is the approximate RKEM representation of the body.

OB C R"! is the boundary of the body.

OB c R™ ! is the boundary of the approximate body.

X is a point in the body, x € B.

% is a point in the approximate body, %X € B.

M is the RKEM mesh used to approximate the body and consists of both
the domain, 2 C R™ with boundary 02, and the topology, or connectivity.
u is a point in the RKEM domain, u € 2.

W is the set of weights associated with the mesh M for interpolating the
body. W; denotes the set of weights for interpolating the i*h component of
a point z;. In particular, the set WV consists of the primary nodal unknowns
and their derivatives.

7 is the RKEM interpolation operator on the RKEM mesh evaluated at a
point in 2 for a set of nodal data, W, i.e., T : M ®@W — B. While the set
W is subordinate to a particular mesh M, for clarity, we emphasize this
by using the notation Zy((W;u) for u € 2.

Using these definitions then, we have B ~ B and Zy((W;2) = B. This

idea and the definitions are depicted in Fig. 3.1.

Our approach uses two basic concepts. First, the components of a point in

B are considered to be independent functions of points in 2, and the RKEM
mesh, M, is conforming. The first condition is succinctly stated by using
standard index notation:

zi(u) = Zpm(Wisu)

Actual geometry RKEM representation

RKEM mesh

. \ /
Parameter determination Interpolation

09

S

M, Q

Figure 3.1. Lagrange Analogy for Geometry Representation.
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For example, in two dimensions using the T9P2I1 RKEM element to interpo-
late the point x € B the approximate point, X, is obtained through

N
&= fiw] freF, wrew (3.4)
I=1
where,
f; = [ vp® v}t
and

T
W’LI = [CEi('I.L, v)|u1 (ml(uv U),u)|u1 (xl<u7 v)yv)‘ul}

and z! represents the it" component of the body point x associated with the
I*" RKEM node with coordinate u’. The second concept leads to the following
definition:

Definition 1 (Conforming Mesh). An RKEM mesh, M, used to represent
a body B, is said to be conforming if every boundary node in the mesh lies
ezxactly on the boundary of the body, i.e., if node I lies on the boundary of M
and has coordinates Xy, then x; € OB. See Figs. 3.2 and 3.3.

These two concepts then lead to the notion that the approximate geometry is
the image of the RKEM mesh:

B =Ty, 2) (3.5)

in analogy with the Lagrange description of solid bodies where the deformation
map is defined by the RKEM interpolation.

The problem, then, is to find an RKEM conforming mesh for the point
set and determine the nodal data. One can choose to model an object by its
boundary (surface), or as a complete volume. Since our interest is analysis, we

Figure 3.2. Conforming Mesh.
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Figure 3.3. Non-conforming Mesh.

focus on volume representations. The nodal data is found by solving a least
squares problem, setup as follows:

Given a surface point set in spatial dimension n — 1, we first construct a
conforming mesh in dimension n. We need to construct a set of linear equations
of the form in Eqn. 3.6

(CCZ‘)J‘ = (@)j(uj) :IM(WZ',UJ‘); ] = 1, 7‘Z\J ] 1= 1, ey N (36)

where M is the number of points to be fit. Two problems arise. The first is
finding the pre-images u of the input boundary points. The assumptions is
that

OB = Iy (W,00)

so the input boundary points should map to points on the edges of the RKEM
mesh boundary. We have termed the set of body points x; and their associated
RKEM image points u; as the auziliary point set. We investigated several
possible solutions to determining the auxiliary points, but found that the
simplest methods worked well. The projection in 2D is quite straight forward:
simply find the normal projection of the point on the body onto the nearest
element edge. Since the mesh is conforming, the projection is well-defined as
long as the boundary between the adjacent RKEM nodes does not vary too
widely. See Fig. 3.4. One of the main points of this paper is to argue that
these projections are satisfactory. The three dimensional case is somewhat
more difficult since the direction in which to project the point is not well
defined. The input boundary pionts now represent a surface. To solve the
inverse problem for the auxiliary points, we assume the surface point set
has been triangulated. Each boundary point is the vertex of some number
of surface facet triangles and each facet defines an outward normal vector.
These normal vectors can be used to determine a direction along which one can
project the vertex onto a face of an element in the RKEM mesh. We found that
the weighted normal method given in [6] provided good results, as depicted in
Fig. 3.5. The second issue is the generation of interior data points and their
auxiliary points. When the input data only includes boundary points, we must
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Conforming node

Uy, Up)

Conforming node

Figure 3.4. Two dimensional projection.

Surface Facets e

"T—RKEM Face

Figure 3.5. Three dimensional projection.

generate the interior points. Our procedure is to take the RKEM mesh points
from the boundary auxiliary point list u;, and use a mesh generator to generate
the interior. This gives us a set of u; for the entire body. At this point, we
only know the associated body points, x;, for the boundary. To determine the
body points for the interior, we use a linear finite element solution on the
volume mesh using all essential boundary conditions on the known boundary
auxiliary points. This generates a displacement field for the interior points
that we use to populate the interior auxiliary point pairs. Given the auxiliary
points, we now solve the set of linear algebraic equations, Eqn. 3.6 for the
nodal data. Since it may be impractical to require an exact number of points
to satisfy the number of unknowns, we solve the equation in the least squares
sense using an SV D factorization taking care to insure that the condition
number R is not too big, in our examples R < 10'2. Our work has focused
on boundary point sets. Volume point sets, if available may provide an easier
procedure, but that is future research.
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4 Framework

In this section we suggest a theoretical framework for both understanding and
judging the quality of RKEM geometry representation. This framework follows
naturally from two observations. First, as already discussed, the geometry
representation is analogous to the deformation map in Lagrangian mechanics
where the RKEM mesh is viewed as the reference frame, and the interpolated
geometry as the current frame ([1]). Second, the input geometry is only known
as a discrete point set, hence, a mesh of the point set is a valid definition of the
entire body. Thus, the mesh of all the data points could be used as an RKEM
mesh for geometry representation. In this case, the interpolation operator
is the identity, the RKEM mesh, the actual geometry, and the interpolated
geometry are all three identical. These observations lead us to the following
conjectures:

Conjecture 1. For a given body B defined by a discrete point set that can be
meshed with a quasi-uniform mesh, there exists a sequence of RKEM meshes,
{M,,}, and associated RKEM domains, {{2,}, such that

lmZ (M, 2,) — 1
n

where I is the identity operator acting on points in the RKEM mesh, u.

Note that each conforming RKEM mesh may define a different RKEM do-
main, hence the need for associating a sequence of domains with the meshes.
Also note that any given refinement may not lead to an improvement. The
conjecture is that a sequence of refinements exists, not that all refinements
lead to the identity. A technical point arises in that RKEM meshes must meet
a quasi-uniform condition, [3], and the mesh of the input point set may not
meet that criteria.

Conjecture 2. Let the sequence of sets {u(x)}, be the preimages correspon-
ding to the sequence of meshes in Conjecture 1. Then

lim(u;)n — x;.
n

This conjecture means that, as the RKEM mesh approaches the actual geom-
etry, the preimage points become the geometry points themselves. If true, this
justifies the simple procedure we use for finding the auxiliary points. While
for any given mesh, the projection technique for finding the auxiliary points
may not be optimal for that mesh, we can be sure that, under refinement, it
is sufficient.

4.1 Error Indicator

Given an RKEM representation of a geometry, it is desireable to be able to
compute a measure that can be regarded as measuring the quality of that
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representation. Since the representation is a function of the geometry points
as a function of the RKEM domain points,

xi(u;)
then the determinant of the Jacobian of the transformation

ox

J 1= det o (4.7)
geometrically represents how much deformation each differential element ex-
periences. This, then, can be used as an error indicator. Assuming the conjec-
tures are true, then the determinant should approach unity under refinement.
Further, it can be used to locate regions where the reperesentation is not yet
sufficiently refined. The RKEM shape functions are globally smooth, and the
necessary derivatives for computing the Jacobian are easily computed, so this
is a particularly attractive measure. As a measure of the overall representa-
tion, we use the Lo-norm defined by

112 N %
€L, 1= o |jﬂ 11;!;1 ] (4.8)

which represents deviation from unity of J per unit volume.

4.2 Example

We provide an example using the framework to study the performance of
representations. The example consists of data from one slice of a CT scan of
a tooth from a bullshark, the input data used by the RKEM representation
scheme is shown in Fig. 4.6. Applying the framework, we computed a series

Figure 4.6. Bullshark point set.
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of representations for a sequence of refined meshes. Figure 4.7 shows the plot
of La-norm versus number of nodes in the RKEM mesh. We can see that
the error measure decreases nicely under refinement. The point-wise jacobian
determinant can also be used to locate regions where refinement is required.
The sequence of globally refined (h-refinement) meshes and point-wise jaco-
bian determinants shown in Figs. 4.8-4.11 demonstrate this process. Note that
near the tips J shows deviation from one in the coarser mesh, and improves
under global refinement. It should be possible to locally refine in the regions
of interest to achieve the same result. The following result demonstrates that
a graded, rather than uniform, mesh can be used successfully. It is the grading
property that should allow local hA-refinement. Finally, for this example and
input data, we were able to trivially generate a graded quasi-uniform RKEM
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Figure 4.7. Ly-norm convergence of representation for the bullshark tooth.

Figure 4.8. 27 node RKEM mesh.
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Figure 4.9. Jacobian determinant for 27 node RKEM mesh. (See also Color Plate
on page 395)

Figure 4.10. 53 node RKEM mesh.

Figure 4.11. Jacobian determinant for 53 node RKEM mesh. (See also Color Plate
on page 396)
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Figure 4.12. Quasi-uniform RKEM mesh exactly representing the input data.

mesh completely resolving the input data set, yielding an RKEM identity
operator on this mesh.

5 Conclusion

In this paper we introduced a framework from which we can study the perfor-
mance of geometry representation using RKEM. We posed some conjectures
that apply to discrete points sets to argue the plausibility of both the re-
presentation scheme and the error metric used. We provided an example to
indicate that this works and is the basis for future work.
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Summary. In this paper we present the liquid-liquid two-phase flow simulations of
a stirred extraction column with the help of our own developed meshfree method
called the Finite Pointset Method (FPM). The primary (continuous) phase is mod-
eled by the incompressible Navier-Stokes equations. The motion of the secondary
(dispersed) phase is simulated by solving the equation of motion in which inertia,
drag and buoyancy forces are taken into account. The size of the droplets is obtained
by solving the droplet population balance equation (DPBE). The DPBE is solved
by the Sectional Quadrature Method of Moments (SQMOM). The coupling between
both phases is performed by considering the momentum transfer from each phase.
In this work, some simulations in two and three dimensional cases with constant
breakage and aggregation kernels are presented.

Key words: Multiphase Flows, Population Balance Equations, Liquid-Liquid
Extraction

1 Introduction

Liquid-liquid extraction is a separation process, which is based on the dif-
ference of the distribution of the components to be separated between two
liquid phases. Liquid-liquid processes are widely applied in chemical and bio-
chemical industries. In the simulation and design of liquid-liquid extraction
columns the dispersed phase is classically assumed as a pseudo homogeneous



316 Sudarshan Tiwari et al.

phase, where one parameter accounts for all deviations from the ideal plug
flow behavior. Nowadays, the population balance equation (PBE) forms the
cornerstone for modeling polydispersed (discrete) systems arising in many
engineering applications such as liquid-liquid extraction. To account for this
polydispersed nature, the dispersed phase is represented in terms of a density
function. In contrast to the classical approach, the evolution of this density
function is dictated by different active mechanisms such as breakage and co-
alescence. Furthermore, the accurate prediction of the dispersed phase evo-
lution depends strongly on the proper modeling of the continuous flow fields
and hydrodynamics in which the droplets are dispersed. Up to now the de-
sign of an extraction columns without experimental pilot plant experiments
has not been feasible. In current droplet population balance model (DPBM)
codes [1], the dispersion model is still used for the description of the hydrody-
namics and results from small scale devices (single droplet experiments) are
needed to predict Sauter mean diameters and hold-up profiles [2,18]. On the
other hand, Computational Fluid Dynamics (CFD), based on a mono-disperse
assumption, can predict the flow fields and hydrodynamics in a stirred RDC
extraction column and deliver all necessary information for the DPBM [7,8].
Finally, in order to properly model drop size distributions and flow fields in
an extraction column without the need for pilot plant or small scale device
experiments, the population balance must be coupled with turbulent CFD
modeling. Only a few researchers investigated combined CEFD-DPBM models
in the field of liquid-liquid extraction so far but achieved encouraging results
for the combined models [6,23]. Hence, this contribution focuses on a com-
bined CFD and DPBM to advance in this promising field of research. The
coupling is done with the help of the Finite Pointset Method (FPM), which
is a meshfree, Lagrangian, particle method. FPM is an in-house development
of the Fraunhofer Institute. Our main goal is to incorporate the DPBM into
the FPM code. In comparison to a commercial code the FPM source code is
fully modifiable, which eases the implementation of the DPBM. The DPBM
equations are solved by the Sectional Quadrature Method of Moments (SQ-
MOM) [3]. This method is found to track accurately any set of low-order mo-
ments with the ability to reconstruct the shape of the distribution, so it unites
the advantages of the classes method (CM) [10] and the Quadrature Method
of Moments (QMOM) [15], while it minimizes the drawbacks. The SQMOM
is based on the concept of primary and secondary particles, where the pri-
mary particles are responsible for the distribution reconstruction (CM), while
the secondary ones are responsible for breakage and coalescence events and
carry information about the distribution (QMOM). As a first attempt in the
coupling procedure, the normal limitation that only one set of Navier-Stokes
equations is solved for all droplets [13] have been retained. Accordingly, only
one primary particle is used in the SQMOM which is equal the QMOM using
4 moments for this special case, however with efficient numerical implementa-
tion. For validation of the coupled algorithm, a five compartment section of a
Rotating Disc Contactor (RDC) was modeled in 2D and 3D. The simple 2D
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model of the column was used to estimate the parameters for breakage and
coalescence, which is not feasible in a complex and CPU-time consuming 3D
model. In this paper constant breakage and aggregation kernels are assumed
and simulations for the system butylacetate-water were carried out for the
same operating conditions as in experiments of Simon [19].

The paper is organized as follows: in section 2, the governing equations are
presented, while in section 3, the strategy to incorporate the DPBM in FPM
code and numerical schemes for these equations. Section 4 contains results
and comparisons of the two phase flows and some conclusions are presented
in section 5.

2 Governing equations

2.1 Multiphase flows

We consider the two-fluid model for multiphase flows, where both phases
are liquids. We call them as primary phase (aqueous continuous phase) and
secondary phase (organic dispersed phase). All the quantities with the index ¢
denotes the continuous phase and the index d denotes the dispersed phase. In
this paper we consider all equations in the Lagrangian form. The continuity
equations for the continuous and dispersed phases are

do
= — . 2.1
dt (V- v.) (2.1)
d
B4 v, 22

where a. and a4 are the volume fractions, v, and vy are the velocity vectors
and % is the material derivative.

In addition to (2.1) and (2.2) the volume fractions must satisfy the follow-
ing constraint

e+ ag =1 (2.3)
The conservation of momentum for the continuous phase is given by

dv, Vp

= V.S Fg, 2.4
dt Pe * QePe ctgT QePe drag ( )
and the secondary phase is given by
dvg Vp 1 Pe 1
—=——+—V - S+ (1 —-—)g— —Frqy, 2.5
dt pd  Qdpd at( Pd)g agpa” (2:5)

where p. and pg are the densities, p is the pressure shared by both phases, g
is the gravitational force and F'g.q4 represents the interfacial forces and S is
the stress tensor, for example, for the continuous phase it is given by
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1
S, = acpe[Vo, + (Vv)T — g(v v )], (2.6)

where . is the dynamic viscosity of the continuous phase. The inter-phase
interaction term consists of different momentum exchange mechanisms. Only
the drag force was taken into account, while the virtual mass force and the lift
force can be neglected for a liquid-liquid interaction as shown by Wang and
Mao [24] in a stirred tank. The interfacial momentum transfer (drag force)
between two phases is given by

3

C
Farag = Zadpcélvd —ve|(va — ve), (2.7)

where d3o is the diameter of the droplets of the dispersed liquid phase and
the drag force coefficient Cp is given by Schiller and Naumann [17]

o — [ B H015RL ST if Re < 1000
D=930.44 if Re > 1000

and Re is the relative Reynolds number defined as

_ ,Oc"Ud - Uc|d32
He )

Re (2.8)
If the breakage and aggregation between droplets are not taking place, like
in the mono-dispersed phase, the diameter of the droplet d3s is considered
to be constant. In general, this is not constant and droplets are assumed to
have a spectrum of sizes. This spectrum can be computed with the help of the
population balance equation. One can construct the wide range of classes of
droplets based on their sizes, however, the considerations of individual classes
may not be feasible in the computer simulations since momentum equations
have to be solved for each class. Currently, the applied CFD-PBM models are
based on the two-fluid Multiple Size Group (MUSIG) Model [13], where all
droplets in the PBM share the same velocity field and only one momentum
equation is solved for all droplet classes based on the area averaged droplet
size, also called as Sauter mean diameter denoted by dss. This quantity can be
computed with the help of the solution of the population balance equation,
described in the following subsection. A new strategy, the inhomogeneous
MUSIG model tries to divide the dispersed phase into a number N so-called
velocity groups, where each of the velocity groups is characterized by its own
velocity field, to get rid of the common simplifications. Typically 2-3 velocity
groups may be sufficient to capture the fluid dynamics.

The population balance is solved as M subdivisions (classes) of each ve-
locity group, resulting in a multi-fluid approach in which N x M population
balance equations are solve [11]. As a drawback, this multi-fluid approach
is based on the CPU-time consuming classes method, where 20-30 or even
more classes (scalars) are required to capture the shape of the distribution.
In this connection, the SQMOM seems to be another interesting alternative,
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since each primary particle could move with its own velocity group and hence
having its own momentum equation resulting also in a multi-fluid model de-
pending on the number of primary particles. As a benefit, in comparison to the
inhomogeneous MUSIG model, SQMOM is less CPU-time consuming, since
it is based on the computationally less expensive quadrature method of mo-
ments. For example, 6 additional scalars for the moments are required when
two velocity groups are applied (3 for each primary particle, the 3rd moment
can replace the continuity equation) compared to 20-30 or even more addi-
tional scalars in the classes method. The SQMOM and the concept of primary
and secondary particles are described in section 3.4.

2.2 Droplet population balance equation (DPBE)

The superstructure of the DPBE and the general derivation based on the
Reynolds transport theorem is given in [16]. In the present case this equation
can be written as

W V- (waf (V@) = S(F(V.a,1), V.2, ), (2.9)
where
Vmaz
S= T(V)f(V.z.1) + / LV at) BVIVY) f(V' 1) dV
1%

V'nl(lm
—f(V,:c,t)/ (VY'Y F(V! ) AV
Vmin

1 V
+§/ w(V =V VYV =V zt)f(V' x t)dV’
Vimin

and f(V,x,t) is the number density function with particle size V' as an in-
dependent variable. The vector v, is the same particle velocity introduced in
previous subsection. The source term S in (2.9) consists of loss term (preceded
by minus sign) and gain term ( preceded by plus sign) due to breakage and ag-
gregation collisions of droplets. The breakage and aggregation of droplets are
governed by breakage and aggregation frequencies, respectively. The breakage
frequency I'(V') represents the fraction of droplets breaking per unit time,
while the aggregation frequency w(V, V') accounts for the probability of suc-
cessful collisions between a pair of droplets. The splitting of mother droplet
of size V' to daughter droplets having a spectrum of sizes is given by the
daughter particle distribution (V|V").

The above equation (2.9) is an integro-partial differential equation and
has no general solution. Hence, one has to solve the equation by numerical
techniques. Several numerical schemes have been reported and many of them
are problem specific (see Attarakih et al [2]) for the review of the numerical
schemes. We are looking for the one which is feasible to couple with the flow
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solver. The Quadrature Method of Moments (QMOM) is one of the suitable
methods to incorporate easily into flow solvers, however, it may suffer from the
ill-conditioned eigenvalue problem in the product-difference algorithm, which
is pointed out by Attarakih et al [3]. We present some simulations in two and
three dimensional case with constant breakage and aggregation kernels. They
have shown that Sectional QMOM (SQMOM) is more stable and compared
the numerical solutions with the available analytical solutions of the DPBE.
In this paper we incorporate the SQMOM for the DPBE into the FPM code.
In the next section we give brief description of the SQMOM, see [3] for details.

3 Numerical methods

3.1 FPM for solving coupled equations

The basis of the computations in FPM is a point cloud, which represents the
flow field. The points of the cloud are referred to as particles or numerical
grids. They are carriers of all relevant physical informations. The particles
have to cover completely the whole flow domain, i.e. the point cloud has to
fulfill certain quality criteria (particles are not allowed to form ”holes” which
means particles have to find sufficiently many neighbors; also, particles are
not allowed to cluster; etc.). The point cloud is a geometrical basis, which
allows for a numerical formulation making FPM a general finite difference
idea applied to continuum mechanics. As a special case, if the point cloud is
reduced to a regular cubic point grid, then the FPM would reduce to a classical
finite difference method. The idea of general finite differences also means that
FPM is not based on a weak formulation like Galerkin’s approach. Rather,
FPM is a strong formulation which models differential equations by direct
approximation of the occurring differential operators. The method used is
a moving least squares idea which was especially developed for FPM. In the
earlier publications we have reported about the FPM in details, see [12,20-22].
Due to the restriction of the space, we do not repeat the same details in this
paper.

To simulate the above presented equations for two-phase flows we establish
the separate cluster of points for each phase. Each of these separate cluster of
points will act as a numerical grid to approximate the governing differential
equations for each phase. These point clouds are decoupled from each other,
however they are able to exchange any kind of information among the clusters.
In this situation we have to interpolate the quantities at an arbitrary particle
in one phase from the surrounding cluster of particles from other phase. This
can be easily achieved with the help of least squares method, described in
[12,20-22].
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3.2 Numerical Scheme for primary liquid phase

The primary liquid phase is solved using the FPM in combination of Chorin’s
pressure projection method [4]. In this work we decompose the pressure into
hydrodynamic and dynamic pressures, i. e. p = ppyd + Dayn- The scheme
consists of two fractional steps and is of first order accuracy in time. In the
first step we compute the intermediate velocities v* and in the second step
we correct the velocity with the constraint that velocity fulfills the continuity
equation. In our numerical scheme, we substitute the value of V - v. which
appeared in the stress strain tensor S. from the equation (2.1). Moreover,
after some manipulations, we obtain

V-Se=V-(acte V)V + O(ve, cpie, V) = V- (kA)v. + O(v,, k, V) (3.10)

where O is some straight forward, but lengthy term and x = a.p.. Moreover,
the operator V - (kV1) can be re-expressed by

1
V- (kVv,) = 3 [A(kve) + KAV — V. AK]. (3.11)
This means, once we construct the shape functions for the Laplace operator A,
then the differential operator V- (kVwv,.) can be approximated by combination
of A applied to different functions. Hence the momentum equation (2.4) can
be re-expressed in the simple form
dv, Vp 1

dt - Pe + QcpPe [v ’ (K/A)'UC + Q(Um K, v)]
3 (6% CD

Z(dewwd —v|(va —ve) + g

1
= _Vp + V- (kA)v,. — Gev. + H, (3.12)

Pe Qcpe

where G, = %h}d —v.| and the vector H consists of all the forces as source
term.

In the following we describe the projection scheme for continuous liquid
flow in the FPM framework.

(i) Initialize :
Piign = Pliyn (3.13)
(ii) Compute a1 implicitly by

n

n+1 — ac 14
¢ 1+ At (V-o?) (3.14)

«

(iii) Compute the actual hydrostatic pressure pZ;rdl from

1
V- (pv;;;;;;) =V-g (3.15)
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with boundary condition
I
8—72: =g-mn on Fwall and Finflowa pz;dl = pgyd on Foutflow (316)
(iv) Establish preliminary pressure
P=Dhpd + 050 (3.17)
v) Compute implicitly the intermediate velocity v} from
C

At At
c pc pC

(1+ AtG)I —

(vi) Correct the velocity

At
v =t - Ve t? (3.19)
Pe

with the constraint (continuity equation)

1 da 1 artt —qn
Veooltl= - — ¢ _ ¢ ¢ 3.20
Ve an dt ar At (3:20)

(vii) Updating the dynamic pressure
Pt =P, + et (3.21)
where €"*! is obtained from ( this is obtained taking divergence on (3.19) )

1 I
V- (=Vet)= — | ——~——F+V v} 3.22
GV ) =a ™ a TV (322)

with boundary conditions similar to psyq given in (3.16).
(viii) Move the particles

2l = 2" + At o7 (3.23)

We note that in the left hand side of equation (3.18) the operator (1+AtG.)I—
%V - (k V) and the left hand side of equation (3.22) give rise to the con-
struction of a large sparse matrices, each line of which containing the local,
discrete approximation of the operators. The right hand sides appear as a load
vector. Hence equations (3.15), (3.18) and (3.22) represent large sparse linear
systems, which we solve in the meshfree framework with the help of the FPM.
In addition to that we approximate the gradient vectors with the help of the
FPM.
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3.3 Numerical Scheme for secondary phase

Once the velocity, pressure and volume fraction of the continuous phase is
known, we interpolate them into the dispersed phase particles. Then, the
following steps are followed to compute the quantities on secondary phase.

n+1
d

(i) Compute « implicitly by

n+l _ aZL 24
YT TT ALV o) (3.24)

and normalize the volume fractions in order to fulfill the consistency condition
(2.3) as follows

+1 O‘gH 1 agtt

n n+ C

almt = ——— and agtt = —————— (3.25)
d aZH +aptt ¢ 042“ +aptt

(ii) compute the velocity v/ implicitly as

At

n+1
Qg Pd

|:(1 + AtGd)I —
d

V- (W)] vt =

n+1
vl — At {VP + (1- &)g + Gy vQ*l] (3.26)

Pd Pd

where G4 = %%%

(iii) Move particles

loz —wvill, £ = ag™ pa-

it =2l + At vl (3.27)

3.4 SQMOM for the DPBE

There exist many numerical methods in the literature as attempts to solve
certain type of the PBEs. In the sectional methods (e.g. [10]) the particle
size (here it is denoted by the particle diameter D) is discretized into finite
number of sections. One limitation of the finite difference schemes is their
inability to predict accurately integral quantities (low-order moments as a
especial case) associated with populations of sharp shapes [2,16]. A Large
number of primary particles in the classical sectional methods is required, not
only to reconstruct the shape of the distribution, but also to estimate the
desired integral quantities associated with the distribution. The quadrature
method of moments (QMOM) as first introduced by McGraw [15] is found
very efficient from accuracy and computational cost point of view. Unlike the
sectional methods, the QMOM has a drawback of destroying the shape of the
distribution and the information about the distribution is only stored in its
moments. On the other hand, the QMOM tracks the population moments and
hence it conserves the integral quantities.
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The idea behind the SQMOM is to divide the population density func-
tion into sections followed by the application of the QMOM to each sec-
tion. In the SQMOM framework of discretization, the single particle from
the sectional methods will be called the primary particle N,, and it will be
responsible for the reconstruction of the distribution. To overcome the fun-
damental problem of the sectional methods, Ny, secondary particles are gen-
erated in each section with positions (abscissas) and weights that are given
by: Dj<i>,wj<i>; j=1,...,Ngp, i =1, N,,, respectively. Note that, the sec-
ondary particles are exactly equivalent to the number of quadrature points in
Gauss-like quadrature or the QMOM [9, 14, 15]. Accordingly, each secondary
particle could conserve or reproduce two low-order moments and in general
moments in each section; and hence the method is given the name Sectional
QMOM (SQMOM). The way in which the SQMOM works is started by di-
viding the particle size into (N, primary particles) contiguous sections. Each
section is then seeded by the desired number of secondary particles which
carry detailed information about the distribution. In this framework, the ac-
tive particle mechanisms such as splitting and aggregation occur through in-
teractions between the secondary particles. Therefore, Ny, X N, particles are
contributing in the splitting and aggregation events. The distribution could
be reconstructed from the secondary particles by averaging the total weights
of the secondary particles with respect to the section width (AD;). These
operations of averaging are carried out for all primary particles as follows:

Nsp ZNsp <i>D<i>
. _ i—1 w 4 .
wj<l>,Di(w,t)= . . — =1, Ny (3.28)
=1

w;(x,t) =
J
In pure mathematical sense, the above presentation is equivalent to apply-

ing the QMOM to each section of an arbitrary width [D;_1/2, Dij1/2],1 =

1,..., Npp resulting in a set of sectional moments that could be written as
) Dii1/2
m<i> (2,1) :/ DT F(D,a,t) dD, 1 =0,1,...,2Ns — 1. (3.29)
D171/2

To this end it remains how to relate the positions and weights (appearing
in (3.28) of the secondary particles in the ith section to the sectional moments
of the unknown function f(D,z,t) given by (3.29). The sectional moments
m;=*> can be approximated by the weights and abscissas of the secondary
particles

Ngp
mi (@, t) =Y wi (DF)", r=0,1,...,2N,, — L. (3.30)

J
j=1

Now, the problem of sectional moments could be stated as: Given a set of

sectional moments m'> for r = 0,1,...,2N;, — 1 and ¢ = 1,2,..., N,

. A ) pp>s
find a set of weights w3'> and abscissas D'~ of the secondary particles for
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j=12,...,Nypandi=1,2,..., Ny, Although, the set of weights and posi-
tions of the secondary particles is unique for a specified number of sectional
moments, there are several ways for finding them. The product-difference
algorithm of Gordon and the direct tracking of the weights and positions
are examples of these methods [9,14]. It is worthwhile to mention here that
these methods were only applied to population densities with a whole section
ranging from zero to infinity. These methods suffer from ill-conditioning if
the number of secondary particles is large (usually if greater than four) [2].
This increase in the number of secondary particles in a one-population sec-
tion could only increase the accuracy of the integration quadrature at the
expense of solving a large eigenvalue problem. To overcome this difficulty,
the number of secondary particles is fixed to one or two in each section in
the SQMOM and the accuracy of the integration quadrature is achieved by
controlling the width of each section (like adaptive integration). In this way,
analytical solutions are derived for the weights and positions of secondary
particles using equal-weight quadratures. In order to obtain the abscissas and
weights of the secondary particles analytically three low order moments are
considered [6]. To conserve the total droplet number, length and mass in each
section, m=~*> r = 0,1,3, i = 1,2,...,N,, are chosen, where Eq.(3.30) is
reduced to three nonlinear algebraic equations which are analytically solved
for the secondary particle weights and abscissas

~<i>
3\ m3

. 1 ) ) ) 1 [t )
Wi (@,t) = Sig”, DEF (1) = i F 5y [ S — ()2, (331)
where m,. = m,./my.

Finally, the continuity equation for the rth sectional moment could be
written in Lagrangian form as

d <i> t )
@Y (v (1) =

dt
NFT’

_DT<Z>[F<’L> .w<z>]T + E Cr<z,m>[]-v<z> .w<z>}T +
m=1

iXNgsp | iXNsp NppXNgp
<i> ’o 0 /T ’o!
E E l‘pk,j,rwj7kijk = Mk E (di,) wrnwipwy, |, (3.32)
k=1 j=k n=1

where r = 0,1,...,2Ny, — 1, ¢ = 1,2,...,Np, and the symbols T' and e
are used for matrix transpose and element by element multiplication, respec-
tively. The matrices D<*> and w<*> contain the secondary abscissas and
weights in the ith section. The matrix I"<¢> contains the breakage frequencies
and C<%™> consists of integrals that preserve the low-order moments of the
newly birthed particles in the ith section due to splitting of a mother particle
of size dj<m>. The function 7y is used to select the secondary particles disap-

pearing due to aggregation in the ith section, while Wf,?j is an aggregation
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matrix whose nonzero elements represent the successful aggregation events
between any pair of secondary particle with abscissas and weights that are
given by the augmented vectors: D’ and w’, respectively. This matrix pre-
serves exactly the first 2N, low-order moments of the newly birthed particles
by aggregation. The velocity of the dispersed phase vy is calculated in the
momentum equation of the dispersed phase. Once the moments are computed
as above, the important parameters like Sauter mean diameter is defined as
the ratio between the third and second moments

d53” (x,t) = m3"” fm5*> (3.33)
and the volume fraction can be computed from the third moment
g (z,t) = Syms'” (z,t), (3.34)

where Sy is a shape factor, for example, if the droplets are spherical, Sy =
/6. Note that, in the case of two fluid model, where one considers only one
primary particle, d55~ = ds2 and o3> = ag. If one considers the primary
particle more than one, we obtain the multi-fluid model, where one has to
establish the same number of primary particle of droplets and the volume
fraction is equal to the sum of all volume fractions of primary particle. In
this paper, we have considered only one class of primary particles. Hence,
together with the continuity and momentum equations for the two-phase flows
equations, we have to solve for each primary particle the additional 2N,
transport equations for the moments (3.32).

4 Numerical examples

Our main goal is to incorporate the SQMOM in the FPM to simulate the 3d
extraction column as shown in Fig. 4.1, which consist of rotors and stators.
The rotor rotates with 150 rpm. The volume flow of the aqueous (water) and
organic (butyl-acetate) phases are 100 [/h which corresponds to the inflow
velocities equal to 0.0342 m/s. On the top plane the small central ring is the
inflow boundary for the aqueous phase and the rest is the outflow boundary
for organic phase. Similarly, on the bottom the small central ring is the inflow
boundary for the organic phase and the rest is the outflow boundary for the
aqueous phase. The rest of the boundaries are the no-slip boundaries for both
phases. The densities of the aqueous and organic phases are 1000 kg/m?3 and
880 kg/m?, respectively. The viscosities for the aqueous and organic phases are
0.001 kg/(ms) and 0.0007 kg/(ms). Moreover, the gravitational force acts in
the negative z-direction. The moments in the inlet boundary of the dispersed
phase are mg = 1145352.0, my = 2863.3805, mo = 7.15845, my = 0.01789
such that the abscissas are: 1.63 mm and 2.58 mm and both weights equal
to 39699.25. These moments are used for the experiments by Simon [19].
The droplets Sauter mean diameter in the experiments of Simon was dss =
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Figure 4.1. 3D extraction column.

2.6 mm at the outlet. In this paper we have considered constant breakage and
aggregation kernels. The computations are continued until the flow reached
quasi-steady state. In order to find some estimation on the aggregation and
breakage kernel, we performed some parameter study in 2D geometry where
the rotor is fixed. The 2D computational domain is depicted in Fig. 4.2, where
5 compartments (as in the 3D domain) are considered. The size of the domain
is 310 mm x 48 mm. On the left boundary BC' = 4mm is the inflow boundary
for primary phase and the rest is no-slip boundary for the primary phase and
outflow boundary for the secondary phase. On the right wall FG = 4mm
is inflow boundary for the droplet and the rest EF and GH are the no-
slip boundary for the secondary phase and outflow boundary for the primary
phase. Rest of the walls are considered as no-slip boundary for both phases.
The size of compartments is M L = 29 mm and they are separated by LK =
1 mm. The length of other walls like AN = KH =80 mm and DI = JE =
94 mm. The dimensions are the same in the 3D domain. The approach of the
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Tl 1
| LA ] ;

Figure 4.2. 2d computational domain.

2D domain for parameter studies was chosen because parameter studies are
not feasible (large CPU time) in a complex 3D domain.

The following approach is followed: we have considered three cases: only
breakage, only aggregation and breakage and aggregation both. In Fig. 4.3
we have plotted the Sauter mean diameter for all three cases. Best results
were achieved for the constant breakage kernel of magnitude equals 1.0 and
a constant aggregation kernel of magnitude equals 1e — 10. On the top the
results are only with the breakage. Here we see the breakage take place mainly
in the middle of the domain. The Sauter mean diameter is decreasing from
2.5 mm to below 2 mm at the outlet. In the middle we have plotted the Sauter
diameter for aggregation only. The diameter is increasing to around 4.5 mm.
In the bottom, we see the Sauter diameter for both breakage and aggregation.
As in the experiment, we have obtained the Sauter diameter approximately
equal to 2.6 mm. In the next step, the same breakage and coalescence kernels
were applied in the 3D domain. The results are depicted in Figs. 4.4 and
4.5. As in the 2D domain, the Sauter diameter is equal to 2.6 mm and can
match the experiments. Now it is obvious that the same parameters, which
were achieved in the CPU-time saving 2D domain, are also suitable for the
simulation of the real column. This is possible, since only constant kernels
were applied. Real models for coalescence and breakage (e.g. [5]) are strong
functions of the energy input (turbulent energy dissipation). Since the main
purpose of this work is to couple the FPM and the SQMOM (CFD-PBM)
this simplification seems to be a good starting point to focus on the basic
principles without considering complex models. The current approach allows
for a good description of the real column behavior but it is not adequate for
a prediction of the Sauter mean diameter. That’s why real models should and
will be applied in future work.

The results of the velocity magnitudes and vectors are shown in Fig. 4.5.
Two large vortices can be estimated in the compartment; one between the
stators and the other between the stirrer. Because of the rising droplets the
vortices shift or turn around and are directed to the top of the column, so that
the vortex between the stirrer moves to the position above the stirrer and vice
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Figure 4.3. Sauter mean diameter with breakage only (top), aggregation only (mid-
dle) and breakage and aggregation (bottom) (See also Color Plate on page 397)

versa. As expected, the highest velocities are near the stirrer decreasing to zero
near the wall. It could already be shown that FPM can predict flow fields and
velocities in the stirred extraction column, whereas all flow phenomena such
as vortices can be described. In addition, the FPM results match the overall
experimental data and the predicted velocities are in good agreement with
the experimental ones [8]. The results of the holdup of the dispersed phase
are shown in the right hand side of Fig. 4.4. It can be seen that the organic
droplets accumulate under stirrer and stators and move mainly through the
middle of the column without penetrating the outer regions of the column.
This agree well with the real column behavior, since the same observations
were also seen in experiments [7].
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Figure 4.4. Sauter diameter in m (left) and Holdup of dispersed phase (right) (See
also Color Plate on page 398)

Convergence study

For the purpose of convergence study, we have considered a simple 2D rectan-
gular geometry of size [1,1.5] m[0, 1.5] m. For the liquid phase it is considered
as a closed tank without in- and outflow boundaries. The gravity acts in the
negative y-direction. For the droplet, we considered the top boundary as the
outflow and the interval [1.145,1.16] m on the bottom as the inflow boundary
with the velocity v = (0,0.01) m/s. Both effects of aggregation and breakage
have been considered with constant kernels. The rest of the parameters are
same as in the above mentioned numerical examples. We have simulated upto
10 seconds. In this time state Table 4.1 shows the size of h as well as the co-
rresponding total number of particles in both phases and maximum velocities
of both phases. Here, we see that the scheme converges with the order of one.
In Fig. 4.6, we have plotted the velocity field for the continuous phase with
h =0.02 m at the time ¢t = 8.86 s.
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Figure 4.5. velocity contour of continuous phase (See also Color Plate on page 399)

Table 4.1.

h N [velimas  [[vallmaz

0.08 1548 0.8031 1.0148
0.04 5628 0.6220 0.8058
0.02 21451 0.5512 0.7538
0.01 83133 0.5333 0.7216
0.0075 145840 0.5304 0.7022

5 Conclusion

In this paper we have considered the coupling of CFD with DPBM. The PBE
is solved using the SQMOM with one primary particle. We have considered
constant breakage and aggregation kernels and they have been fitted to ex-
perimental data in a 2D domain in which the numerical results are close to
experimental ones. The same parameters were applied in the 3D domain and
produce suitable results for the Sauter mean diameter, holdup and aqueous
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Figure 4.6. Velocity contour for continuous phase (See also Color Plate on
page 400)

phase velocities. In summary, the coupling of FPM and SQMOM is accom-
plished using one primary particle resulting is a two-fluid model and constant
kernels for breakage and coalescence. In future work, more primary particles
will be considered to achieve a multi-fluid CFD-DPBM model. Furthermore,
instead of the constant breakage and aggregation kernels real coalescence and
breakage models will be used in the DPBE to permit a prediction of the
column behavior. Such kernels in general depend on the turbulent energy,
therefore, the turbulence model will be included in the FPM code.

Acknowledgment: We would like to thank the “Deutsche Forschungsge-
meinschaft (DFG) ” for the financial support of our research.

References

1. M. M. Attarakih, H.-J. Bart, L.G. Lagar and N.M. Faqir, LLECMOD: A
Windows-based program for hydrodynamics simulation of liquid-liquid extraction
columns, Chem. Eng. Proc., 45(2), (2006), 113-123.



10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

Coupling CFD and Droplet Population Balance Equation 333

. M. M. Attarakih, H.-J. Bart and N.M Faqir, Numerical solution of the bivariate
population balance equation for the interacting hydrodynamics and mass transfer
in liquid-liquid extraction column, Chem. Eng. Sci., 61(1), (2006), 113-123.

M. M. Attarakih, C. Drumm and H.-J. Bart, Solution of the population balance
equation using the sectional quadrature method of moments, submitted in Chem.
Eng. Sci., special issue 3rd international conference on population balance mod-
elling, Quebec, Canada, 19-21 Sept. 2007.

A. Chorin, Numerical solution of the Navier-Stokes equations, J. Math. Com-
put., 22 (1968), 745-762.

C. A. Coulaloglou and L. L. Tavlarides, Description of interaction processes in
agitated liquid-liquid dispersions, Chem. Eng. Sci., 32, (1977), 1289-1297.

C. Drumm, M. M. Attarakih and H.-J. Bart, Coupling of CFD with DPBM for
a RDC extractor, submitted in Chem. Eng. Sci., special issue 3rd international
conference on population balance modelling, Quebec, Canada, 19-21 Sept. 2007.
C. Drumm and H.-J. Bart, Hydrodynamics in a RDC extractor: single and two-
phase PIV measurements and CFD simulations, Chem. Eng. Techn., 29(11),
(2006), 1-8.

C. Drumm, S. Tiwari, J. Kuhnert and H.—J. Bart, Finite pointset method for
stmulation of the liquid-liquid flow field in an extractor, (2007), submitted Comp.
Chem. Eng.

R. G. Gordon, Error bounds in equilibrium statistical mechanics, J. Math. Phys.
9, (1968), 655-663.

M.J. Hounslow, R.L. Ryall and V.R. Marshall, A discretized population balance
for nucleation, growth and aggregation, AIChE Journal, 34(11), (1988), 1821—
1832.

E. Krepper, T. Frank, D. Lucas, H.-M. Prasser and P.J. Zwart, Inhomoge-
neous MUSIG model - a population balance approach for polydispersed bubbly
flows, Proceedings of the ICMF-2007, M. Sommerfeld (Ed.), 6th International
Conference on Multiphase Flow, Leipzig, (2007).

J. Kuhnert, An upwind finite pointset method (FPM) for compressible Euler and
Navier-Stokes equations, (M. Griebel and M. A. Schweitzer, eds.), Lecture Notes
in Computational Science and Engineering, vol. 26, Springer, 2002, pp. 239-249.
S. Lo, Application of population balance to CFD modelling of gas-liquid reactors,
Proc. "Trends in numerical and physical modelling for industrial multiphase
flows”, Corsica, France, 2002.

L.D. Marchisio and R.O. Fox, Solution of the population balance equations using
the direct quadrature method of moments, J. Aerosol Sci. 36, (2005), 43-73.

R. McGraw, Description of aerosol dynamics by the quadrature method of mo-
ments, Aerosol Sci. & Tech., 27(2), (1997), 255-265.

D. Ramkrishna, Population Balances, Academic Press, San Diego, 2000.

L. Schiller and Z. Naumann, A drag coefficient correlation, Z. Ver. Deutsch.
Ing., 77, (1935), 318.

S. A. Schmidt, M. Simon, M. M. Attarakih, L. Lager and H.-J. Bart, Droplet
population balance modelling - hydrodynamics and mass transfer, Chem. Eng.
Sci., 61(1), (2006), 246-256.

M. Simon, Koaleszenz von Tropfen und Tropfenschwdrmen, Dr. Ing. Thesis,
TU Kaiserslautern, Germany, 2002.

S. Tiwari and J. Kuhnert, Finite pointset method based on the projection method
for simulations of the incompressible Navier-Stokes equations, (M. Griebel and



334

21.

22.

23.

24.

Sudarshan Tiwari et al.

M. A. Schweitzer, eds.), Lecture Notes in Computational Science and Engineer-
ing, vol. 26, Springer, 2002, pp. 373—-387.

S. Tiwari and J. Kuhnert, A numerical scheme for solving incompressible and
low Mach number flows by Finite Pointset Method, (M. Griebel and M. A.
Schweitzer, eds.), Lecture Notes in Computational Science and Engineering,
vol. 43, Springer, 2005, pp. 191-206.

S. Tiwari, S. Antonov, D. Hietel, J. Kuhnert and R. Wegener, A Meshfree
Method for Simulations of Interactions between Fluids and Flexible Structures,
(M. Griebel and M. A. Schweitzer, eds.), Lecture Notes in Computational Sci-
ence and Engineering, vol. 57, Springer, 2006, pp. 249-264.

A. Vikhansky, M. Kraft, M. Simon, S. Schmidt and H.-J. Bart, Droplets Popu-
lation balance in a rotating disc contactor: an inverse problem approach, AIChE
Journal, 52(4), (2006), 1441-1450.

F. Wang and Z.-S. Mao, Numerical and experimental investigation of liquid-
liquid two-phase flow in stirred tanks Ind. Eng.Chem. Res., 44, (2005), 5776.



Hybrid Methods for
Fluid-Structure-Interaction Problems
in Aeroelasticity

Holger Wendland*

Department of Mathematics, University of Sussex, Brighton, BN1 9RF, England
H.Wendland@sussex.ac.uk

Summary. In this paper, we describe a hybrid method for problems coming from
computational aeroelasticity. The method is hybrid in the sense that it comprises dif-
ferent discretisation techniques such as finite elements, finite volumes and meshfree
approximation. After a thorough introduction into the field of aeroelasticity and the
involved mathematical models from elasticity and aerodynamics, the paper concen-
trates on the coupling process, which is realised by meshfree, kernel-based interpola-
tion techniques, taking new developments like partition of unity and matrix-valued
kernels into account. The paper ends with examples demonstrating the feasibility of
the proposed method.

Key words: Aeroelasticity, Staggered Algorithm, Meshfree Interpolation.

1 Introduction

Fluid-structure interaction (FSI) investigates the interplay between fluid dy-
namics, structural dynamics and structural elasticity.

This interaction is evident in many of the problems encountered in air-
craft design. Examples of such problems are flutter, buffeting, gust response,
acoustic resonances and flexibility-induced effects on stability and control.
But it also has many non aircraft related applications such as the modelling
of cardiovascular flow or the modelling of the impact of winds on suspension
bridges.

In this paper we study the mutual interaction between aerodynamical and
elastic forces for an aerospace vehicle. An airborne aircraft structure is sub-
jected to surface pressures induced by its surrounding flow. For an introduction
into the field of aeroelasticity we refer the reader for example to [3,5,9,12].

In the development process of future air vehicles, multidisciplinary simu-
lation has become a key technology. For the design and clearance of modern
aircrafts, such multi-disciplinary simulations are used to predict and to anal-
yse the behaviour of the elastic aircraft in flight and during manoeuvre [8,13].
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This is particularly crucial for highly critical flight conditions representing spe-
cific parts of the flight envelope. The behaviour of the elastic aircraft in flight
is influenced by the interaction between deformations of the elastic structure
caused by fluid flow and the impact of the aerodynamic forces on the struc-
ture. Hence, the interaction between the fluid flow and the elastic structure
has to be studied in depth [4,6,10,11].

In principle, there are the following approaches to the numerical solution
of the FSI problem. In a monolithic approach, one tries to model the fluid, the
structure, and the interaction in one single model. While this has, from the
mathematical point of view certain advantages, its drawbacks in practical ap-
plications come in particular from the fact that the new mathematical model
forces a completely new programming of the solver. In particular, for com-
plex aeroelastic problems, the fluid and the structural domain show different
mathematical and numerical properties, requiring highly tuned and adapted
solvers. Hence, the simultaneous solution by a monolithic scheme is in general
computationally challenging, mathematically and economically suboptimal,
and software-wise almost unmanageable [7].

A more practical point of view is taken in the loose coupling approach.
Here, for each time step, the fluid and the structural problem are solved
independently, and the influence of the other problem is restricted to the
exchange of boundary conditions. To be more precise, a loose coupling scheme
consists mainly of the iteration of the following four steps:

1. Compute the fluid solution and the resulting forces on fluid side.

2. Transfer the forces to the structure.

3. Compute the solution of the structure problem resulting in displacements
on the structural side.

4. Transfer the deformations to the fluid model.

This has the important advantage that problem-specific models and ex-
isting solvers for both the fluid and the structure problem can still be used
in FSI. However, since now we cannot expect the underlying discretisations
of the single problems to match, special methods have to be developed to ex-
change these boundary conditions. This explicit approach usually works fine in
aeroelastic problems or, more generally, in problems dealing with compressible
fluids, though it is not unconditionally stable.

There is also another approach, which is both iterative and strong. In this
approach, also existing solvers for the different problems can be used, see [18].

2 The Three Field Formulation

2.1 Mathematical Formulation - Fluid

From a mathematical point of view fluid-structure interaction comprises a
system of nonlinear partial differential equations, describing the fluid flow
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Figure 2.1. Left: the two-dimensional Naca-012 profile with a circular far-field
boundary.

around the aircraft, the structural behaviour of the aircraft under the influence
of external forces and the coupling of both models.

To this end, the domain of interest comprising the flow field as well as the
structure is subdivided into

R® = Qp(t) U 2s(t),

with the joined boundary I'(t) = £2p(t) N 25(¢). For computational reasons,
the fluid domain {2p(t), which is roughly the exterior of the structural do-
main {2g(t) is further restricted by an outer ball or box, which introduces an
additional far-field boundary (see Figure 2.1).

For the design of civil aircrafts with a usual cruising altitude of about
9,000 metres and a cruising speed of about v. = 965km/h we have transonic
flight conditions. Thus, compressibility is an issue and hence the flow has to
be modelled using equations for compressible fluids. These are usually the
Navier-Stokes equations, though, particular for steady state solutions, often
the Euler equations are sufficient. Both equations can be written on the time-
dependent flow domain 25 (t) in conservative form as follows:

Owpr + V- (pru) =0 (conservation of mass) (2.1)

T

O(pru) + V- (ppuu’ —op) =0 (conservation of momentum)(2.2)

O(prE)+V - ((prE —0op)u) =0 (conservation of energy) (2.3)
Here, we employed the stress tensor for Newtonian fluids given by
op = —pl + pp(Vu+ Vu) + A\p(V-u)I = —pI + 75,
having a divergence

Viop==Vp+prdu+ (Ar+pp)V(V-u).
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As usual Ag and pp denote constants describing the viscosity of the fluid. The
first one refers to the volume viscosity while the latter is the shear viscosity.

The difference between Euler and Navier-Stokes in this form is simply
given by the fact that, in the first case, the stress tensor consists only of the
pressure term, i.e. op = —pl.

Physically, the difference between Navier-Stokes and Euler is substantial.
However, in industrial aeroelastic computations with the goal of predicting the
aeroelastic equilibrium the Euler equations are often completely sufficient.

We have to solve this system of five equations for the six unknowns u
(velocity), pr (density), p (pressure) and E = e + ||x/|?/2 ((total) energy).
Thus, an additional equation is missing, which is, in this context, usually
given by the perfect gas law

%:RT[l—i—a], e=c¢T,

which relates pressure, density and temperature. Here, a = «(p,T) denotes
the effective mass fraction of diatomic molecules in the dissociated condition,
while R is the “undissociated” gas constant.

2.2 Mathematical Formulation - Structure

The structural behaviour is usually described by standard equations from
elasticity. While a flutter analysis might require non-linear elasticity, it often
suffices for the computation of an aeroelastic equilibrium to employ equations
from linear elasticity. Here, usually the reference domain 2¢(0) and the time-
dependent domain {2¢(t) are identified and the deformations or displacements
s are modelled over the reference domain. They have to satisfy the equation

ps8 =V .05 +Db, (2.4)

where, b denotes volume forces like gravity, while pg denotes the structural
density, which is supposed to be constant here. Furthermore, we have the
stress tensor

o5 = Tg = ,us(vs + VST) + As(v . S)I
=2ugsV - G(S) + /\5V(V -s) + b, (2.5)

which involves the Lamé constants pg and Ag and the strain tensor

(Vs + VST) .

DN | =

e(s) =
Inserting (2.5) into (2.4) gives the well-known Lamé equation

ps8 =2usV - €(s) + AsV(V -s) + b. (2.6)
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2.3 Boundary conditions

The coupled system consisting of the Navier-Stokes/Euler equations (2.1)—
(2.3), and the elasticity equation (2.6) requires additional initial and boundary
conditions.

The boundary conditions are, in the context of aeroelasticity, usually the
following ones. For the fluid, there is a prescribed velocity u = u,, at the far
field boundary. For the rigid part of the aircraft, there are either the conditions
u = 0 if the Navier-Stokes equations are employed or u-n = 0 if the Euler
equations are used. In the latter case, n denotes the outer normal of the
boundary.

On fixed parts of the structure, we usually simply have s = 0. In both cases,
for the fluid and the structural problem, these types of boundary conditions
are standard. For the coupled problem, however, are the following boundary
conditions on the joined interface I'(t) more important:

e The equilibrium of traction, which is given by ogn = opn = —pn + 7pn.
e The equilibrium of velocity fields, which is either given by u = d;s or by
u-n = (0s) - n for Navier-Stokes and Euler, respectively.

3 Typical Discretisations

As mentioned before there are different ways of discretising the coupled prob-
lem. One major drawback is the fact that the fluid equations are usually discre-
tised using an Fulerian description while the structural equations are usually
formulated and discretised using a Lagrangian approach. For a monolithic de-
scription it is therefore necessary to either convert the Eulerian description of
the fluid problem to a Lagrangian one or to convert the Lagrangian descrip-
tion of the structural problem to an Eulerian one. Both options have severe
disadvantages and the usual strategy is to employ an ALE formulation.

However, as outlined in the introduction, such an approach requires a
significant adaption or rewriting of the involved software. Hence, in particular
industry partners are keen on employing strategies which allow them to reuse
their sophisticated software.

Thus, in this section we will discuss the discretisation techniques dominant
in industrial applications.

3.1 Fluid - Finite Volumes

The fluid equations (2.1)—(2.3) are given in conservative form, i.e. they are of
the form

dv +V-F(v) =0, (3.7)

where the vector of unknowns v is given by
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PF
v=1prua]l,
prE

and the flux vector F' is determined by (2.1)-(2.3). The nonlinear equation
(3.7) has to be satisfied on 2r(t) and is equipped with appropriate initial and
boundary conditions.

An Eulerian discretisation of (3.7) on 2 (t) using finite volumes decom-
poses the region 2p(t) into a set of geometric primitives {V;},, which are
usually tetrahedra. Then, (3.7) is integrated over each test volume V;. Inte-
gration by parts leads to

vdx = — /V V- -F(v)dx = /avj F(v)ndS.

J

dt Jy,

Discretising the spatial boundary integrals and introducing a numerical flux
function H gives

d — , , ,
7 vdx = Z Zw,‘;mij(v(xkvmvj),v(xkvnvj),nvm/j), (3.8)
Vi VEN; k=1

where we have suppressed the time variable. Here, NV, consists of all geometric
primitives having a joint face with V;. The outer normal to that face is denoted
by nV"Vi. Moreover, the integration points on V NV and weights are denoted
by x,‘;nvj and w;mvj, respectively.

The discretisation is usually completed by an explicit time discretisation.
More details on the finite volume method, particularly on how to choose the

numerical flux function, can be found in any book an finite volumes.

3.2 Finite Volume Reconstructions and Optimal Recovery

An explicit time discretisation of (3.8) leads to a specific spatial reconstruction
problem. We are given the cell averages fv- vdx of the previous time step and
J

require the point-wise information of v at the integration points XZHVJ. We
will discuss this problem now, though it is worth pointing out that we only
require point-wise information because of the employed spatial quadrature
rule. It would be more natural to try to recover the boundary integrals from
the spatial integrals.

While classical finite volume methods use polynomial reconstructions to
recover the unknown function point-wise from given cell average information,
it is possible to express the reconstruction problem in a more general setting.

Assuming that we can reconstruct the vector-valued function v component-
wise, we can work within the following framework:

e Our true solution v belongs to a Hilbert space H of functions defined on
some region 2 C R?.



Hybrid Methods for Fluid-Structure-Interaction Problems in Aeroelasticity 341

e We are given information vy, ..., vy of v and we know that this information
is of the form v; = X\;j(v), where A1,..., Ay € H* are linearly independent.

Then, it would be natural to look for on optimal solution in the following
sense.

Definition 1. The norm-minimal quasi-interpolant to an unknown function
u € 'H, based on the information generated by A\1,...,An € H* is the unique
solution s* of

min {Jsllpc : A(s) = A;(v),1 < j < N}.

Fortunately, the norm-minimal interpolant can be computed directly.

Theorem 1 ([27]). The norm-minimal quasi-interpolant to an unknown
function v € H is given by
N
S»< = Z Oéjl}j,
j=1

where v; is the Riesz representer of A;. The coefficients o solve the linear

system
(Ai(v;))er = (Ai(v))-

Since we want to reconstruct the function point-wise, it is natural to as-
sume that H C C(£2). However, in this particular situation, it is well-known
again, that the Hilbert space H has a unique reproducing kernel, i.e. a function
D : (2 x 2 — R, satisfying

&(-,x) € H, for all x € 02,
v(x) = (v, P(+,x))x, for all x € 2 and all v € H.

Moreover, the Riesz representer of a functional A € H* is then simply given
by NW®&(-,y), where the upper index indicates that A acts with respect to y.
Thus, in our particular situation where \;(v) = fvj vdx, the reconstruction is
given by

N
s" = Z%’/ P(-,y)dy,
j=1 Vi

and the coefficients are determined by the interpolation conditions

N
Zaj/ / &(x,y)dxdy, 1<i<N. (3.9)
j=1 Vi JVj

Since the V; are tetrahedra, for many different choices of @, the integrals in
(3.9) can be computed explicitly.

While the general approach for solving these kind of generalised interpo-
lation problems has been known for quite a while (see [19,24,27,29] for the
general framework and [20-22] for particular applications in the context of
finite volumes), only recently convergence results were provided.
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Theorem 2 ([26]). If H = W] (£2) with T > d/2 then the error between the
true solution and the optimal reconstruction can be bounded by

lo = 8" Lo () < CHT=20llwz (@)
where h is a fized multiple of the mesh norm.

It is important to know that Theorem 2 can be generalised in the following
two ways. As a matter of fact the proof of Theorem 2 in [26] reflects both
generalisations. First, the reconstruction process can be limited to a local
reconstruction process using only cell information from the neighbouring cells.
The actual number of necessary cells depends on the smoothness of the target
function. Second, to derive the stated error estimate it is sufficient to have cell
information from one “direction”. To be more precise, it is possible to define
a cone, which is centred in the target cell, and only neighbouring cells inside
that cone have to be used for the reconstruction process. This opens the road
for deriving error estimates for upwind and (w)eno schemes.

3.3 Structure - Finite Elements
The structural problem consists of the elliptic equation

ps8 =2usV-€(s) +AsV(V-s)+b in N2s(t) (3.10)
osn=g on I'(t),

with possibly additional boundary conditions on fixed parts of the structure.
Here, the vector g ideally comes from the solution of the fluid problem, prac-
tically, it has to be constructed from that solution. For the time being, we
assume it to be known.

The predominant discretisation method for these kind of problems is the
finite element method, which requires to rewrite (3.10) in its weak form. To
this end, (3.10) is multiplied by a vector-valued test function ¢ € Co(£2)3.
Integration by parts then yields

/ [ps8 -+ 2us(e(s) : €(p)) + As(V - 8)(V - )] dx =/ b-sodX+/ g-pdS,
(9] 2 o2

where we used the usual notation A : B = trace(A” B). This equation is then
discretised in space by using a standard finite element space, like piecewise
linear elements over a tetrahedral decomposition.

In particular in aircraft design, the Modes of Vibration play an impor-
tant role. They can be computed by splitting the time and space variable for
discretising the weak form of the elasticity equation, i.e. by making the Ansatz

s = gu(t), ().
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A straight-forward calculation then leads to
Mg+ Kq=e,

with mass matrix M and stiffness matrix K given by
Mo = [ psth, - bix,
Kin =205 [ () s clw)dx + s [ (V9,76

The natural modes of vibration can then be determined by computing the
eigenvalues and functions of

Kz = \Mz.

4 The Coupling Procedure

4.1 Strategy for Coupling

As pointed out before, the predominant strategy for solving the coupled fluid-
structure problem in aeroelasticity is given by a loose coupling approach.
There are plenty of advantages for such an approach, such as:

Each problem can be discretised separately.

Single discretisations can reflect the physical needs of each problem.
Distinguished solvers for each problem can be used.

Exchange of information is restricted to boundary information.

However, there are also some drawbacks involved with this process. For
example, we will usually encounter non-matching discretisations, which means
that, on the one hand, the motion of the structure has to be followed by the
motion of the fluid, and, on the other hand, loads from the fluid side of the
fluid-structure-interface have to be transferred to the structural side.

Another) drawback is that there are no convergence results for such a
loose coupling procedure and that the explicit time discretisation is not un-
conditionally stable. Finally, if we allow the fluid and the structural solver to
be rather arbitrary, we need a rather universal coupling scheme, which can
handle a large variety of different discretisations. To this end, we will restrict
ourselves mainly to point-based information.

Typical requirements for a coupling process comprise the following. For the
subprocess being responsible for transferring the motion of the structure to
the fluid model, it is important to have an exact reproduction on the structural
nodes. Furthermore, rigid body motions should be exactly recovered. Finally,
the reconstruction process should be linear such that it can be realised by a
coupling matrix.



344 Holger Wendland

The whole coupling procedure must have the ability of dealing with rather
arbitrary models, including large-scale models but also flat models.

Finally and most importantly, the reconstruction process has to conserve
virtual work and energy.

4.2 Scattered Data Interpolation

To guarantee the universal character of our coupling scheme, we will restrict
ourselves to point-based information. Furthermore, we will assume that the
displacement of the structure is governed by a smooth deformation field such
that interpolation at the structure points is a feasible tool. Again, we will
consider the vector-valued deformation information component-wise, though
we will later on also discuss a real vector-valued approach. Hence, we now
shortly discuss the ideas behind scattered data interpolation, which are based
on the same principles as the reconstruction process described in Section 3.2.
This time our functionals are simply given by point evaluations, i.e. we have
Aj(v) = dx,(v) = v(x;). Furthermore, we relax the condition on the Hilbert
space and allow also a semi-Hilbert space having a semi-norm generated by
a positive semi-definite bilinear form with a finite dimensional kernel. This
kernel consists usually of polynomials of low degree.
Hence, the general setup is now that we are given

e Structure Nodes X = {x1,...,xx} C R?,
e deformations in one coordinate direction vy, ..., vy.

We form the interpolant to the deformation field in this coordinate direc-
tion as

N Q
s(x) = ZanS(x, X;) +Zﬁjpj(x) (4.11)

with a (conditionally) positive definite kernel @ of order, say, m and a basis
D1, - .-, pq of multivariate polynomials of degree at most m—1. The coefficients
o, B are determined by by solving the interpolation equations

s(xj) = vy, 1<j <N,

together with the discrete moment conditions
N
Zajpk(o:j):O, 1<k<Q.
j=1

The corresponding linear system is uniquely solvable if the structural
points form a uni-solvent system for the polynomials, i.e. that the only poly-
nomial from span{ps, ..., pg} which vanishes on all x; is the zero polynomial.
It is important to realise that a conditionally positive definite kernel of or-
der m is also conditionally positive definite of order ¢ > m. Hence, adding
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higher order polynomials to the interpolant (4.11) is always possible and in
aeroelastic applications often even essential.

In our applications, using for example linear polynomials, this means that
there are at least four structural points, which are not in a plane. Unfortu-
nately, it sometimes happens that structural models are designed such that
all points are in a plane or even on a one dimensional rod. In these cases it
is still possible to solve the linear system but the solution is not unique any
more (see [28]).

For recovering the structural deformations in fluid-structure interaction
problems it is essential to include linear polynomials even if the kernel is
positive definite, i.e. conditionally positive definite of order m = 0. This en-
sures that rigid body transformations are recovered exactly since they can be
described by a linear polynomial.

4.3 Typical Kernels

Usually, the kernels employed are defined on all of R3 and are both translation
and rotational invariant, meaning that @(x,y) = ¢(||x —y||2) with a univariate
function ¢ : [0,00) — R.

There are a variety of kernels used in aeroelasticity, some of them are listed
in Table 4.1 together with their degree of positive definiteness.

The table in particular lists the thin-plate splines originating in the fun-
damental paper [15] as well as the compactly supported functions introduced
in [23] and used in the context in aeroelasticity in [2] for the first time.

4.4 Coupling Matrix H

Software packages as MSC.Nastran [17] usually require that the coupling pro-
cess is described by a coupling matrix. This means that we have to define
a matrix or linear mapping H : RY — RM mapping the deformations (in
one coordinate direction) on structural side to the deformations (in the same

Table 4.1. (Conditionally) positive definite functions

&(x) = ¢(r) with r = ||x||2|Name| CPD
r VS m>1
r?logr TPS |m >2

r24+1 MQ |m>1
1/vV/r2+1 IMQ |m >0
exp(—r?) G m >0
(1—r)3 W1 |m>0
(1 — )4 (1 + 4r) W2 |m>0
(1—7)5(35r% +18r+3) |W3 |m >0
Z(r+2)(1-r)% EH |m >0.
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direction) on fluid side. In our context, this can be achieved by introducing
the matrices

A x = (P(x4,%5)) € RNXN Px = pr(x;) € RVXQ,
Asxy = (@(yix;) € RN, Py = (pi(ys) e RMS,

employing the evaluation points Y = {y1,...,yn} on fluid side.
Writing the evaluation of the interpolant at the evaluation points in matrix

form
_ Asx Px\ (v _. N\ (v
sV = (Aexy PY)( Pl 0 ) (0) = (# ) (0)

determines the coupling matrix H : RY — RM_ which satisfies not only
Hv = s]Y but also
H1=1,

where 1 denotes the vector from RY or RM | respectively, having all entries
equal to one.

4.5 Partition of Unity

Recent development in model sizes lead to a problem of the just described
direct approach. Its computational complexity becomes sometimes unman-
ageable. This refers to both resources: time and space. To be more precise, we
need

e O(N?®+ N2M) time for building the coupling matrix,
O(N - M) memory for storing the coupling matrix.

Obviously, the memory requirement could be resolved by not explicitly
storing a coupling matrix, which, however, would then require to rewrite large
parts of existing software packages. The use of compactly supported basis
functions together with a sparse matrix representation also leads to some
improvement.

However, a recently successfully rediscovered strategy is to combine the
radial basis function approach with a localisation technique called partition
of unity. The idea behind this is easily described. Instead of solving one large
linear system, the problem is broken up into a large number of small systems,
which are solved individually and the local solutions are then combined to a
global one by blending.

To be more precise, let {2 be a superset of the bounding box of X UY".
Then, the partition of unity approach can be described in the following four
steps.
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1. Cover 2 by overlapping patches {£2;}, i.e. 2 C ;.

2. Solve the local problems. For each patch (2;, collect the structural points
X; = X N 2. Compute the local interpolant s; satisfying s;(x;) = v; for
all z; € X;.

3. Choose a partition of unity corresponding to the patches §2;, i.e. a family
of functions w; € Cy(£2;) with

ij(x) =1, w;(x) >0, x € {2

4. Form a global interpolant by summing up the weighted local interpolants

s(x) = ij(x)sj(x), x € (2.

It is easy to see that the global function s is indeed an interpolant in all
of the points. Furthermore, if all the local interpolants recover polynomials of
a certain degree exactly so does the global function.

To improve the computational complexity of the interpolation process sev-
eral geometric issues have to be satisfied by the construction of the patches.

Each patch should contain about the same small number of points. This
number should be considered to be constant compared to the total number
of points. As a consequence, the number of patches is linear in the number of
points. Furthermore, each local problem can be solved in constant time, such
that all local problems can be solved in linear time.

For each evaluation point x € {2 the number n(x) of patches {2; with
x € §2; should be constant compared to N. Furthermore, it must be possible
to locate these patches easily meaning in constant or at most logarithmic time.

This together ensures efficient solving and evaluating but it requires an
additional data structure for building the patches. Typically ([14,25]), such
data structures are based on tree-like constructions. Most popular examples
comprises kd-trees, Range-trees, and Oct-trees.

It is possible to show that such an “intelligent” data structure requires
about O(N log N) time to be built, while the memory overhead is linear. The
time necessary for evaluation is logarithmic.

4.6 Transferring Forces

So far, we have only dealt with one part of the coupling procedure: the transfer
of deformations from the structural field to the aerodynamic field. It remains
to discuss the second part, the transfer of forces from the aerodynamic grid to
the structural grid. Unfortunately, we cannot employ interpolation to do this
since it contradicts elementary physical requirements like the conservation of
the total virtual work and the total forces. However, the principle of conser-
vation of virtual work performed by the external aerodynamic loads and the
internal structural forces,

SW = ovlt, = bvify,
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where the indices s and f refer to the structural and fluid model, and v and
f denote the displacement and force vectors, respectively, together with the
fact that we assume a linear context for the transfer of displacements

vy =Hvy

shows that, at least on an infinitesimal scale, the forces should be transferred
by
f, = H'f;.

Hence, in all our examples we will use the transposed of the coupling
matrix for transferring forces.

In our discrete setting with structural nodes X = {x1,...,xy} and fluid
nodes Y = {y1,...,yn} let us denote the forces on structural side by f and
the forces on fluid side with F. Then, we have f = H”F and conservation of
virtual work means

M

N
ij(xi)vj(xi) = ZFj(Yi)Sj(yi)v 1<j<3,

=1

where s(y;) € R® and v(x;) € R? are the deformations on fluid and structure
side, respectively.

Since our coupling matrix H also satisfies H1 = 1, we have in addition
the conservation of forces in the form

Z f(Xi) = Z F(y:).

However, in some applications the use of the transposed coupling matrix
results to an unnatural and unphysical distribution of the forces on the struc-
tural grid. We will see that the partition of unity approach leads also to a
better and more physical distribution. Theoretically, this is corroborated by
the fact that we have now not only conservation of virtual work and forces in
the global context but also on each patch.

5 Recovery of Rotations

In contrast to high-resolution models there are also very reduced structural
models in use. The best known case is the structural grid of the AMP test
wing ([16,30]), which is sometimes reduced to a simple rod, see Figure 5.2.

For such reduced models, often not only displacement vectors at the nodes
are known but also rotational information is given. In our terminology, this
means that for each x; we are given not only the displacements v(x;) but
also angles 6; € R3. Since (small) angles can be related to derivatives of the
displacement field via
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Figure 5.2. Two structural models (left and middle) and the aerodynamical model
(right) of the AMP wing.

CR)
Oa 1[0 o gy U1 1
0, | == % 0 —8% vy | = =V xv,
0 2\ 2 D) 2
Z dy Ox 3

we are now looking for an interpolant s : R3 — R3 satisfying
s(x;) = v(x;), V x s(x;) = 20(x;), 1<i< N

This is a generalised interpolation problem for vector-valued functions,
where the components cannot be treated independently anymore. A gener-
alisation of the classical approach has been suggested in [19], which can be
summarised as follows. First of all, we define the action of a wvector-valued
functional A to a vector-valued function f by

A(f) = M(f1) + A2(f2) + As(fs)- (5.12)

Given K vector-valued functionals Ay, ..., Ax we then can form a vector-
valued interpolant using a matriz-valued kernel @ : R3 x R3 — R3*3 by

K
s(x) = ) a; A B(x,y) + p(x), (5.13)

j=1

where p is a vector-valued low order degree polynomial, i.e. p € 7, _1(R?)3.
The expression A;'@(X, y) means that the functional A acts with respect to
the variable y. Since @ is matrix-valued, the action of A is on the rows of &
in the sense of (5.12). This means in particular for any two functionals A and
p that AY®(-,y) is a vector valued function and p*AY®(x,y) is a scalar.
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As in the scalar-valued case the coeflicients «; and the polynomial p are
determined by the conditions

)\Z(S):Al(f), 1§i§K,
K
Zaj)\j(q) =0, q € Tm_1(R)3.

Jj=1

The resulting interpolation matrix is invertible if the kernel @ is (condi-
tionally) positive definite.

Definition 1. A function & € C%(£2 x 2;R**4) is called positive definite if
for all X € (C(£2)*),
AN P(x,y) > 0.

In our specific situation, we have K = 6N functionals, 3N functionals
representing point evaluation at x; and 3V functionals representing the rota-
tional information via the curl operator. Hence, we could define

O, 0 0
Asvij—2=| O | A3vaip-1=| 9%, |  Asvep =1 O |,
0 0 6xJ
0 dx, © 0, —0x, 00y
Azjo= | —0x,00. | ,A3j_1 = 0 A3 = | Ox,; 00,
dx, © 0y —0x, 0 Oy 0

for1<j < N.

In [1], this modification of the general interpolation has been proposed and
analysed to meet these generalised interpolation conditions. From that paper
it follows that the generalised interpolant (5.13) can also be written in the
form

N N
s(x) := Z@(X,Xj)aj + Z((ij o (curl))YP(x,y)ani; +p(x), (5.14)

j=1 j=1

where this time o; € R3 is a coefficient vector for each functional.

6 An Aeroelastic Analysis

In this section, we present some numerical results for the coupling process and
the aeroelastic problem.

We applied the partition of unity technique as well as the global one based
only on radial basis functions to Alenia’s SM.J model, which has been devel-
oped and provided as a test case for the TAURUS project by Alenia Aero-
nautica. It describes a reference for a 70 seats passenger aircraft.
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6.1 Structural Model

The structural model consists of a fuselage, fixed in its plane of symmetry, a
wing structure, and a horizontal and a vertical tail (see the left part of Figure
6.3). The structure is assumed to be made of ideal aluminium with a mass
density of 2700 %. Furthermore, Young’s modulus is 71 GPa and Poisson’s
ratio is 0.33.

For the numerical computation of the static aeroelastic equilibrium of the
aircraft, symmetric boundary conditions have been imposed.

The discretised model consists of 5630 nodes and 12,388 finite elements of
different types. The structural finite element equations are solved by an anal-
ysis code using the formulation of the structural model in a generalised form.
The related generalised coordinates, stiffness and mass matrices result from
a normal-modes solution, which has been computed using the finite element
analysis code MSC.Nastran [17].

A series of tests has been performed to estimate the number of Lagrangian
coordinates necessary to minimise any inaccuracy introduced by the reduced
model. The results of several static load cases for a modal based structure
having different numbers of eigenmodes have been compared to those obtained
by a direct solution of the complete FE matrices using MSC.Nastran.

Particularly, the test cases comprised a concentrated load at the tip of
the wing and the horizontal tail-plane to produce a bending deformation of
the lifting surface. Another test case comprised a distribution of torque along
the wing and horizontal tail-plane span to produce a torsional deformation.
Table 6.2 contains the details, and Figures 6.4 and 6.5 show the deflection
and rotations of the wing along the elastic axis. It follows that about 100
eigenmodes are sufficient to represent the structural behaviour. It is worth
noting that in particular the correct representation of wing torsion requires
high and hence local frequency modes.

Figure 6.3. The structural (left) and aerodynamical (right) model.
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Table 6.2. Test cases for the structural model
Applied load  |Magnitude Applied load Magnitude

Wing bending load| 20000 N ||Wing torsion load|6 x 2500 Nm
HTP bending load| 10000 N ||HTP torsion load|1 x 5000 Nm

Figure 6.4. Vertical displacements along the elastic axis of the tail-plane (left) and
wing (right) for different structure models.

Figure 6.5. Rotations about the elastic axis of the wing for different structure
models.

Finally, just for illustrational purposes, the first four eigenmodes corres-
ponding to 2.00Hz, 2.81Hz, 3.71Hz and 5.28Hz are depicted in Figure 6.6.

6.2 Aerodynamic Model

For the aerodynamic model of the transport aircraft, the fluid flow is de-
scribed by the nonlinear three-dimensional Euler equations. which are solved
by a specific upwind-scheme based on finite volumes. In our situation, spatial
discretisation is given by an unstructured finite volume mesh consisting of
four million tetrahedrons. The surface mesh of the complete aircraft (see the
right part of Figure 6.3) is based on about 300000 triangles.
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Figure 6.6. The first four eigenmodes of the structural model. (See also Color Plate
on page 400)

6.3 Aeroelastic Computation

All aeroelastic computations were performed using the following flight and
flow conditions (at infinity). We assumed a Mach number of 0.8, a temperature
of 216.65 K, a static pressure of 1662.68 Pa and a dynamic pressure of 9739.54
Pa. The crusing altitude was suppose to be 10498.2 meters at a velocity of
236.457 m/s and an angle of attack of & = —0.0875°.

All computations were done on a small Linux workstation cluster with 8
Intel Xeon 2.66 GHz CPUs, where the CFD solver occupied permanently 6
CPUs and both the FE solver and the coupling program had one CPU each.

The deformation of the structure is shown in the left part of Figure 6.7. It
leads to a reduction of the total lift C; from 0.508 to 0.431 which corresponds
to a loss of about 15%. But we also have the expected reduction of drag Cy
from 0.0368 to 0.0299, which is about 15%.

Besides the reduced lift also a different behaviour of the span-wise C,
distribution at the wing tip is given, see the right hand side of Figure 6.7.
This phenomenon can be explained by a vortex at the trailing edge of the
wing tip. In this region, the fluid particles undergo a rapid acceleration when
passing the tip and produce a local vortex that increases the Mach number
to a maximum value of 1.4.

Next, we want to compare the performance of the global coupling method
based on radial basis function to the performance of the partition of unity
method combined with radial basis functions.

The local method based on partition of unity leads to convergence after 5
iterations with a residual of ¢ = 3.44e~%. Here, the residual is defined to be
the relative difference in displacements of two consecutive solution steps. For
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Figure 6.7. Comparison rigid versus elastic: Deflection and Pressure Distribution.
(See also Color Plate on page 401)

Figure 6.8. Influence of the chosen RBF on the global (left) and local (right)
method. (See also Color Plate on page 401)

comparison, the classical, global spatial coupling approach needed 6 iterations
to stop with an even worse residual of € = 1.16e73.

As expected the total time necessary for the coupling process dropped
from 5000 seconds to 20 seconds. Interestingly, also the time spend on solving
the CFD problem dropped from 7500 seconds to 6700 seconds when com-
paring the global to the local method. The reason for this is that the local
method produces more reliable structural deformations and force distributions
resulting in better meshes for the CFD solver.

To study the influence of the chosen basis function, different basis functions
were tested in the global and the partition of unity setting. Figure 6.8 shows
the deflections along the elastic axis of the wing for a variety of basis functions.
The maximum difference between the basis functions is 7.5% in the global
and 0.5% in the local setting. Hence, the local method produces more reliable
results being almost independent of the chosen radial basis function.
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Even though the conservation of forces and work is guaranteed for each
method, an advantage of the local algorithm comes from the local way in
which it couples the force fields.

In most cases, global methods result in non-sparse coupling matrices so
that using the transposed matrix for exchanging forces will eventually destroy
any local character of the force distribution. This leads, in certain cases, to a
non-physical distribution of loads. Local methods instead, result in a distri-
bution which is similar to the ”physical” one.

As shown in Figures 6.9 and 6.10, the global coupling algorithm returns a
certain number of concentrated high modulus forces, where most of the lift is
produced. On the other hand, with the local method high peaks of forces are
more uniformly distributed along the leading and trailing edges of the lifting
surfaces which is physically more reasonable.

Figure 6.9. Transformed forces on the FE model, global method. (See also Color
Plate on page 402)

Figure 6.10. Transformed forces on the FE model, local method. (See also Color
Plate on page 403)
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7 Reconstruction of Rotations

We are finally coming back to the problem of recovering rotations. To demon-
strate the matrix- and vector-valued approach, we use the AMP test wing,
which is shown in Figure 5.2. In particular, we employ the rod-like struc-
tural model consisting of 25 nodes and 24 elements, while the CFD surface
model consists of 54,653 nodes and 109,216 elements. For testing purposes,
we applied the following simple, analytic displacements to the structural grid:

g(x) = (0,0,0.152 + 0.1z) ", (7.15)
which induces the rotations
20(x) = V x g(x) = (0.2y,—0.1,0)" . (7.16)

Figure 7.11 shows the analytical result of this deformation when applied
to the CFD mesh. For reasons of comparison, the figure contains both the un-
deformed and the deformed CFD surface. Obviously, the maximum deflection
is at the wing tip and it is of size 0.186021.

Figure 7.12 shows the errors for both methods on the CFD mesh, i.e. the
differences between the analytic deformation and the one computed. Clearly,

Figure 7.11. The results of the analytical deformation applied to the CFD surface.

Figure 7.12. Results for the AMP test wing with (left) and without (right) the
reconstruction of rotations. (See also Color Plate on page 403)
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in both cases the error is the largest close to the root of the wing and at the
leading and trailing edge, where structural and aerodynamic meshes differ
most. But it is also apparent that the new method is much more capable to
recover the rotational caused deformations at the leading and trailing edge of
the aerodynamic model.
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Color Plates

Figure 4.2. Evolution of the electronic distribution of a system composed of a single
nucleus (Z = 3) and an increasing number of electrons (two-dimensional physical
space). (See also on page 15)
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Figure 3.1. Deformed physical domain mapped to a local standard computationl
domain. The MLS shape functions are digitally generated within the local domain
(r,s) by using 9 neighbours located in the near vicinity of each particle. (See also
on page 25)
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Figure 3.3. Medium-wavelength instability of counter-rotating vortices: parallel
efficiencies on IBM BlueGene/L. (See also on page 42)
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(a) t/to = 0.21 (b) t/to = 0.25

(c) t/to = 0.27 (d) t/to = 0.34

Figure 3.4. Trailing vortices, instability initiation by ambient noise: visualization of
the vorticity structures by volume rendering. High vorticity norm regions correspond
to red and opaque; low vorticity ones are blue and transparent. (See also on page 43)
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Figure 2.2. (a) View of a domain containing 208 points and eight holes of varying
sizes, and (b) domain with cover, with a cover factor of 1.2. (See also on page 78)
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Figure 2.3. (a) A cover created by Algorithm 1, with patches to be removed labelled
'R’ and patches which will be extended to maintain a complete cover labelled "E’.
(b) The cover generated at the end of Algorithm 2, with six patches from the original
cover removed and thirteen patches (labelled 'E’) extended. (See also on page 79)
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Figure 2.4. (a) A domain with a linear approximation to its boundary. The region
enclosed in the small box is shown magnified in the remaining frames. (b) Close-up
of a quadratic approximation to the boundary. (c¢) Close-up of a cubic approximation
to the boundary. (d) Close-up of a quartic approximation to the boundary. In the
last three frames, we also plot the control points [24] used to create the parametric
maps. (See also on page 81)
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Initial u(z,y,t = 0.01) w(z,y,t = 0.08)

Figure 3.6. Successive refinement and coarsening of the cover in an adaptive
parabolic problem at selected timesteps (TS). The initial and final (see TS = 19)
cover consists of 16 equally-sized patches. The solution u(x,y,t) after an initial time
step and at time step 8 of the simulation are shown in the last two frames. (See also
on page 84)
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051

Figure 3.7. (a) The domain of Example 3.2 with a cover of 642 patches with cover
factor 1.2. (b) The point-wise L? error. (See also on page 86)

Figure 3.8. Domain with nested subdomains. Left the original fibroplast microscopy
image inside a modelling programme to retrieve the (sub-)domain shapes, courtesy
of Gimmi Ratto, see also [6]. Right: The main domain represents the cell body, the
main sub-domain represents the nucleus, and the four inner sub-subdomains with
interfaces 0f21...4 (green) represent nucleoli. (See also on page 88)
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Figure 3.1. Approximation (top row) by Shepard’s Method (left) and MLS (right)

and the respective derivatives (bottom row). (See also on page 117)
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Figure 3.2. Error in the L?-norm (left) and H'-norm (right) of Shepard’s method
(solid) and the MLS (dashed). (See also on page 118)
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Figure 3.3. Weak scale transfer (2d) based on (1.4) using Shepard’s approach
(m = 0). (See also on page 118)

Figure 2.1. A two-scale model of QDA with features in different length scales. (See
also on page 123)
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Figure 4.5. 1-D QDA model with uniform oscillating effective mass and confine-
ment potential. (See also on page 130)
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Figure 4.6. Effective mass and confinement potential in the fine scale unit cell.
(See also on page 130)
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Figure 4.8. Comparison of the electron density distribution associated with the
first 12 energy levels between the reference solution and the multiscale solution.
(See also on page 132)
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Figure 4.9. 1-D model of a series of QDA with slightly nonuniform oscillating
effective mass and confinement potential. (See also on page 133)
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Figure 4.11. Comparison of the electron density distribution associated with the
first 12 energy levels between the reference solution and the multiscale solution. (See
also on page 134)
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Figure 4.12. 1-D model of a series of QDA with randomly oscillating effective mass
and confinement potential. (See also on page 135)
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Figure 4.13. Effective mass and confinement potential in the fine scale unit cell.
(See also on page 135)
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Figure 4.14. Number of iteration steps for the first 9 eigen pairs by using the
iterative multiscale method. (See also on page 135)
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Figure 4.16. Comparison of the electron density distribution associated with the
first 9 energy levels between the reference solution and the multiscale solution. (See
also on page 136)
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Figure 4.17. Comparison of the electron density distribution associated with the
first 9 energy levels between the reference solution and the iterative multiscale so-
lution. (See also on page 137)

Figure 5.6. Mach isosurfaces for flow past a cylinder, third order reconstruction
(left) and past a sphere, second order reconstruction (right). (See also on page 170)
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Figure 5.9. Problem statement and initial design (Example 3) (See also on
page 185)

Figure 5.10. Solutions of Example 3: (a) Optimal design; (b) convergence histories;
(c) deformation (See also on page 185)

Figure 5.12. Material interfaces at different steps of topology evolution (See also
on page 186)
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Figure 5.13. Convergence histories: (a) objective function; (b) volume ratio (See
also on page 186)
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Figure 6.2. HOA multigrid adaptive solution approach - flow chart (See also on
page 204)

Figure 6.3. Analytical solution and right hand side of 1D test (See also on page 205)
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Figure 6.4. Local solution error estimation (See also on page 205)

Figure 6.5. Local residual error estimation (See also on page 206)
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Figure 6.6. Solution convergence rates on the set of adaptive irregular meshes (See
also on page 206)

Figure 6.7. Hierarchic estimators on irregular mesh (See also on page 206)
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Figure 6.8. Smoothing and residual explicit estimator on irregular mesh (See also
on page 207)

Figure 6.9. Solution error estimation (See also on page 208)

Figure 6.10. Residual error estimation (See also on page 208)
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Figure 6.11. Hierarchic estimators (See also on page 208)

Figure 6.12. Smoothing and residual estimators (See also on page 209)
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Figure 6.13. Solution and residual convergence on the set of regular meshes (See
also on page 209)

Figure 6.14. Adaptation process, the first regular and last irregular mesh (See also
on page 210)

Figure 6.15. Solution and residual convergence on the set of adaptive irregular
meshes (See also on page 210)
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Figure 6.16. Comparison with the other HO techniques (See also on page 211)

Figure 6.1. Example 1: series of uniformly h-refined linear triangular meshes.
Bounds (left) and their convergence (right). (See also on page 226)
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Figure 6.2. Example 2: bounds and convergence of the bound gap for different
values of the convection parameter, a = 0,1,5,10 and 100 for o = 1. (See also on
page 228)

Figure 1.1. CAD and molecular surfaces: before and after decomposition (See also
on page 232)
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Figure 5.2. Decomposition of simple CAD models (See also on page 240)
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Figure 5.3. Decomposition of realistic CAD models (See also on page 241)
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Figure 5.4. Molecules: pentane, fullerene, propane, ice. (See also on page 243)

Figure 1.1. Two snapshots from the simulation of the tidal disruption of a white
dwarf by a black hole. (See also on page 248)
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Figure 3.4. Results of the hydrodynamic Sedov blast wave test in 3D at ¢ = 0.09
at resolutions of 125,000 (top) and 1 million (bottom) particles respectively. The
density and radial position of each SPH particle are shown in each case, which may
be compared to the exact solution given by the solid line. (See also on page 264)
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Figure 3.7. Density distribution in the two dimensional Orzsag-Tang vortex prob-
lem at ¢ = 0.5. The initial vortices in the velocity field combined with a doubly
periodic field geometry lead to a complex interaction between propagating shocks
and the magnetic field. Results are shown using 512 x 590 particles using a SPMHD
formalism of [48] (left) and using the Euler potentials (right). The reduced artifi-
cial resistivity required in the Euler potential formalism leads to a much improved
effective resolution. (See also on page 269)

Figure 3.8. Results of the 3D MHD blast wave test at ¢ = 0.05 at a resolution of 1
million (100%) particles. Plots show (left to right, top to bottom) density, pressure,
magnitude of velocity and magnetic field strength (with overlaid field lines), plotted
in a cross-section slice through the z = 0 plane. (See also on page 270)
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Figure 4.2. Contour plot of the solution Figure 4.3. Convergence history of the
(4.23). (See also on page 292)

Figure 4.4. Contour plot of the error u
(See also on page 292)

k

measured relative errors e (4.20) with re-
spect to the complete domain {2 in the
L*-norm, the L?norm, the H'-norm,
and the energy-norm on the respective
level (denoted by E in the legend). (See
also on page 292)

PU _w for k = 5,6,7 (from left to right).
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Figure 4.5. Convergence history for a V (1, 1)-cycle multilevel iteration with block-
GauB—Seidel smoother and nested iteration initial guess (left: convergence of residual
vector (4.27) in the I*-norm, center: convergence of iteration update (4.26) in the

L2-norm, right: convergence of iteration update (4.26) in the energy-norm). (See
also on page 293)
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Figure 4.6. Convergence history for a V(1, 1)-cycle multilevel iteration with block-
GauB-Seidel smoother and zero (upper row) and random (lower row) initial guess
(left: convergence of residual vector (4.27) in the [*-norm, center: convergence of

iteration update (4.26) in the L?-norm, right: convergence of iteration update (4.26)
in the energy-norm). (See also on page 294)
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Figure 4.7. Convergence history of the measured relative errors e (4.20) with re-
spect to the subdomains E; (left), E2 (center), and Es (right) given in (4.28) with
respect to the L>°-norm, the L?-norm, the H'-norm, and the energy-norm on the
respective level (denoted by E in the legend). The upper row refers to the enriched
PPUM using a preconditioner based on the L?-norm, i.e., the local mass matrix,
the lower row refers to the enriched PPUM using a preconditioner based on the
H'-norm, i.e., the local stiffness matrix. (See also on page 296)



Color Plate 395

Figure 4.8. Enrichment pattern on levels k = 9 (left) and & = 10 (right) within
the enrichment zone Eip. Color coded is the dimension of the local approximation
space dim(V; ;) = card({97%}) (denoted as ’resolution’ in the legend). The upper
row refers to the enriched PPUM using a preconditioner based on the L?-norm,
i.e., the local mass matrix, the lower row refers to the enriched PPUM using a
preconditioner based on the H'-norm, i.e., the local stiffness matrix. In both cases
we used a cut-off parameter of € = 1072, (See also on page 297)

Figure 4.9. Jacobian determinant for 27 node RKEM mesh. (See also on page 312)
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Figure 4.11. Jacobian determinant for 53 node RKEM mesh. (See also on page 312)
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Figure 4.3. Sauter mean diameter with breakage only (top), aggregation only (mid-
dle) and breakage and aggregation (bottom) (See also on page 329)
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Figure 4.4. Sauter diameter in m (left) and Holdup of dispersed phase (right) (See
also on page 330)
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Figure 4.5. Velocity contour of continuous phase (See also on page 331)
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Figure 4.6. Velocity contour for continuous phase (See also on page 332)

Figure 6.6. The first four eigenmodes of the structural model. (See also on page 353)
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Figure 6.7. Comparison rigid versus elastic: Deflection and Pressure Distribution.
(See also on page 354)

Figure 6.8. Influence of the chosen RBF on the global (left) and local (right)
method. (See also on page 354)
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Figure 6.9. Transformed forces on the FE model, global method. (See also on
page 355)
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Figure 6.10. Transformed forces on the FE model, local method. (See also on
page 355)

Figure 7.12. Results for the AMP test wing with (left) and without (right) the
reconstruction of rotations. (See also on page 356)
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